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Abstract

Supernova remnants are believed to be the major contributors to the observed Galactic

cosmic-ray flux, though indisputable observational pieces of evidence of such statement are

still missing. A crucial aspect of the supernova remnant paradigm for the origin of Galac-

tic comic rays is that particle acceleration, as due to diffusive shock acceleration, requires

effective confinement of particles in the shock region to let them achieve energies up to

the so-called knee, around ∼ 1015 − 1016 eV. However, the current theoretical description

of cosmic-ray acceleration and propagation within and around supernova remnants suffers

from certain limitations, which also affect the predictions on the shape of the energy spectra

of secondary gamma rays and neutrinos. In particular, in this thesis, two relevant aspects

of this theory are investigated: the particle acceleration at shocks propagating in clumpy

non-homogeneous environments and the particle escaping process from the acceleration

site. The standard diffusive shock acceleration model usually assumes that shocks expand

into ideally uniform environments, while a more realistic picture should consider a inho-

mogeneous gas distribution where supernova remnants develop. In this work, I conducted

a detailed study on the particle acceleration and propagation through non-homogenous

structures and its effect on the resulting secondary radiation. Regarding the particle es-

cape from the acceleration site, I developed a phenomenological model to investigate this

process and its impact on the gamma-ray emission from middle-aged supernova remnants,

where particle escape is expected to be effective. I will show that spectroscopic and mor-

phological studies of the gamma rays coming from both inside and immediately outside of
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those remnants can provide insight into the escaping process in general, and in particular

will shed light on their ability to act as cosmic-ray PeVatrons. So far, the only hint of

the presence of a PeVatron has been found in the Galactic Center region, whose nature

is however unclear. Under the assumption that the observed gamma-ray flux originates

from hadronic interactions, I calculated the expected flux of multi-TeV neutrinos in order

to investigate its detectability with future km3-scale neutrino telescopes. Finally, a com-

parative analysis of the performances of the two major upcoming detectors, namely CTA

and KM3NeT, is presented in the context of future studies on the origin of Galactic cosmic

rays through respectively gamma-ray and neutrino observations.

The thesis is organized as follows:

• In Chapter 1, the supernova remnant paradigm for the origin of cosmic rays is intro-
duced, followed by a discussion concerning possible Galactic PeV accelerators. As
gamma rays and neutrinos constitute observational signatures of particle acceleration
and propagation, a review of their properties and detection techniques is provided.

• In Chapter 2, the propagation of accelerated particles within supernova remnants
is investigated in the presence of strong shocks evolving through non-homogeneous
media. A numerical approach to the particle transport under these conditions is
here provided for the first time, conditions that represent realistic situations for the
environments where sources as supernova remnants usually expand. Since dense
molecular clumps constitute ideal targets for accelerated protons, enhanced gamma-
ray and neutrino emissions are expected. The model is shown to provide an adequate
description of the broadband gamma-ray emission of the Galactic supernova remnant
RX J1713.7-3946 both in terms of total flux and spectral shape.

• In Chapter 3, a phenomenological description of particle escape from middle-aged
supernova remnants is presented, and it represents the first attempt of studying this
process within the context of extended sources. A proper description of this phe-
nomenon is extremely relevant for the correct interpretation of the radiation spec-
trum observed in these sources, which reflects not only the acceleration mechanism
and the interaction processes, but also the particle escape from the acceleration site.
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The model is applied to three interesting middle-aged Galactic supernova remnants,
namely IC 443, W 51C and W 28N. A major implication of the presence of particle
escape is represented by the possible production of high-energy radiation also outside
of the remnant shock, characterized by a very peculiar bump-like energy spectrum.
This feature is interesting from the point of view of both gamma-ray and neutrino
emissions, being experimentally connected to potentially background-free regions.
Moreover, the escaping process is particularly relevant for a correct understanding
of the cosmic-ray spectrum observed at Earth and to disentangle the propagation
effects through the Galaxy.

• In Chapter 4, a candidate source of PeV cosmic rays located at the center of the
Galaxy is discussed. The Galactic Center, as recently observed in multi-TeV gamma
rays, shows a central emission with a spectral cut-off energy in correspondence of
10 TeV. Nonetheless, a diffuse emission surrounding the central source shows no
visible cut-off up to the energies currently probed by H.E.S.S.: the possibility of
an intense infrared radiation field absorbing gamma rays from the central source
is investigated for the first time. The detection of very-high-energy neutrinos in
angular correlation with the electromagnetic radiation would confirm the hadronic
hypothesis for the origin of gamma rays. Hence, expectations from current and next-
generation neutrino instruments are provided, indicating the relevance of a Northern
Hemisphere detector for the observation of this region with a clean event sample.

• In Chapter 5, the performances of the next-generation gamma-ray and neutrino
detectors are investigated and differential sensitivities of CTA and KM3NeT for ex-
tended sources are derived. This study represents one of the first attempts towards
the understanding of instrumental performances for extended sources related to spec-
troscopic detection of gamma rays through the imaging technique and capabilities of
neutrino telescopes. Sensitivity analyses are hence applied to some interesting PeV
cosmic-ray candidate sources, as the Galactic Center Ridge and the aforementioned
supernova remnant RX J1713.7-3946.

• The main results of the work are summarized and discussed in Chapter 6.

The thesis contains three appendices, specifically separated from the text in order to

facilitate its reading. In Appendix A, an overview of the equations regulating the magne-

tohydrodynamical properties of astrophysical plasma is presented, together with an insight

into the numerical code adopted for the solution of this system of equations. In Appendix
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B, a detailed description of the numerical methods adopted for the solution of the parti-

cle transport equation in the presence of molecular clumps is provided. It is a technical

appendix, intended to support the interested reader in reproducing the physical results

discussed in Chapter 2. Its content represents an original work developed by the author.

Finally, Appendix C provides the mathematical framework developed in order to derive

the analytical solution of the diffusive transport equation, satisfied by the escaping particle

density function and presented in Chapter 3.
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Syadvada

(Theory of Sevenfold Predications)

Once upon a time, there lived six blind men in a village.
One day the villagers told them: ‘Hey, there is an elephant in the village today’.
They had no idea what an elephant was.
They decided: ‘Even though we would not be able to see it, let us go and feel it anyway’.
All of them went where the elephant was.
Everyone of them touched the elephant.
‘Hey, the elephant is a pillar’, said the first man who touched his leg.
‘Oh, no! It is like a rope’, said the second man who touched the tail.
‘Oh, no! It is like a thick branch of a tree’, said the third man who touched the trunk of
the elephant.
‘It is like a big hand fan’, said the fourth man who touched the ear of the elephant.
‘It is like a huge wall’, said the fifth man who touched the belly of the elephant.
‘It is like a solid pipe’, Said the sixth man who touched the tusk of the elephant.
They began to argue about the elephant and everyone of them insisted that he was right.
It looked like they were getting agitated.
A wise man was passing by and he saw this.
He stopped and asked them: ‘What is the matter?’
They said: ‘We cannot agree on what the elephant is like’.
Each one of them told what he thought the elephant was like.
The wise man calmly explained to them:
‘All of you are right. The reason every one of you is telling it differently is because each
one of you touched the different part of the elephant.
So, actually the elephant has all those features what you all said’.
‘Oh!’ everyone said.
There was no more fight.
They felt happy that they were all right.
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1
Introduction

This thesis deals with topics from both the theoretical and the experimental fields. There-
fore, in this introductive chapter, both aspects are covered in order to provide the reader
with a complete picture concerning the current understanding of the physical processes re-
sponsible for the formation of the cosmic-ray (CR) flux observed at Earth and the detection
principles of their secondary emission.

1.1 Galactic cosmic rays

CRs are charged particles constantly impacting the Earth atmosphere. They are charac-
terized by two components: a hadronic one, mainly composed by protons (∼ 87%), Helium
(∼ 12%) and heavier nuclei (∼ 1%), and a leptonic one, which is about 100 times less abun-
dant. The observed all-particle differential energy spectrum of CRs is shown in Fig. 1.1:
it extends without any distinct feature as a power law ∝ E−2.7 up to the so called knee,
located at an energy of about Eknee ≃ 3 PeV. Beyond this energy, the spectrum softens
to E−3.1: thus the bulk of CRs basically resides in the GeV domain. There is evidence
that around the knee, the composition changes (Hörandel, 2008), suggesting a rigidity*-
dependent maximum CR energy at the source, with more massive particles having their
break at higher energies. Up to an energy of about 1017 eV, CRs are believed to origi-
nate in our own Galaxy. On the contrary, particles with energy larger than ∼ 1018 eV,
usually referred to as Ultra High Energy Cosmic Rays (UHECRs), cannot be confined in
the Galaxy, because their Larmor radius in the typical Galactic magnetic field is of the
same order of the Galactic Disc thickness, or even larger. Hence, if they were produced in
the Galaxy, the particle arrival direction should trace the source position in the sky, given
the contained angular deflection. On the contrary, as the incoming spatial distribution
of UHECRs is nearly isotropic (Aab et al., 2017), the general opinion is that these parti-
cles come from extra-galactic sources. A second feature, called the second knee, is visible
around 2× 1017 eV: interpreting the knee as connected to the maximum energy reached in
the accelerator and assuming a rigidity-dependent maximum energy, then the second-knee

*The rigidity of a particle is R ≡ p/q, with p its momentum and q = Ze its charge (e being the
elementary charge).
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Figure 1.1: Energy flux of CRs observed at Earth. Figure reproduced from Gaisser et al. (2016) with
permission of the Cambridge University Press through PLSclear.

would naturally arise as a consequence of the acceleration of the heaviest nuclei, namely
iron. Indeed, if the maximum energy of protons could reach 3 × 1015 eV, then heavier
nucleus with charge Z would reach Z times larger energies: in this scenario, Fe would
have an energy of 26 × Eknee. Hence, the region between the knee and the second knee
would result from the superposition of cut-offs in the spectra of different chemical elements.
Finally, another break, the so-called ankle, is located around Eankle ≃ 3 × 1018 eV, where
the CR spectrum flattens back to E−2.7: as discussed above, the ankle might be connected
with the introduction of an extra-galactic component of CRs, whose origin is unknown
(Berezinsky, 2014), though this interpretation is still subject of active debate (Unger et al.,
2015).

Baade and Zwicky (1934) first proposed that supernovae can provide the adequate ener-
getics to explain the observed flux of CRs†. Later, it was recognized (Axford et al., 1977,
Krymskii, 1977, Bell, 1978, Blandford and Ostriker, 1978) that relativistic particles can be
effectively accelerated via Fermi mechanism (Fermi, 1949, 1954) at shock waves that form
during the expansion of supernova remnants (SNRs) in the interstellar medium (ISM). The
present formulation of this idea is often referred to as the Supernova Remnant paradigm for
the origin of CRs, as it will be discussed in Sec. 1.2. The paradigm relies on the following

†Note that Baade and Zwicky did not believe that CRs were originated in the Galaxy, as they
opened their 1934 paper by writing: ‘Two important facts support the view that CRs are of extra-
galactic origin’ . See Ter Haar (1950) for an early formulation of the supernova hypothesis.
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facts, namely:

• SNRs can provide the power needed to sustain the CR flux at the observed level, if
a fraction of about 10% of the kinetic energy released at the supernova explosion is
converted into relativistic particles (see e.g. Blasi (2013));

• Diffusive Shock Acceleration (DSA) can operate at SNR shocks, providing a possible
mechanism to accelerate particles (Axford et al., 1977, Krymskii, 1977, Bell, 1978,
Blandford and Ostriker, 1978). However, the simplest model of diffusive shock ac-
celeration, namely the test-particle approach, fails to achieve PeV energies (Lagage
and Cesarsky, 1983), as required to explain the CR knee.

• A possible solution is represented by the fact that the accelerated particles themselves
can amplify the magnetic field at shocks during the acceleration process via various
plasma instabilities (Bell (2004), see also Sec. 1.2.4), and consequently the magnetic
field strength at SNR shocks might increase as to allow the acceleration of particles
up to PeV energies and beyond;

• Signatures of amplified magnetic fields are inferred from the observed narrow fila-
ments of non-thermal X-ray emission in several young SNRs (Vink, 2012), the most
striking evidence being in Tycho (Warren et al., 2005).

All of these ideas support the conviction that SNRs are indeed the sources of CRs, though
an unambiguous and conclusive proof of such a statement is still missing. Particle accel-
eration in SNRs is accompanied by the production of gamma rays and neutrinos due to
interactions of the accelerated CR protons and nuclei with the ambient medium (the so-
called pp interaction). During the latest years, numerous detections of SNR shells in TeV
gamma rays have confirmed the theoretical predictions that SNRs can operate as powerful
CR accelerators. If these objects are responsible for the bulk of Galactic CRs (GCRs),
then they should accelerate protons and nuclei to 1015 eV and beyond, i.e. act as cosmic
PeVatrons. The model of DSA allows, under certain conditions, acceleration of particles
to such high energies and their gradual injection into the ISM. However, the details of how
particles propagate within the SNR, escape the shock and are released into the ISM are
poorly understood, though these processes strongly influence the VHE emissions observed.

This thesis is centered on the investigations of the particle propagation both inside and
outside of the acceleration site and on the evaluation of the effects produced on the radia-
tion spectra. Though the theory of DSA is often developed for homogeneous media, SNR
shocks usually expand in highly turbulent and inhomogeneous media, with a clumpy struc-
ture shaped by the interaction among the progenitor wind and the circumstellar medium
(CSM). In fact, massive stars explode during the red giant phase, and more massive ones
also enter the Wolf-Rayet phase, during which they lose all of their hydrogen envelope
because of high mass loss rates (0.2 − 10M⊙ yr−1). For instance, massive O-stars spend
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about 90% of their life in the main sequence, during which a fast wind is blown at a speed of
about vw ∼ 1500 to 3000 km/s: this wind carves a low density region into the CSM, where
the SNR shock will expand later on. Thus, it is not unusual for shocks to expand within
regions of different densities and temperatures, particularly in the case of core-collapse SNe
(Weaver et al., 1977). In a simplified picture, the ISM can be schematized as a multi-phase
medium, whose density is regulated by SN explosions. These phases are expected to be
kept in rough pressure equilibrium. In particular, most of the space would be filled by a hot
low-density medium, the HIM, with typical values of density and temperature respectively
of 10−2.5 cm−3 and 105.7 K and a filling factor of about 0.8. This component embeds cold,
neutral and dense clouds (CNM), with density and temperature respectively of 101.6 cm−3

and 101.9 K and a filling factor of about 0.02. Lastly, as the clouds are immersed in the
UV and soft X-ray radiation fields emitted by stars and SNRs, a warm ionized medium
(WIM) with temperature of 104 K and filling factor of 0.2 is expected to surround the
clouds (McKee and Ostriker, 1977). The particle acceleration in shock fronts propagating
through the inhomogeneities of the ISM has been first studied by Blandford and Cowie
(1982), with the aim of explaining the synchrotron emission observed in the radio spectrum
of evolved SNRs. However, these first estimates assumed that particles freely propagate
inside the coldest and densest structures of the ISM, without accounting for the dynamical
interaction among the shock and the dense clouds, which allows for magnetohydrodynamic
(MHD) instabilities to develop in case of large density contrasts among the clumps and
the HIM. Such instabilities have in fact shown to be able to amplify the magnetic field all
around the densest clouds (Inoue et al., 2012) and possibly delay the particle propagation
inside them. A detailed modeling of this scenario will be presented in Ch. 2, where particle
propagation within SNRs expanding in non-homogenous media is considered in view of
the remarkable effects produced on the spectra of secondaries. In Ch. 3, instead, particle
propagation is considered during the escape process, which introduces recognizable features
in the spectra of secondaries. Such effects have to be accounted for when attempting a
phenomenological interpretation of the origin of the observed radiation. In fact, it is neces-
sary to consider the mechanism of CR escape from their sources in a complete acceleration
theory in order to determine the spectrum observed at Earth. Hence, a fully consistent
description of the origin of CRs should include the particle acceleration, the particle escape
and the particle propagation both inside the source and in the ISM traversed towards the
Earth. In particular, within this scenario, it is worth to note that the number of SNRs
acting as PeVatrons, and consequently expected to be bright in > 10 TeV gamma rays,
should be rather limited, because multi-PeV protons can be accelerated only during a rela-
tively short period of the SNR evolution, namely at the time of the transition between the
free-expansion and the Sedov phase, when the shock velocity is large enough to allow a suf-
ficiently high acceleration rate. The recent detection of a PeVatron located in the Galactic
Centre as claimed by the H.E.S.S. Collaboration (Abramowski et al., 2016) has successfully
demonstrated the feasibility of conducting PeVatron searches in the TeV gamma-ray sky,
naturally arising the question concerning analogous searches in the neutrino sky. For this
reason, The Galactic Center region is investigated in Ch. 4, where precise predictions for
neutrinos are derived for current and future generation of neutrino telescopes. At the same
time, the H.E.S.S. claim has also suggested that sources other than SNRs might accelerate
PeV CRs in the Galaxy. Resolving morphological and spectral features is thus extremely

5



relevant to shed light on CR acceleration and propagation, and possibly to unveil their
sources. Hence, Ch. 5 is devoted to the analysis of the performances of the next-generation
gamma-ray and neutrino instruments.

The remaining part of this chapter is devoted to provide the background information
which will be used in the rest of the thesis. In Sec. 1.2 the basic picture of the SNR
paradigm is summarized, emphasizing the open problems which are going to be analyzed
in the following. In Sec. 1.3 the PeVatron case is presented not only in terms of SNRs,
but also considering other sources as possible contributors to the GCR flux: in particu-
lar, the Galactic Center and stellar clusters with OB associations are investigated. The
electromagnetic and weak emissions arising from CR interactions with radiation, matter
and magnetic fields are described in Sec. 1.4, while Sec. 1.5 is dedicated to the detection
principles of very-high-energy (VHE) gamma rays and neutrinos.

1.2 The SNR paradigm for the origin of Galactic cosmic rays

Based on energetic considerations, Baade and Zwicky (1934) have been the first to propose
that supernovae constitute viable sources for addressing the origin of CRs and, even nowa-
days, this idea remains the most popular scenario to explain the origin of GCRs. Their
consideration about the source energetics can be summarized as follows. The power needed
to maintain the GCRs at the observed flux level with respect to the energy losses connected
with their escape from the Galaxy approximately amounts to

PCR ∼ UCRVCR
τres

∼ (3− 10)× 1040 erg/s (1.1)

where UCR ∼ 0.5 eV/cm3 is the CR energy density measured at Earth, VCR ∼ 400 kpc3 is
the volume of the Galactic halo where CRs are effectively confined and τres ∼ 5 × 106 yr
is the typical residence time in such a volume (Morlino, 2017). The energy released by
a SN explosion in the form of bulk kinetic energy of the expanding shell is estimated to
be ESN ∼ 1051 erg, with an explosion rate of RSN ∼ 3 SNe per century in the Galaxy:
therefore, the total power injected into the Milky Way by SNe is

PSNR ∼ RSNESN ∼ 3× 1041 erg/s (1.2)

Assuming that a fraction of about 10% of the total SN mechanical energy is converted into
non-thermal particles, then SNe can actually account for the flux of CRs observed at Earth
(Seo et al., 2018). The idea that such a mechanism might effectively work follows from
the development of a consistent theory, namely the stochastic acceleration occurring at
the SNR shocks, as suggested by Axford et al. (1977), Krymskii (1977) and quantitatively
formulated by Bell (1978), Blandford and Ostriker (1978). It represents a particular case
of the acceleration process proposed by Fermi (1949, 1954), with particles scattering back
and forth across a shock wave due to the presence of magnetic inhomogeneities: Sec. 1.2.1
will focus on the description of this mechanism.

The particle energy that marks the transition between Galactic and extra-galactic CRs
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is most likely located between the knee and the ankle. As a consequence, the acceleration
mechanism connected to supernovae must be able to accelerate particles up to the PeV
energy range and beyond. The standard linear treatment of diffusive shock acceleration
does not allow acceleration of protons at energies larger than ∼ 1014(B/3µG) eV (Lagage
and Cesarsky, 1983), thus failing to reproduce the position of the knee, unless a strong am-
plification of the magnetic field in the upstream region is assumed. From the observational
point of view, the main evidence for large magnetic fields in the shock region is repre-
sented by the detection of narrow X-ray synchrotron filaments surrounding young SNRs
(Völk et al., 2005). Recently, an advanced non-linear approach was adopted in Malkov and
Drury (2001) for the treatment of the shock and accelerated particles as a symbiotic self-
organizing system: however, even accounting for non-linear and non-resonant magnetic
field amplification, it is not guaranteed that the system is able to achieve PeV energies
(Bell, 2004, Cardillo et al., 2015): in particular, type II SNe appear the best candidate,
though the PeVatron phase most probably lasts few hundred years. The acceleration of
CRs of these energies must be accompanied by the production of gamma rays and very-
high-energy neutrinos. Note that the detection of several SNRs in TeV gamma rays is
compatible with this scenario, but it cannot be considered a proof of the fact that SNRs
can accelerate CR protons. This is because electrons can as well be accelerated at shocks,
and their inverse Compton (IC) scattering on the Cosmic Microwave Background (CMB)
as well as on infrared radiation fields can also account for the observed TeV radiation (Hin-
ton and Hofmann, 2009). Thus the ambiguity between the hadronic or leptonic origin of
the gamma-ray emission observed from SNRs is the main obstacle in proving (or falsifying)
the SNR paradigm for the origin of CRs. In general, the two scenarios mainly differ in the
required magnetic field strength: the IC scenario usually requires a very low magnetic field
(of the order of 10µG) in order to simultaneously account for radio, X-ray and gamma-ray
emission, while the hadronic scenario requires a much larger value, of the order of tens to
hundreds of µG. Such a large magnetic field cannot result from the simple compression of
interstellar magnetic field, but requires some amplification, which is, in turn, a possible
signature of efficient CR acceleration itself.

1.2.1 Diffusive Shock Acceleration
In the late seventies, a mechanism for the acceleration of particles that operates at SNR
shocks was proposed, as soon as it was realized that particles can be accelerated at shock
waves via a first-order Fermi mechanism. A characteristic prediction of this model is a
∝ E−2 differential energy spectrum for the accelerated particles. This is achieved when
particles are scattered back and forth across the shock numerous times through collisionless
scattering, as represented in Fig. 1.2. The fact that the shock is collisionless is due to the
very low density that characterizes the ISM, with typical values of n ∼ 1 cm−3. In such
a low density, in fact, the mean free path for particle-particle interaction due to Coulomb
scattering is λpp ∼ 1020n−1 cm, which is much larger than the typical size of an SNR. As
a consequence, the formation of a shock should result from a collective interaction among
thermal particles in the plasma and turbulent electric and magnetic fields. In this case
heating takes place over distances of c/ωpe, where ωpe = 4πe2ne(me)

1/2 is the plasma fre-
quency (me and ne being respectively the electron mass and density) and c is the speed of
light: this corresponds to a shock thickness of about ∆x ∼ 107n

−1/2
e cm, which is thirteen
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orders of magnitude smaller than the range over which Coulomb collisions operate. For
this reason, shocks in low density environment are called collisionless shocks.

The diffusion process results from particle scattering on random MHD waves (Skilling,
1975, Blandford and Eichler, 1987), which arise in magnetized plasma in response to per-
turbations. It is likely that these perturbations are provided by CRs themselves, rendering
the entire system self-regulating. In principle, MHD fluctuations can be either Alfvén
waves, namely magnetic waves moving parallel to the background magnetic field at the
Alfvén speed vA = B0/

√
4πnimi (where B0 is the background ordered field, ni is the

number density of the ions composing the plasma and mi is the ion rest mass), or fast
magnetosonic waves, i.e. magnetic waves propagating perpendicular to the ordered mag-
netic field with phase velocity ≫ vA. However, the Alfvén waves are expected to dominate
over the magnetosonic ones because the latter are more efficiently damped (Skilling, 1971).

In the following, the energy spectrum of shock-accelerated particles is derived. The
computations are performed in the shock reference frame, as depicted in Fig. 1.2, and a
non-relativistic shock is considered. In addition, the background order magnetic field B0

is assumed to be oriented in the direction of motion of the shock. In the shock frame, the
upstream fluid is moving at speed v1 = −vs (vs being the shock speed) towards the shock
surface, with a relative velocity with respect to the downstream fluid of β = v1 − v2 > 0
(in units of c), v2 being the speed of the downstream fluid.

Figure 1.2: A particle of initial energy E is diffused back and forth of the shock by Alfvén waves and
gains energy at each complete cycle across the shock. This figure is depicted in the shock frame: all
quantities in the upstream are denoted by the subscript 1, while those in the downstream are denoted
with the subscript 2. Note that the ordered background magnetic field is B0 = B0ẑ.

Starting for simplicity with a particle that is already relativistic with an initial energy E,
as measured in the upstream frame, we will consider a full cycle across the shock. When
the particle gets advected in the downstream, it will have an energy equal to

Ed = γE(1 + βµ) > 0 (1.3)
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because of the energy-momentum Lorentz transformation, where µ is cosine of the pitch
angle, namely the angle between the ordered background field B0 and the trajectory of the
particle. In this crossing, µ is constrained to be 0 ≤ µ ≤ 1. Possibly, the particle is able to
re-enter the upstream, thanks to the scattering on magnetic inhomogeneities which reflect
the particle back towards the shock. This is equivalent to require that −1 ≤ µ′ ≤ 0. After
such a reflection, the particle in the upstream reference frame will have an energy equal to

Eu = γEd(1− βµ′) > 0 (1.4)

At each crossing, the energy gain is bounded to be positive. The final energy of the particle
will be

Eu = γ2E(1 + βµ)(1− βµ′) (1.5)

In the assumption that the particle density has been isotropized in the downstream, thanks
to the scattering on magnetic perturbations, it is possible to compute the particle average
energy gain per crossing. The flux of particles moving from the downstream into the
upstream will be

Jd→u =

∫
dΩ

N

4π
cµ =

Nc

4
(1.6)

where N is the density of particles accelerated at the shock, namely the particles that have
been extracted from the thermal bath and injected into the acceleration process, and the
integral is performed with dΩ = −2πdµ and −1 ≤ µ ≤ 0. On the other hand, the flux of
particles moving into the downstream will be

Ju→d = −Nc

4
(1.7)

so that, in general, the flux from one surface to the other reads as

J = ±Nc

4
(1.8)

with the convention of symbols defined above. The probability that a particle is crossing
the shock in a given direction µ is (normalizing to the total flux J)

P (µ)dµ =
N
4π cµdΩ

±Nc
4

=
− N

4π cµ2πdµ

±Nc
4

= ∓2µdµ (1.9)

and hence the average energy gain per cycle is⟨
Eu − E

E

⟩
µµ′

= −
∫ 1

0
dµ2µ

∫ 0

−1
dµ′2µ′[γ2(1 + βµ)(1− βµ′)− 1] =

4

3
β (1.10)

Since the energy gain is proportional to β (and since v2 ≪ v1), the efficiency of such a
process is first-order in the shock speed.
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1.2.2 Particle spectrum
The most remarkable property of the first-order Fermi mechanism consists in the produc-
tion of a particle spectrum which is a featureless power law, regardless of the details of
the acceleration process. Such universality comes as a consequence of the balance between
the energy gained by particles and the probability that they escape the accelerator. In
order to derive such a property, the distribution function of accelerated particles f(z, p)
has to be introduced: it corresponds to the particle density in the phase space and it is
normalized in such a way that the number of particles located between z and z + dz is
N(z) = 4π

∫
p2f(z, p)dp. In the reference frame of the downstream, the distribution func-

tion at the shock position (z = 0) f0 results isotropic because of the multiple scattering on
the turbulent magnetic waves. Hence, the flux of particles crossing the shock with pitch
angle between µ and µ+ dµ reads as

ϕ = f0(v2 + µ)dµ (1.11)

where v2 is the downstream speed (see Fig. 1.2), expressed in units of the speed of light.
The flux entering the downstream is characterized by 0 ≤ v2 + µ ≤ 1, thus

ϕin =

∫ 1

−v2

dµf0(v2 + µ) =
f0
2
v2(1 + v2)

2 (1.12)

On the other hand, particles moving towards upstream have −1 ≤ v2 + µ ≤ 0 and the flux
exiting the downstream is

ϕout =

∫ −v2

−1
dµf0(v2 + µ) =

f0
2
v2(1− v2)

2 (1.13)

Thus, the probability that a particle can return to upstream, in the limit v2 ≪ 1, is

Pd→u =
ϕout
ϕin

=
(1− v2)

2

(1 + v2)2
≃ 1− 4v2 (1.14)

Since v2 = vs/4c ≃ 10−3, then Pd→u ≃ 1: therefore it is highly probable that particles
are scattered back in the upstream. On the other hand, in the case of relativistic shocks,
where the energy gain per cycle is huge (as well as v2), the probability to come back to the
upstream is much more reduced.

The energy spectrum of particles can be derived in the assumption of a Markovian stochas-
tic process. Moving back to physical units, after a whole cycle (upstream, downstream and
upstream again or viceversa) the particle energy gain is (see Eq. (1.10))⟨

∆E

E

⟩
=

4

3
(v1 − v2) ≡

4

3
V (1.15)

If the seed in the plasma consists of N0 particles at energy E0, part of these particles will
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have an energy E1 after the first cycle such that

E1 − E0

E0
=

4

3
V → E1 = E0

(
1 +

4

3
V

)
(1.16)

After the second cycle, particles will have achieved an energy E2 such that

E2 = E1

(
1 +

4

3
V

)
= E0

(
1 +

4

3
V

)2

(1.17)

and so on. In correspondence of the k-th cycle, the particle energy has become

Ek = E0

(
1 +

4

3
V

)k

→ ln

(
Ek

E0

)
= k ln

(
1 +

4

3
V

)
(1.18)

In order to asses the relevance of this process, it is necessary to evaluate the number
of particles which undergo a full cycle across the shock. This can be evaluated as (see
Eq. (1.14))

N1 = N0(1− 4v2) (1.19)

at the first cycle, and after k cycles they will be

Nk = N0(1− 4v2)
k → ln

(
Nk

N0

)
= k ln(1− 4v2) (1.20)

Using Eqs. (1.18) and (1.20), the number of cycles required to achieve an energy Ek amounts
to

k =
ln
(
Ek
E0

)
ln
(
1 + 4

3V
) =

ln
(
Nk
N0

)
ln(1− 4v2)

(1.21)

and consequently

ln

(
Nk

N0

)
=

ln(1− 4v2)

ln
(
1 + 4

3V
) ln(Ek

E0

)
≡ −s ln

(
Ek

E0

)
(1.22)

Thus, the stochastic process of acceleration naturally produces a particle energy spectrum
distributed as a power-law

Nk = N0

(
Ek

E0

)−s

(1.23)

The value of the spectral index s can be derived through a series expansion of

ln(1− 4v2) ≃ −4v2 (v2 ≪ 1)

ln

(
1 +

4

3
V

)
≃ 4

3
V (V ≪ 1)

(1.24)

so that
s = − ln(1− 4v2)

ln
(
1 + 4

3V
) ≃ 3v2

v1 − v2
(1.25)
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Defining the compression ratio as
r =

v1
v2

(1.26)

then the number of particles with energy larger than E is

N(> E) = N0

(
E

E0

)−s

s =
3

r − 1
(1.27)

For a strong shock in a monoatomic gas, where r ≃ 4 (Appendix A), it holds s ≃ 1. Finally,
the differential energy spectrum, namely the density of particles with energy between E
and E + dE, is obtained as

dN

dE
≡ N0

sE0

(
E

E0

)−γ

γ = s+ 1 =
r + 2

r − 1
(1.28)

If s ≃ 1, then γ ≃ 2. It is worth noting here how the shape of the spectrum of the acceler-
ated particles does not depend upon the microphysics of the process. In order to give an
idea about how many shock crossings are needed to reach 1015 eV, one can assume that a
proton is accelerated by a shock at vs = 5000 km/s, starting with an initial kinetic energy
of 100 keV. As the gain per crossing amounts to 1.7% (see Eq. (1.15)), the number of scat-
tering required is k = ln(1015/105)/ ln(1.017) ∼ 1400 (see Eq. (1.21)) and the probability
for the full process to be completed is about 0.003.

An alternative and more complete derivation of the differential energy spectrum of
accelerated particles can be obtained by solving the transport equation (Ginzburg and Sy-
rovatsky, 1961), namely the equation regulating the evolution of the particle distribution
function in time, space and momentum. This equation reads as

∂f

∂t
+ v

∂f

∂z
=

∂

∂z

[
D
∂f

∂z

]
+

1

3
p
∂f

∂p

dv

dz
+Q(z, p) (1.29)

for unidimensional propagation in the configuration space, namely a shock speed entirely
directed along z. The particle distribution function will evolve affected respectively by
the advection in the plasma velocity field, the diffusion in the plasma turbulent magnetic
field, the adiabatic compression/expansion of the plasma and the injection at the shock
position (in z = 0, so that Q(z, p) ∝ q(p)δ(z)). In order to derive the particle spectrum,
we are going to solve Eq. (1.29) in two regions of space. Note that all quantities labeled
with the subscript 0 will be computed in the shock position, 1 in the upstream and 2 in
the downstream. Starting with integrating Eq. (1.29) across the shock surface, namely for
0− ≤ z ≤ 0+, and assuming both the stationarity (∂f/∂t = 0) and the regularity of the
distribution function (i.e. its continuity across the shock so that

∫ 0+

0− dz v∂f/∂z = 0), we
obtain

0 = D
∂f

∂z

∣∣∣∣
2

−D
∂f

∂z

∣∣∣∣
1

− 1

3
(v1 − v2)p

∂f0
∂p

+ q0(p) (1.30)

as

v(z) =

{
v1 z < 0

v2 z > 0
−→ dv

dz
= −δ(z)(v1 − v2) (1.31)
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On the other hand, by integrating Eq. (1.29) between the shock upstream and the infinite
upstream, namely for −∞ < z ≤ 0+, we obtain

v1f0 = D
∂f

∂z

∣∣∣∣
1

(1.32)

Introducing Eq. (1.32) into Eq. (1.30), and by considering that the distribution function
was isotropized in the downstream (∂f/∂z|2 = 0), we derive

− v1f0 −
1

3
(v1 − v2)p

∂f0
∂p

+ q0(p) = 0 (1.33)

where any connection with the microphysics of the acceleration process, previously con-
tained in the diffusion coefficient, has now disappeared. By solving the homogeneous
equation associated with Eq. (1.33), one finally obtains

f0(p) ∝ p−
3r
r−1 (1.34)

that is the analogous of Eq. (1.28) when computing the differential energy spectrum, as it
follows from the relation N(p)dp = N(E)dE = 4πp2f0(p)dp. However, describing the ac-
celeration spectrum in terms of the particle distribution function is preferable with respect
to describing it in terms of the integral spectrum, in that the former naturally embeds the
description of both relativistic and non-relativistic particles, while Eq. (1.28) was derived
for relativistic particles only.

Currently, one of the longstanding problems of the DSA model is represented by the
injection problem, namely how charged particles are injected into the acceleration process
and how do they reach sufficient energy to come back to the upstream. In fact, the injection
results from the microphysics of the particle motions at the shock: it is often assumed that
these particles belong to the tail of the thermal Maxwellian distribution, which makes up
the plasma. Furthermore, a second concern regards the maximum energy which particles
would be able to achieve during the acceleration process. In fact, the power-law spectrum
derived so far extends in principle up to an infinite particle energy, as the concept of
maximum energy of accelerated particles is not naturally embedded in the test-particle
theory of DSA. This is clearly connected to the fact that a stationary acceleration process
was considered, which is a safe assumption if particles are at some point able to escape
the accelerator. In other words, a realistic description of the process should include in
Eq. (1.29) an escape term able to balance the source term. The last issue is discussed in
the next section.

1.2.3 Maximum energy of particles
As shown until now, the theory of DSA in the test-particle approach, where particles
are considered with no dynamical role, predicts an energy spectrum for the accelerated
particles which is a featureless power law. The spectral slope in momentum reads as
α = 3r/(r − 1) (see Eq. (1.34)), depending only on the compression ratio r of the shock,
regardless of any details of the acceleration mechanism. In the presence of an effective
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particle escape process, it is reasonable to assume that a maximum energy exists, where
the spectrum drops. For strong non-relativistic shocks, where the mechanism is believed
to operate very efficiently, the slope of the spectrum below the cut-off coincides with the
canonical slope α = 4, independently of the details of the acceleration. On the other hand,
the spectral shape of the cut-off depends dramatically on both the microphysics of the
diffusive acceleration process and the physical mechanism regulating the particle maximum
energy (Vannoni et al., 2009). A qualitative estimate for the maximum energy attained
by particles is given by the so-called Hillas criterion, proposed by Hillas (1984), which
defines the condition for the size R of an accelerator to be able to magnetically confine
a particle with gyroradius equal to its Larmor radius rL. For SNRs this is equivalent to
saying that the diffusion length of particles ahead of the shock should not exceed a given
fraction ξ ∼ 0.1 of the shock radius, or in other terms D(Emax)/vs ≤ ξRs, where D(Emax)
is the diffusion coefficient for protons of energy Emax. Such a condition translates into

Emax ≃ 1

(
vs

103 km/s

)(
Rs

pc

)(
B

1µG

)
TeV (1.35)

where Bohm diffusion was considered. Characteristic values for a young SNR, in which a
strong shock is expanding during the ejecta-dominated phase, are vs ≃ 104 km/s, shock
size Rs ≃ 1 pc in a typical interstellar magnetic field of B ≃ 3µG. Hence, the maximum
energy expected for confined particles is Emax ≃ 30 TeV. As was first pointed out in Lagage
and Cesarsky (1983), in order to be able to get up to PeV energies, one should assume
extremely large shock speeds, which however might be reasonable only at the very initial
stages of a remnant evolution, lasting for few tens of years. Alternatively, some mecha-
nisms in the amplification of the magnetic field should be operating upstream of the shock.

The Hillas condition is a necessary but not sufficient condition for an efficient accelera-
tion. A more detailed description of the acceleration process allows to identify the value of
the maximum energy in the competition between the acceleration time tacc and the shortest
among these three timescales: i) the age of the accelerator tage, ii) the particle escape time
from the accelerator tesc, and iii) the particle energy loss time tloss. Consequently,

tacc ≤ min(tage, tesc, tloss) (1.36)

For age-limited systems, the maximum achievable energy is determined by the condition
tacc(Emax) = tage. The case of the particle acceleration limited by escape requires a careful
modeling, which will be discussed in detail in Ch. 3. Finally, the case when the accel-
eration is limited by the energy losses is particularly relevant for electrons, for instance,
where the maximum energy is in most cases limited by radiative synchrotron and IC losses
in the ambient magnetic and photon fields, while for hadrons such a limitation is usually
negligible.

A theoretical estimate of the acceleration time can be derived considering the time taken
by a particle to perform a complete cycle, tcycle, across the shock that is

tacc =
tcycle
∆E/E

=
3

v1 − v2

(
D1

v1
+

D2

v2

)
≃ 8

D1

v2s
(1.37)
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where the last passage was obtained by assuming that the downstream turbulence is com-
pressed at the shock by the same compression factor of the plasma, δB2 = 4δB1. Note
that, since the acceleration time is dominated by the upstream conditions, magnetic field
amplification is required upstream, where only the accelerated particles can arrive. It is
therefore natural to expect that the magnetic field may be excited by the same particles
that are being accelerated. Hence, a self-consistent description of DSA requires the treat-
ment of the dynamical reaction of CRs on the turbulent magnetic field and therefore the
introduction of a non-linear theory of DSA, which is briefly discussed in the next section.

1.2.4 Non-linear theory of diffusive shock acceleration
The development of a non-linear theory of DSA (NLDSA) can be ascribed to the need
for considering thee main aspects of the problem, i.e.: i) the dynamical reaction of the
accelerated particles, namely the pressure that they exert on the plasma around the shock,
that affects both the shock dynamics and the acceleration process; ii) the plasma insta-
bilities induced by the same accelerated particles and connected with the amplification of
the magnetic field, a necessary ingredient to achieve efficient particle acceleration up to
the knee energy; and iii) the dynamical reaction of the amplified magnetic field, namely
the fact that, during the process of field amplification, the magnetic pressure might be-
come larger than the upstream thermal pressure of the incoming plasma, affecting the
compression factor at the shock. These motivations clearly show the intrinsic non-linearity
of DSA. In fact, the first and the last process act by modifying the compression factor
of the plasma at the shock, changing as a consequence also the spectrum of accelerated
particles (as shown in Eq. (1.28)). Concerning the second mechanism, the non linearity of
DSA appears in that likely the same accelerated particles are responsible for the process of
magnetic field amplification, since this has necessary to take place upstream of the shock
in order to reduce the acceleration time (see Eq. (1.37)). As the magnetic field determines
the diffusion coefficient that describes the particle motion, once that the field amplification
comes to be affected by the distribution of particles in the acceleration region, then the
diffusion coefficient itself (that tells the particles how to evolve) becomes dependent upon
the distribution function of accelerated particles. These aspects show that the accelerated
particles and the magnetic fields are a self regulating system, and it is their interplay
that determines the high non linearity of the problem. The remaining part of this section
provides a more detailed description of the three non-linear processes involved in the CR
acceleration at shocks. The reader is referred to Malkov and Drury (2001) and Blasi (2013)
for a comprehensive review of NLDSA.

The dynamical effect on the shock due to the presence of accelerated particles is twofolds:
i) the pressure in accelerated particles slows down the incoming upstream plasma as seen
in the shock reference frame, thereby creating a precursor and thus leading to a plasma
compression factor that depends on the location upstream of the shock, and ii) the escape
of the highest energy particles from the shock region makes the shock radiative, thereby
inducing an increase of the compression factor between upstream infinity and downstream.
Both these effects result into a modification of the spectrum of accelerated particles, which
turns out to be no longer a pure power law. In fact, particles with momentum p diffuse
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upstream within a distance that is proportional to the diffusion coefficient D(p), that is
usually a growing function of momentum. This implies that particles with low momentum
experience a compression factor r < 4, as they mostly diffuse close to the shock, while
higher momentum particles trace a compression factor r > 4. As a consequence, the spec-
trum is expected to be steeper than p−4 at low momenta and harder than p−4 at high
momenta, with the transition typically occurring around a few GeV/c. The change of
slope in the spectrum is directly related to the formation of a precursor upstream of the
shock (Malkov and Drury, 2001).

The role of the plasma instability in the process of particle acceleration in SNR shocks
is connected with the super-Alfvénic streaming of charged particles in a plasma (Zweibel
and Shull, 1982). The collective effect of the streaming of CRs induces the self-generation
of the same waves responsible for particle diffusion, through the growth of resonant waves
with wavenumber k = 1/rL, where rL is the Larmor radius of the particles generating the
instability. As the waves can be resonantly absorbed by individual particles, the net effect
is the particle pitch angle diffusion. The resonance condition would lead to expect that
the growth stops when the turbulent magnetic field becomes of the same order as the pre-
existing ordered magnetic field δB ∼ B0, so that the saturation level of this instability has
often been assumed to occur when δB/B0 ∼ 1. Therefore, because of the intrinsic resonant
nature of the instability, the possibility to reach sufficiently high energy seems inhibited,
not because of the timescale, but rather because of the resonant nature that limits δB to
be ∼ B0 at most. Note that in the non-resonant case, the saturation condition would not
hold anymore.

The third aspect of the non-linearity of CR acceleration at shocks consists of the dynam-
ical reaction of magnetic fields produced on the shock by CRs upstream. As the magnetic
field acts by reducing the plasma compressibility when the magnetic pressure becomes com-
parable with the thermal pressure of the upstream gas, it acts in the opposite direction
with respect to the action of CRs, creating larger values of the compression ratio. This
is the reason why taking into account the effect of magnetic fields on the shock dynamics
leads to predictions of less modified shocks, and correspondingly less concave spectra of
accelerated particles (Caprioli et al., 2009b).

1.2.5 The problem of particle escape
DSA is the most successful and widely accepted mechanism for explaining the acceleration
of CRs in several astrophysical environments. Despite the basic physics of this process being
very robust, some fundamental issues still need to be addressed. In fact, in the context
of the SNR paradigm for the origin of CRs, one of the least understood mechanisms is
represented by particle escape from the source. The flux of escaping particles plays an
essential role within the acceleration scenario up to the PeV, as well as in the formation of
the Galactic CR flux detected at Earth. If there were no escape from upstream, all particles
accelerated in an SNR would be advected downstream and undergo severe adiabatic energy
losses before being injected into the ISM: in this case, the requirements to reach PeV
energies would be even more severe than they already are. Another important consideration
is that the non-resonant instability requires a flux of escaping particles, which are those
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providing the current able to excite the instability itself. Without escape, this instability
would not be triggered and therefore magnetic field amplification would be limited to the
resonant channel, that however is constrained by the saturation condition. Note that the
flux of escaping particles is tightly connected to the CR flux observed at Earth, by means of
all those processes involved during particle propagation towards the Earth. Unfortunately,
the details of how CRs escape SNRs still remain unclear. Nonetheless, the escape represents
an essential process in the CR production mechanism, closely bounded to the acceleration
process. The lack of 100 TeV gamma-ray observations in astrophysical sources is then
either connected with the intrinsic properties of the accelerators or alternatively might be
due to the escape scenario, namely to the fact that PeV protons have already escaped the
acceleration site. A complete understanding of the physical processes operating in cosmic
sources is still missing and consequently the correct phenomenological interpretation of
SNR spectra, which is especially relevant in two contexts, namely both for young and for
middle-aged SNRs. In fact, a crucial issue arising from the VHE gamma-ray observations in
SNRs concerns the spectral shape of their energy flux: all of the measurements show power-
law behavior different from the expected dN/dE = ϕ(E) ∝ E−2. From the observed sample
of TeV SNRs, two classes are emerging, peaked respectively at GeV and TeV energies:

i) SNRs mainly emitting in the GeV band, as W 44, IC 443 and W 51C;

ii) SNRs whose emission extends up to the TeV band, as Cas A, Tycho, SN 1006,
RX J1713.7− 3946 and RX J0852.0− 4622 (also called Vela Junior).

Among TeV SNRs, two different varieties arise: i) very young remnants (Cas A, Ty-
cho, SN 1006) with a typical age of about 300 yr and steep spectra, and ii) young SNRs
(RX J1713.7 − 3946 and RX J0852.0 − 4622), with typical age of few 103 yr and hard
spectra. The spectral discrepancy could possibly be ascribed to different environmental
conditions where the remnants are expanding, which are commonly not accounted for in
the context of DSA theory. The presence of dense inhomogeneities in the shock environ-
ments, in fact, strongly modifies the spectrum of particles emitting radiation, with respect
to the acceleration spectrum, as will be extensively discussed in Ch. 2. GeV SNRs, on
the other hand, show typical steep spectra ϕ(E) = E−γ with slopes γ ≃ 2.3 − 2.5. Such
steep spectra could represent an intrinsic feature of the acceleration process. Though this
conclusion has not yet been proven, Cristofari et al. (2013) showed that, by adopting a
statistical model based on a population study of universal SNR spectra, only spectral in-
dices steeper than 2 are consistent with the number of detections realized by the current
generation of gamma-ray instruments. Alternatively, the steepness might be interpreted as
the signature of particle escape from the shock region, as will be further discussed in Ch. 3.

Among young SNRs, an interesting and debated case is represented by RX J1713.7−3946:
its non-thermal emission has challenged theorists, given that both the one-zone leptonic
and hadronic interpretations failed to reproduce the data. A pronounced hardening was
observed in the GeV domain, and it was considered as a strong argument in favor of the
leptonic scenario. However, the highly non-uniform environment in which the remnant
is expanding adds complexity to the problem, as will be explained in Sec. 2.6, being po-
tentially able to alter the gamma-ray spectrum expected by the neutral pion decay in
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a uniform target medium. Note that such a situation is very relevant for neutrino emis-
sions as well and that neutrinos are smoking guns for the identification of hadronic sources.

It should be kept in mind that, within the context of hadronic production processes, the
spectral index for gamma rays closely resemble the one of CRs accelerated in situ. Now,
linear shock acceleration theory predicts a ϕ(E) ∝ E−2 energy spectrum for accelerated
particles, while the introduction of non-linear effects due to the CR pressure in the up-
stream plasma would favor an even harder spectrum, up to ϕ(E) ∝ E−1.5. However, the
spectrum of particles released into the ISM does not coincide with the accelerated spec-
trum, since particle escape can modify the final spectrum injected in the ISM. Therefore,
a detailed modeling of CR escape from the shock region is required, accounting for the
temporal, the spatial and the energy dependence of the phenomenon.

One would naively expects that CRs are released as the shock slows down (Ptuskin and
Zirakashvili, 2003), and that they are released gradually, the ones having the highest energy
first, and the ones with lower energies at later times. Qualitatively, in order to understand
when CRs with different energies leave the SNR, one should equate the particle diffusion
length with a fraction of the SNR radius, so as to get Emax ∼ RsvsB ∝ t−1/5 (within the
hypothesis that escape is effective at the Sedov-Taylor stage). This zero-order estimate
provides a qualitative description of the process of CR escape from SNRs, indicating that
the decrease with time of the maximum energy of confined particles is quite mild. Note
however that this conclusion is uniquely connected with the fact that a diffusion coefficient
constant in time was assumed in the derivation. Indeed, if the magnetic field at the
shock is amplified by CR streaming instability, a faster decrease of Emax with time may
be expected, since as the shock speed decreases the amplified magnetic field decreases
too (Bell, 2004). A dedicated discussion on particle escape will be approached in Ch. 3:
this study will be limited to hadrons, as leptons suffer from severe energy losses due to
synchrotron radiation, which needs to be taken into account for a correct description of the
escape. Investigations of the energy spectrum of gamma rays in the cut-off region might
shed light on this poorly understood process, in that very sharp cut-offs are expected if
particles are suddenly released as soon as they reach the maximum energy.

1.3 Galactic PeVatrons

One of the key objectives of CR studies remains the identification of the principal contrib-
utors to the Galactic component of CRs. Most likely, hundreds or thousands of objects
contribute to it. If so, the identification of these objects on a source-by-source basis would
be rather challenging, especially given that many of these sources may also not be active
anymore. A more viable approach is connected with the search for a source population,
the best-studied representatives of which should (i) collectively provide the production
rate of CRs in our Galaxy, and (ii) explain the basic characteristics of CRs up to the knee,
including their composition. The current paradigm of the GCR origin is based on the fact
that SNRs satisfy both requirements. However, because of the large uncertainties on the
gas density in the gamma-ray production regions, the level of contribution of SNRs to the
CR production in the Galaxy is not yet observationally established. More importantly, so
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far gamma-ray observations have failed to demonstrate that SNRs can accelerate particles
beyond 100 TeV. The term ‘PeVatron’ refers to an object accelerating protons with a hard
(∝ E−2) energy spectrum without any break up to Ep ∼ 1 PeV. In hadronic interactions,
the spectrum of secondary gamma rays and neutrinos almost mimics the spectrum of the
parent protons, being shifted towards lower energies by a factor of ∼ 10− 20. Thus, mea-
surement of secondary particles with a hard power-law energy spectrum extending up to
several tens of TeV would imply an unambiguous detection of a PeVatron. So far, the
observations of young SNRs didn’t show such hard multi-TeV energy spectra. Only a few
SNRs have been detected above 10 TeV, but in all cases with steep spectra. The large
power-law indices and the early cut-offs in the photon spectra (typically less than tens of
TeV) imply that the spectra of parent protons do not extend much beyond 100 TeV. Such
an unexpected result is a hint that either young SNRs do not accelerate CR protons to PeV
energies or the production of PeV protons takes place in a sub-class of SNRs, which so far
have not been detected in gamma rays, or alternatively the production occurs at the very
beginning of the SNR life (t ≤ 100 yr). The first option would imply the inability of SNRs
to play a major role in the production of Galactic CRs. The second option leaves room for
a marginal contribution of SNRs among the possible sources of the GCR flux. However, in
this case, only a minor fraction of SNRs would contribute to CRs, at least at highest ener-
gies. Consequently, the efficiency of energy conversion in these objects should significantly
exceed the standard 10% value. The third option would strongly reduce the number of
detectable PeVatrons, as the very energetic phase would last for a limited amount of time
and correspondingly it would be less likely to catch it observationally.

As a final confirmation (or falsification) about the SNR paradigm for the origin of
Galactic CRs is still missing, one should consider possible alternative explanations to the
energy and amount of flux required to match the CR observations. Recently, the H.E.S.S.
observations of the Galactic Center (Abramowski et al., 2016) have revealed the presence of
a VHE gamma-ray emitter around Sgr A*, which shows a remarkably featureless spectrum
up to many tens of TeV. The hypothesis of a PeVatron in the Galactic Center arises
naturally, if this radiation is attributed to CR collisions as likely in a region populated
by massive clouds. This scenario is further discussed in Sec. 1.3.1. On the other hand,
the VHE gamma rays point towards a region located within 60 pc from the central radio
emitters: given the large uncertainties that affect the very inner parsecs of our Galaxy (in
both the gas and source distribution), the hypothesis that there might be sources other
than the supermassive black-hole itself is realistic. In fact, several classes of gamma-ray
emitters populate the region and, potentially, some of these might provide non-negligible
contribution to the observed CR flux. In this regard, the clusters of young massive stars
are of special interest, given the collective effects provided by the multiple SNRs and stellar
wind shocks present inside these regions. The acceleration could take place close to the stars
or in the so-called superbubbles, multi-parsec structures caused by the collective activity
of massive OB star winds around the compact stellar associations (Casse and Paul, 1980,
Cesarsky and Montmerle, 1983), where the acceleration on multiple shocks may potentially
increase the maximum energy of CR protons to 1015 eV (Klepach et al., 2000), making
clusters of massive stars PeVatron candidates, to be considered as either complimentary or
alternative factories of GCRs to the Galactic Center itself (see discussion in Sec. 1.3.2).
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1.3.1 The Galactic Center
The VHE radiation observed by H.E.S.S. in the Galactic Center (GC) region comes from
a diffuse region, extended for few tens of parsecs in latitude and about 200 pc in longitude
from the central radio emitter. In particular, considering the radial distribution of gamma
rays, in the annular region contained between about 20 to 60 pc from the radio source
the spectrum of gamma rays shows remarkably no sign of energy break or cut-off, up to
energies of about 30 TeV (Abramowski et al., 2016). In a hadronic scenario, these photons
would derive from very energetic protons, possibly showing evidence for the first PeVatron
source. A crucial aspect of the observations performed in this region is constituted by the
inferred radial distribution of CRs, that appears fundamental in the PeVatron scenario. In
fact, the CR radial profile and the distribution of the target gas in the Central Molecular
Zone (CMZ) shape the morphology of the VHE gamma-ray emission. Fig. 1.3 shows the
radial profile of the E ≥ 10 TeV cosmic-ray energy density wCR up to r ∼ 200 pc, as
derived through the gamma-ray luminosity and the amount of target gas. Such a CR
density in the CMZ is found to be one order of magnitude larger than that of the ‘sea’
of CRs, namely the diffuse flux of particles that fills the Galaxy, while the energy density
of low-energy (GeV) CRs in this region does not sizably differ from the average Galactic
value (Yang et al., 2015). This scenario requires the presence of one or more accelerators of
multi-TeV particles operating in the CMZ. Moreover, the radial distribution is compatible
with a w(r) ∼ 1/r profile, as shown in Fig. 1.3: this is expected in the case of a continuous
injection of particles from a central source, which is then followed by diffusion across
the Galaxy. Indeed, considering three dimensional diffusion in spherical symmetry, the
CR density function at equilibrium conditions (namely ∂f/∂t = 0) satisfies the following
equation

Qδ(r) =
1

r2
∂

∂r

(
r2D

∂f

∂r

)
(1.38)

whereD represents the diffusion coefficient and Q the source flux, here assumed to originate
at the very center of the system, namely in r = 0. Therefore, if r ̸= 0, then

r2D
∂f

∂r
= const (1.39)

Furthermore, assuming the diffusion coefficient to be independent of the radial position (at
least within the spatial scale where the gamma rays are observed), then one derives

f(r) ∝ 1

r
(1.40)

On the other hand, if CRs were advected into a wind one would expect f(r) ∝ 1/r2, while
the case of a burst-like CR injection would result into a constant radial profile up to the
typical diffusion length ∼

√
Dtburst. Therefore, the 1/r profile of the CR density up to

200 pc in longitude indicates a continuous (or quasi) injection of protons into the CMZ
from a centrally located accelerator on a characteristic timescale exceeding the time of

20



Figure 1.3: Spatial distribution of the CR density versus projected distance from Sgr A*. The vertical
and horizontal error bars show the 1σ statistical plus systematical errors and the bin size, respectively.
A fit to the data of a 1/r (red short-dashed line), 1/r2 (blue long-dashed line) and a homogeneous
(black dotted line) CR density radial profiles integrated along the line of sight are shown. The best fit
of a 1/rα profile to the data is found for α = 1.10± 0.12 (1σ). Figure from Abramowski et al. (2016),
reprinted by permission from Springer Nature.

diffusive escape of particles from the CMZ, i.e.

τdiff ≃
R2
CMZ
6D

≃ 2× 103
(

D

1030 cm2 s−1

)−1

yr (1.41)

where D is normalized to the inferred average Galactic diffusion value of multi-TeV CRs.
However, even if the assumption of a PeVatron in the center of the Galaxy would be
verified, for instance through the observation of coincident VHE neutrinos (as discussed
in Ch. 4), one should consider the fact that this source can not be responsible for the
bulk of CR flux observed at Earth. In fact, in the standard picture of CR propagation in
the Galactic halo, which is often referred to as the Galactic Halo model as proposed by
Ginzburg and Syrovatsky (1961) and endorsed by Berezinskii et al. (1990), we do expect
that CRs propagate diffusively in the Galactic Disc up to distances comparable with the
halo size, which extends above and below the Galactic Plane for about H ≃ 3− 4 kpc. As
a consequence, PeV protons accelerated in the Galactic Center would only travel Galactic
distances of the order of few kpc, i.e. the Earth would not be within their reach, being
located 8 kpc away from the Galactic Center. Alternative propagation scenarios may allow
those particles to reach the Earth, as for instance in the case of anisotropic diffusion along
the spiral arms of the Galaxy. However, these scenarios challenge the observations of the
Boron over Carbon ratio (B/C). In fact, the B and C flux ratio is related to the amount of
matter traversed by CRs in their travel, the so-called grammage, which is directly related
to the matter density in the confinement volume. If CRs would diffuse mainly along the
arms, they would in fact accumulate a grammage much larger than observed (Blasi, 2013).
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1.3.2 Stellar winds and OB associations
The role of stellar winds in the acceleration of Galactic CRs was suggested already in the
1980s by Dorman (1979) and Casse and Paul (1980), and later on extensively discussed
by Montmerle and Cesarsky (1981), as a consequence of the discovery in the same years
of a spatial coincidence between SNRs, OB associations, and a gamma-ray hot spot in
COS B data (Montmerle, 1979) that soon lead to consider O and B-type stars as relevant
candidates for particle acceleration. These are massive stars (M > M⊙) which lose a sub-
stantial amount of mass in the form of stellar winds, blowing at supersonic speed vw (2000
to 3500 km/s), thereby shining at kinetic luminosities of the order of 1036 to 1037 erg/s.
Integrating such luminosity values over the star lifetime (a few million years), one can
derive an energy release which is comparable to that of supernovae explosions. Another
important feature of OB association, which is particularly relevant for the confinement of
CRs, is their ability to produce large HII regions around them (typically extending few
tens of parsecs) (Cesarsky and Montmerle, 1983). Moreover, a spatial correlation between
OB associations, SNRs and molecular clouds (MCs) is expected, since massive stars are
the progenitors of core-collapse supernovae. The hypothesis that COS B hot spot could
be explained by the interactions among the uniform ‘sea’ of Galactic CRs and the dense
gas of the MCs was soon discarded, as the emission was as bright that an excess of about
one order of magnitude in the flux of CRs was necessary to explain the data (Gabici and
Montmerle, 2015). On the other hand, the gamma-ray emission from such associations,
named SNOBs, was interpreted as a result of the decay of neutral pions produced in the in-
teractions of CRs accelerated at SNRs with the dense gas of the parent MC. This example
shows the potential of SNR/MC associations in providing insight into the process of CR
acceleration at shocks: thus, gamma-ray observations of such associations are fundamental
in the context of testing the SNR hypothesis for the origin of GCRs.

Recently, a remarkable similarity was discovered in both the energy and radial distribu-
tion of CRs around massive Galactic stellar clusters (Aharonian et al., 2019), that can be
summarized into wCR(E, r) ∝ E−2.3r−1, as shown in Fig. 1.4. Such a trend, as inferred
from gamma-ray observables around Westerlund 1, Westerlund 2 and the Cygnus Cocoon,
soon brought back the interest on the possibility that clusters of massive stars could power
the GCR flux. As for the case of the GC, the radial profile ∝ r−1 suggests a continuous
injection over ∼ Myr timescale, which is difficult to explain through SN explosions only.
It is possible that the CR radial profile observed around the GC (see Sec. 1.3.1) might be
ascribed to the three compact clusters rather than to the central black-hole, respectively
the Arches, the Quintuplet and the Young Nuclear Cluster, which are located within 50 pc
from the GC. The strong similarity might be considered as an evidence that the same
phenomenon is acting in these sources: the simplest interpretation is that CRs have been
continuously injected and diffused away through the ISM. The characteristic timescales
are determined by the age of the cluster, T ∼ few 106 years, while the distance scales span
from ten to hundreds parsecs in the ISM. GeV and TeV emission all along such a length
scale could be hardly due to electrons, because of the strong energy losses they undergo.
Moreover, the luminosity budget of these clusters would be enough to explain the CR
power of around PCR = (0.3 − 1) × 1040 erg/s, as visible from Tab. 1.1 where the main
parameters of the aforementioned massive clusters are reported.
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A scenario in which SNRs provide efficient particle acceleration up to several tens of TeV,
while stellar cluster winds operate up to PeV energies, seems to provide a viable possibility
to explain the level of the observed CR flux. Its confirmation awaits the future gener-
ation of ground-based gamma-ray and neutrino telescopes. A decisive indication of the
acceleration of PeV protons is provided by observations of gamma rays at energies up to
100 TeV and beyond. Because of the Klein-Nishina effect, the efficiency of inverse Comp-
ton scattering in this energy band is largely reduced (see Sec. 1.4). Therefore, unlike other
energy intervals, the interpretation of gamma-ray observations at these energies is free of
confusion and reduces to the only possible mechanism, the decay of secondary π0-mesons.
Hence, the extension of spectrometric and morphological gamma-ray measurements up to
100 TeV in the energy spectrum and up to several degrees in the angular size, from regions
surrounding SNRs and powerful stellar clusters, would provide crucial information about
the origin of CRs in general, and the physics of proton PeVatrons, in particular. Alter-
natively, an unambiguous evidence for PeV proton acceleration would be provided by the
detection of multi-TeV neutrinos from specific sources, which however constitutes a chal-
lenging task even for the future generation of instruments of multi-km3 size. An overview
of the upcoming VHE gamma-ray and neutrino instrument is presented in Sec. 1.5.

Figure 1.4: CR proton radial distributions in the Cygnus Cocoon and Westerlund 2 above 100 GeV,
and in Westerlund 1 and the CMZ above 10 TeV. For comparison, the energy densities of CR protons
above 100 GeV and 10 TeV based on the measurements by AMS are also shown. Figure from Aharonian
et al. (2019), reprinted by permission from Springer Nature.
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Table 1.1: Physical parameters of four extended gamma-ray structures and the related stellar clusters.
Table from (Aharonian et al., 2019), reprinted by permission from Springer Nature.

Source Westerlund 2 Cygnus Cocoon CMZ Westerlund 1
Extension (pc) 300 50 175 60
Age of cluster (Myr) 1.5− 5 3− 6 2− 7 4− 6
Lkin (erg/s) 2× 1038 2× 1038 1× 1039 1× 1039

Distance (kpc) 5 1.4 8.5 4
wCR(> 100 GeV) (eV/cm3) 6 0.2 0.26 4.8

1.4 Gamma-ray and neutrino signatures of cosmic rays

Accelerated charged particles can interact either with matter, radiation and magnetic fields
of the ISM, producing secondaries, among which photons and neutrinos. The suggestion
that these messengers, since traveling in straight line, can reveal the sites of particle ac-
celeration in the Universe, constitutes the basis of gamma-ray and neutrino astronomy
fields. Two main channels of productions are identified into: i) leptonic processes, involv-
ing primary electrons and positrons, from which photons emerge, and ii) hadronic processes,
involving mainly primary protons and helium nuclei, from which both photons and neu-
trinos arise. While the flux of secondaries resulting from hadronic processes is governed
by the CR density and the target gas density, the flux resulting from the leptonic ones
is traced by the electron density and the radiation/magnetic fields. Among the leptonic
processes, pair production, Compton scattering, Bremsstrahlung, synchrotron and ioniza-
tion losses are included. On the other hand, proton-proton and proton-photon interactions
constitute the hadronic channels. A complete description of these processes can be found
in Rybicki and Lightman (1986). To distinguish the sources of CR protons from the sources
of CR electrons, gamma-ray observations are often not sufficient, so that multi-wavelength
observations have to be taken into account. These measurements - mostly in the radio
and X-ray bands - indicate that the best candidate sources for the origin of GCR electrons
are Pulsar Wind Nebulae (PWNe), while those for GCR protons are SNRs. As neutrinos
are only produced in hadronic channels, their detection appears extremely relevant in the
search for CR-proton sources. Once produced, secondary particles can be absorbed in their
travel towards the Earth, for instance in pair production via photon-photon interactions,
due to the radiation fields present within the source or the cosmic radiation background
fields: this phenomenon is mainly affecting gamma rays at the highest energies, as dis-
cussed in Sec. 4.3, while it does not affects neutrinos. For this reason, neutrinos constitute
the almost unique astronomical messengers in the energy range from about 100 TeV to
10 EeV (Ahlers, 2016). Moreover, being stable and weakly interacting, they are able to
reach Earth after traveling over cosmic distances, allowing for directly pointing to their
production site. In addition, they allow to probe the deepest interiors of sources, which
might result opaque to photons. In the following, a summary of the relevant gamma-ray
and neutrino production mechanisms is presented.
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1.4.1 High-energy radiation processes in cosmic-ray accelerators
Any interpretation of an astronomical observation requires the unambiguous identification
of the radiation mechanism responsible for the observation itself. Therefore, in this sec-
tion, the principal features produced by different radiation processes on the spectrum of
secondaries are highlighted. The gamma-ray radiation is the only component of the elec-
tromagnetic spectrum that cannot be produced by the thermal motion of charged particles,
as the required minimum temperature would be unreasonably high. Indeed, considering a
black body, the temperature required to emit MeV gamma rays is T = 109 K (for compar-
ison, the nuclear fusion reactions inside the Sun require 107 K and consequently result in
keV photons). Generally, low-energy gamma rays are mainly produced by Bremsstrahlung
and proton-proton interactions, while in the high-energy domain IC scattering accompanies
the proton-proton channel. However, interesting considerations concerning the magnetic
field can be derived through the multi-wavelength observations of the source spectra, as
synchrotron losses strongly affect the electromagnetic spectrum, from the radio to the X-
ray energy bands.

The computation of secondary emission spectra requires the knowledge of the cross sec-
tion of the relevant processes and of the energy distribution of the parent particles N(E).
The cross sections of electromagnetic processes are well know from classical electrodynam-
ics theory, while the cross sections of hadronic processes are measured in accelerators and
extrapolated to higher energies for astrophysical applications. The particle distribution
function N(E) depends on time, and its calculation requires the knowledge of i) the in-
jection spectrum Q(E), which depends on both the acceleration mechanism acting at the
source and the escape process from the source, and ii) the diffusion and advection effects on
the particle transport. A simplified equation describing the particle distribution evolution
is (Ginzburg and Syrovatsky, 1961)

∂N

∂t
=

∂

∂E
[PN ]− N

τesc
+Q (1.42)

being P (E) = −dE/dt the energy loss rate and τesc the escape time of particles due
to diffusion and advection, namely τesc = (1/τdiff + 1/τadv)

−1. To solve this equation,
stationarity is assumed in the following, i.e. ∂N/∂t = 0: the solution derived is called
steady state particle distribution. Moreover, assuming that the escape time is much longer
than the energy loss rate, the term N/τesc can be neglected and Eq. (1.42) is solved by

N(E) =
1

dE/dt

∫ ∞

E
Q(E′)dE′ (1.43)

where the energy loss rate dE/dt accounts for all the processes relevant in the source. In
the remaining part of the section, several processes are investigated and their effect on the
spectrum of parent particles is highlighted.

Bremsstrahlung
Radiation due to the acceleration of a charged particle in the Coulomb field of another
charge is called Bremsstrahlung or free-free emission. In the case when a population of
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relativistic particles interacts with a thermal particle population, the emission mechanism
is called non-thermal Bremsstrahlung. The interaction with the electric field of an ion
(or nucleus) produces a change in the particle trajectory. Since the emission probability
scales as the inverse square of the mass of the emitting particle m, namely σBr ∝ (e2/m)2,
then electron Bremsstrahlung is strongly favored with respect to proton (with mass mp)
Bremsstrahlung, its interaction probability being a factor (mp/me)

2 ≃ 4×106 times larger.
Bremsstrahlung losses are catastrophic, in the sense that high-energy electrons radiate
almost all of their energy in one or two photons: in other words, at every radiative phe-
nomenon, half of the electron energy is given to the photon, which mostly contributes to
the gamma-ray radiation in the sub-TeV domain. A relevant parameter for the electron
emission in a medium of density n is the so-called radiation length

X0 =
7

9(nσ0)
(1.44)

namely the average distance over which the relativistic electron reduces its energy to 1/e
of its initial value (here σ0 is the cross-section asymptotic value). For instance, in gaseous
hydrogen X0 ≃ 60 g/cm2. A second important parameter is the so-called critical energy,
below which ionization losses dominate over Bremsstrahlung losses: in a gaseous hydrogen
ϵcr = 700mec

2 ≃ 350 MeV, me being the electron mass. At higher energies, effective
particle multiplication in a cascade is achieved. Introducing the average energy loss rate
for electrons

−
(
dEe

dt

)
Br

=

(
cmpn

X0

)
Ee (1.45)

one can derive the electron lifetime due to Bremsstrahlung losses as

τBr =
Ee

dEe/dt
≃ 4× 107

( n

1 cm−3

)−1
yr (1.46)

Since the electron loss rate is proportional to the electron energy, the electron lifetime is en-
ergy independent. This implies that for an initial power-law spectrum of electrons Q(Ee) ∝
E−Γ

e , Bremsstrahlung losses do not change the original electron spectrum N(Ee) ∝ E−Γ
e .

As a consequence, the Bremsstrahlung gamma-ray spectrum would simply reproduce the
shape of the electron spectrum. However, at low energies, when ionization losses dominate,
the electron spectrum becomes flatter, following a distribution like N(Ee) ∝ E−Γ+1

e , and
one generally expects to see a quite hard gamma-ray spectrum with slope Γ− 1.

Synchrotron radiation
Particles accelerated in a magnetic field B emit synchrotron radiation. For non-relativistic
speeds, the nature of the radiation is rather simple and it is called cyclotron radiation:
the frequency of emission coincides with the frequency of gyration in the magnetic field.
However, for ultra-relativistic particles, the frequency spectrum is much more complex and
can extend to many times the gyration frequency. This radiation is known as synchrotron
radiation. Synchrotron radiation is more efficiently produced by electrons: indeed gyrating
protons produce synchrotron radiation with a characteristic energy which is reduced by a
factor (mp/me)

3 ≃ 7 × 109 with respect to that produced by electrons, while the proton
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cooling time is (mp/me)
4 ≃ 1013 times longer. Thus, in the following, a focus on electron

emitted radiation is provided. The classical treatment of this mechanism provides an
accurate description of the process as long as the condition

E

mec2
B

Bcr
≪ 1 (1.47)

is satisfied, Bcr = m2
ec

3/eℏ ≃ 4.4 × 1013 G being the critical value of the magnetic field
relevant to quantum effects, while E is the energy of the gyrating particle in the magnetic
field B. Under this assumption, the total emitted power from an individual electron
amounts to

Psync =
4

3
σTcβ

2γ2UB (1.48)

where σT = (8π/3)2(e2/mec
2)2 ≃ 6.65 × 10−25 cm2 is the Thomson cross-section for the

elastic scattering of a photon off a free charged particle (as described by classical electro-
magnetism). In the previous equation, UB = B2/8π represents the energy density of the
magnetic field, while β = v/c and γ = Ee/mec

2 are respectively the particle speed and
its kinetic energy. The emitted power defines the energy loss rate of electrons by syn-
chrotron losses, since (dE/dt)sync = −Psynch. For instance, the cooling time for electrons
in a magnetic field is (Gaisser et al., 1998)

τsync = 6π
m2

ec
4

cσTB2Ee
= 1.3× 1010

(
B

1µG

)−2( Ee

1GeV

)−1

yr (1.49)

and the characteristic energy of the emitted photon is

ϵc = hνc =
3

4π

ℏeB sinαE2
e

m3
ec

5
(1.50)

where α is the pitch angle. Hence, the stronger the magnetic field (and/or the more
energetic is the emitting particle) and the higher is the frequency of emitted radiation. The
spectral energy distribution of radiated photons by an individual electron in an isotropic
magnetic field is (ϵ being the energy of the emitted photon)

Psyn(Ee, ϵ) =

√
2

h

e3B

mec2
F (x) (1.51)

where F (x) = x
∫∞
x K5/3(ξ)dξ, K5/3 is the modified Bessel function of order 5/3 and

x = ϵ/ϵc. Such an emissivity peaks in correspondence of ϵ ≃ 0.29ϵc, with a sharp drop
at higher energies. Generally, the synchrotron spectrum will derive from the radiation
emitted by a population of CR electrons: assuming a power-law distribution for the initial
electron population with slope Γ, the steady state distribution of cooled electrons will show
a steepening to Γ + 1, while the emitted radiation spectrum will have a slope (Γ + 1)/2.
Furthermore, the shape of the cut-off appears shallower in the emitted radiation: indeed,
if the cooled electrons are distributed like

dN

dE
∝ E−(Γ+1) exp[−(E/E0)

β] (1.52)
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then emitted synchrotron photons will be distributed as

dN

dϵ
∝ ϵ−(Γ+1)/2 exp[−(ϵ/ϵ0)

β′
] (1.53)

with β′ = β/(β+2) (Zirakashvili and Aharonian, 2007). Thus, a simple exponential cut-off
in electron spectrum (β = 1) would produce a shallow feature in the emitted radiation,
yielding β′ = 1/3. This is likely the case of an age-limited system, where the maximum
energy in the electron spectrum is connected with the time spent in the acceleration process.
In the case of a loss-limited system, where the maximum energy in the electron spectrum
is connected with the cooling process, one would expect β = 2 and consequently β′ = 1/2
(Zirakashvili and Aharonian, 2007). Note that an erroneous conclusion would be derived
within the δ-functional approximation, which assumes that the synchrotron spectrum is
concentrated around ϵ ≃ 0.29ϵc thus predicting a drop as sharp as β′ = β/2. On the
other hand, in the presence of a spatially distributed magnetic field, the spectrum of the
synchrotron radiation is produced with β′ = β/3 (Zirakashvili and Aharonian, 2010).
The synchrotron emission has a continuous spectrum. While its intensity in the radio
domain is proportional to dN/dϵ ∝ NeB

2, thus showing a degeneracy among electron
density and magnetic field, the intensity in the X-ray domain is proportional to dN/dϵ ∝ Ne.
Hence, observations in the X-ray band provide a powerful tool to infer the electron density
distribution, while joint radio observations allow to derive the amplitude of the magnetic
field. Furthermore, in young SNRs, the cut-off photon energy ϵcut-off of synchrotron X-ray
photons is independent of the magnetic field and it is directly connected to the shock speed
as (Aharonian and Atoyan, 1999)

ϵcut-off = 0.55η−1

(
vs

3000 km/s

)2

keV (1.54)

where η ≤ 1 is the particle gyrofactor, namely the ratio among the particle mean free path
and its gyroradius (η = 1 in the case of Bohm diffusion). Thus, X-ray observations are
particularly relevant in that any deviation from the Bohm regime produces a shift in the
cut-off photon energy. Alternatively, in highly turbulent regions where Bohm diffusion is
more likely achieved, X-ray observations allow to constrain the shock speed.

Inverse Compton scattering
The inverse Compton scattering is a fundamental electromagnetic process, which frequently
takes place in cosmic environment, thanks to the uniform presence of the 2.7 K CMB
radiation field. Since IC scattering of protons is suppressed by a factor (me/mp)

4 with
respect to that of electrons (Aharonian, 2004), only high-energy electrons scattering off
low energy photons will be discussed in the following. In this interaction, the electrons
transfer part of their energy to photons, producing a VHE emission up to tens of TeV. The
total cross-section of the process depends only on the product k of the interacting electron
energy ϵe and the target photon energy ω, i.e. k = ϵeω, with all the energies given in units
of mec

2. For k ≪ 1, the process occurs in the non-relativistic regime, or Thomson regime.
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In this case, the cooling time of electrons amounts to (Aharonian, 2004)

τIC = 3× 108
(

Uph
1 eV/cm3

)−1( Ee

1GeV

)−1

yr (1.55)

and the interaction cross-section scales as

σIC ≃ σT(1− k) k ≪ 1 (1.56)

For k ≫ 1 the ultra-relativistic regime, or Klein-Nishina regime, takes place and the cross-
section is modified into

σIC ≃ 8

3
σT

ln(4k)

k
k ≫ 1 (1.57)

The total power emitted by an individual electron is

PIC =
4

3
σTcβ

2γ2Uph (1.58)

where Uph = nphω is the energy density of the seed photons. The ratio of the radiative
losses caused by synchrotron emission to those generated by inverse Compton scattering is
equal to the ratio between the magnetic field energy density and the photon energy density
(see Eqs. (1.48) and (1.58)). Therefore, in the case of a complete leptonic origin of gamma
rays, one can determine the strength of the magnetic fields directly by comparing Psync
with PIC.
Note that in the Klein-Nishina regime, a single interaction is sufficient to transfer a signif-
icant fraction of the electron energy to the photon. For a power-law energy spectrum of
electrons with slope Γ and an isotropic target photon distribution, the corresponding spec-
trum of the emitted gamma rays turns out to be steeper, i.e. dN/dϵ ∝ ϵ−α(ln(4ωϵ)+const)
with α = Γ + 1. On the other hand, in the Thomson regime the average energy of the
up-scattered photon is ϵ = ωE2

e , thus only a fraction ϵ/Ee ≃ k ≪ 1 of the primary electron
is converted in photon energy: assuming an electron power-law spectrum and an isotropic
target radiation field, the resulting gamma-ray spectrum is still a power-law with slope
α = (Γ + 1)/2 (Aharonian et al., 2013). Therefore, in the Klein-Nishina regime, the IC
gamma-ray spectrum will be significantly steeper. Thus, even a power-law distribution
of electrons will produce a gamma-ray spectrum with a break, due to the onset of the
Klein-Nishina regime.

Proton-proton interaction
Inelastic collisions of protons and nuclei with the ambient gas produce mostly pions, with
a smaller contribution from kaons and etas, as

p+ p −→
{

p+ p+ π0

p+ n+ π+ (1.59)

The minimum kinetic energy of the proton for the production of a neutral pion amounts
to Eth = 2mπ0c2(1 +mπ0/4mp) ≃ 280 MeV. The cross-section for π production is almost
energy independent and amounts to about σpp = 2× 10−26 cm2, as reported in Fig. 1.5(a).
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The cooling timescale of protons via the pp process can be described as (Aharonian, 2004)

τpp =
1

nfσppc
≃ 5.3× 107

( n

1 cm−3

)−1
yr (1.60)

where f ∼ 0.5 represents the inelasticity coefficient. At high energies, where multiple pion
production is achieved, π+, π− and π0 are produced in very similar amounts due to isospin
symmetry. Their full decay chain reads as

π0 −→ γ + γ
π+ −→ µ+ + νµ −→ e+ + νe + νµ + νµ
π− −→ µ− + νµ −→ e− + νe + νµ + νµ

(1.61)

The mean energy of the leading pion is about 20% of the proton initial energy. In the
case of π0 meson production, the two photons will equally share this amount, leading
to individual photon energies of Eγ ≃ 0.1Ep. A characteristic feature of the gamma-ray
differential energy spectrum, as a consequence of hadronic production, is the so-called ‘pion
bump’ (Stecker, 1971): this is a distinct bell-type feature, which appears between 100 MeV
and a few GeV. Indeed, because of the fast decay of π0 into two gamma-ray photons (decay
time τπ0 ≃ 8.5× 10−17 s), each with an energy of Eγ = mπ0c2/2 = 67.5 MeV/c2 in the rest
frame of the neutral pion, the resulting gamma-ray number spectrum dN/dE is symmetric
around such value in a log-log representation. Thus, the spectrum of gamma rays always
presents a spectral maximum which is independent of the distribution of parent pions (Yang
et al., 2018). The gamma-ray emissivity qγ(Eγ) is directly defined through the neutral pion
emissivity qπ(Eπ) as

qγ(Eγ) = 2

∫ 1

0
qπ

(
Eγ

x

)
dx

x
(1.62)

where x = Eγ/Eπ. The factor 2 accounts for the two photons produced in the final state,
and the emissivity of neutral pions is

qπ(Eπ) = cnH

∫
σpp(Eπ, Ep)np(Ep)dEp (1.63)

Here, the inclusive interaction cross-section σpp was introduced, as well as the differential
energy distribution of the parent protons np(Ep) and the target density nH. It is worth
to recall that the AGILE and Fermi-LAT Collaborations have claimed the detection of the
pion bump towards two middle-aged SNRs, respectively IC 443 and W 44 (Ackermann et
al., 2013), and interpreted such a feature as an evidence for acceleration of CR protons
and nuclei in SNRs.

In the case of charged pion production, the four leptons in the final state of the pion-muon
decay chain will equally share the energy of the leading pion, resulting into neutrinos and
electrons of about E ≃ 0.05Ep. The spectra of secondaries will resemble the spectra of
the projectile protons, in case of simple power-law behaviors of the primaries: the shape
of a cut-off, instead, gets modified, as extensively discussed by Kelner et al. (2006). Anal-
ogously to Eq. (1.62), the neutrino emissivity qν(Eν) is directly connected to the charged
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pion emissivity: for muon neutrinos it holds that

qνµ(Eνµ) = 2

∫ 1

0
(f

ν
(1)
µ

(x) + f
ν
(2)
µ

(x))qπ

(
Eνµ

x

)
dx

x
(1.64)

where x = Eνµ/Eπ. The factor 2 accounts for both the contributions from π+ and π−

mesons, while f
ν
(1)
µ

is the kernel function describing muon neutrinos produced in the two-
body pion decay and f

ν
(2)
µ

refers to those produced in the three-body muon decay. On the
other hand, for electron neutrinos (with x = Eνe/Eπ)

qνe(Eνe) = 2

∫ 1

0
fνe(x)qπ

(
Eνe

x

)
dx

x
(1.65)

since νe only comes from the muon decay. According to the environment where the pp (and
analogously the pγ) interaction happens, a different neutrino flavor ratio is produced at
the source and consequently expected at Earth. For instance, in the case of full pion decay
chain, as in Eq. (1.61), the flavor ratio produced at the source is (νe : νµ : ντ ) = (1 : 2 : 0).
However, in the case of very dense sources, also called damped-muon sources, the muon
can interact before it decays and consequently the production ratio modifies into (νe : νµ :
ντ ) = (0 : 1 : 0). Alternatively, in the case of neutron sources, the flavor ratio becomes
(νe : νµ : ντ ) = (1 : 0 : 0). Applying neutrino oscillations over cosmic distances, the flavor
ratio at Earth is expected to be (νe : νµ : ντ ) = (1 : 1 : 1) in the full pion decay case,
while a reduced amount of νe and ντ is expected respectively in the case of muon-damped
sources and neutron sources (Palladino and Vissani, 2015).

(a) (b)

Figure 1.5: Left: proton-proton interaction cross-sections for π-meson production as a function of
incident proton kinetic energy Tp < 2 GeV. Credit: Yang et al. (2018), reproduced with permission
©ESO. Right: Photo-absorption cross-section on proton targets as a function of the photon energy.
Reprinted from Lalakulich and Mosel (2015), with the permission of AIP Publishing.
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Proton-photon interaction
The hadronic interaction of protons with radiation fields proceeds through the resonant
production of the ∆+ hadron (m∆+ = 1232 MeV/c2), i.e. the interaction cross-section
peaks in correspondence of the hadron rest energy, assuming a value as high as σ∆ ≃
5× 10−28 cm2, as reported in Fig. 1.5(b). The resonance subsequently decays into mesons
(mostly pions) according to

p+ γ ∆+
−→

{
p+ π0 BR = 2/3
n+ π+ BR = 1/3 (1.66)

where the branching ratios (BR) are computed assuming isospin conservation. For the
center-of-mass energy of a proton-photon interaction to exceed the threshold energy for
the ∆-resonance production, the proton energy must meet the condition:

Ep ≥
(m2

∆ −m2
p)

4Eγ
≃ 1.6× 108

(
1 eV
Eγ

)
GeV (1.67)

Therefore, high-energy protons interact resonantly with low-energy radiation fields. Con-
sidering for instance the CMB as a target field, the threshold for the production of a
neutron and a pion in the final state amounts to ∼ 1020 eV. Such a process, which only
affects UHECRs, is also called GZK process (Greisen (1966) and Zatsepin and Kuz’min
(1966)). Given the uniform distribution of the CMB radiation field through the Universe,
such an energy value also defines the maximum energy for protons to propagate over cos-
mic distances without being absorbed and therefore it sets an end to the CR spectrum.

Because of the resonant nature of the process, the spectrum of projectile protons is
not strictly reproduced by secondaries: it is rather the convolution of the target and
projectile spectra to determine the spectral energy distribution of secondaries, that will
peak around a characteristic energy scale. This is the case for instance of Active Galactic
Nuclei (AGN) and Gamma-Ray Bursts (GRBs), where accelerated hadrons mostly interact
with the intense radiation fields of the source jet.

1.5 Gamma-ray and neutrino instruments: principles of detection

The last part of this thesis (Ch. 5) will be dedicated to sensitivity studies of gamma-ray and
neutrino telescopes, with a focus on their detection capability towards extended sources
that possibly populate the VHE Galactic sky. For this reason, in this section, the reader is
provided with a brief introduction concerning some key aspects of the detection technique
implemented in current instruments. Open issues are also discussed, as these constitute
the scientific goals of future instruments.

Gamma rays are particularly interesting since they allow to study two important aspects
about CRs, namely i) particle propagation within and around sources, providing hints
concerning the diffusion properties of turbulent environments as in the case of shocks,
and ii) particle escape from their acceleration site. Precision measurements have been
performed during the last decades, improving our understanding of the gamma-ray sky,

32



thanks to the combination of GeV instruments (as Fermi-LAT and AGILE), ground-based
Imaging Atmospheric Cherenkov Telescopes (IACTs) (as H.E.S.S. and MAGIC), and water
Cherenkov detectors (as HAWC). An era of significant increase in the number of sources
has started with these instruments, leading to an improved understanding of the different
source classes that populate the high-energy sky. As a result, today, we see three main
components in the gamma-ray sky:

i) the Galactic diffuse emission, generated by the interaction of the GCRs with the
interstellar gas and radiation fields;

ii) individual sources, both located in the Galactic Plane and at higher latitudes;

iii) the weak isotropic diffuse emission, detectable at all Galactic latitudes.

The relative contribution of these emissions to the total gamma-ray flux changes with en-
ergy, as expected considering that the source energy spectrum is typically harder than the
diffuse Galactic component. In fact, while about 80% of photons comes from the Galactic
diffuse emission at GeV energies, in the TeV band individual sources dominate the ener-
getics.

On the other hand, the detection of VHE neutrinos is an extremely challenging task,
in that the weak interaction cross-section properties (e.g. for the deep inelastic scattering
σDIS(1TeV) ≃ 10−35 cm2) combined with the level of fluxes expected from known astro-
nomical sources (given for instance the observation of TeV gamma-ray sources) require the
instrumentation of cubic kilometer detectors in order to collect a bunch of neutrinos per
year. Since 1960s, large volume of water were suggested by Reines, Greisen and Markov as
a target for detecting astrophysical neutrinos (Markov and Zheleznykh, 1961): the ideal so-
lution was identified into a natural and transparent medium, which allows the propagation
of the Cherenkov emission induced by the passage of relativistic particles resulting from
neutrino interactions. Such a detection technique led to the discovery of cosmic neutrinos
from the Sun first, the SN 1987A later and recently from the flaring blazar TXS 0506+056
(Aartsen et al., 2018). At the same time, it also led to the measurement of the atmospheric
neutrino flux up to energies of several hundreds of TeV (Aartsen et al., 2017b) and to the
experimental discovery of atmospheric neutrino oscillations (Fukuda et al., 1998), provid-
ing evidence for a non-zero mass of neutrinos and thus hints for the existence of physics
beyond the Standard Model.

1.5.1 VHE gamma rays
Gamma rays are high-energy photons which span an energy range of about seven decades
in energy and fourteen decades in flux between the low and the high-energy end, corre-
sponding to respectively ∼ 10 MeV and ∼ 100 TeV. Such an extended energy range cannot
be explored with a unique detection technique or instrument. In fact, a bright source as
the Crab Nebula emits ∼ 10−3 photons m−2 s−1 above 100 MeV, while its flux is reduced
to ∼ 10−7 photons m−2 s−1 at the highest energy. As a consequence, at low energies an
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effective area of the order of 1 m2 is adequate, while at high energies (> 50 GeV) 104 m2

are needed. It is worth to recall also that the atmosphere prevents gamma rays from reach-
ing the ground. Therefore gamma-ray direct detection requires space-based instruments,
whose effective area is however insufficient at the highest energies, where a ground-based
technique is needed.

The operation of space-based detectors above 20 MeV is based on the principle of pair-
creation in the detector, while ground-based instruments detect the secondary products
of the interaction of gamma rays with the atmosphere. In this interaction, a shower of
particles is created in the atmosphere: its charged component mostly consists of electrons
and positrons (in the case of a gamma-ray or electron-initiated shower) or of electrons and
muons (in the case of a proton-initiated shower). A view of the image produced on the
camera by a hadronic and an electromagnetic shower is provided in Fig. 1.6(a). Two main
techniques utilize air showers: i) IACTs, that detect the optical Cherenkov light induced
by the shower of ultra-relativistic particles in the atmosphere, and ii) water Cherenkov de-
tectors, that reveal the charged particles through the Cherenkov light induced inside water
detectors, located on the ground. Since the latter technique requires the particles to reach
the ground, these instruments usually operate with a higher energy threshold (> 100 GeV).
However, they can operate continuously, while IACTs can only operate during dark night
time (with a duty cycle of about 10%).

One can derive the basic requirements for IACTs by considering a 1 TeV shower: the
light induced by Cherenkov emission arrives in a ring (the so-called pool) on the ground
with a radius of ∼ 120 m at an altitude of 2000 m. Stereoscopic observations have been
demonstrated to be fundamental to improve the angular resolution and to enhance the
background rejection, given that these allow to significantly suppress hadronic showers in
which long-lived muons trigger individual telescopes (Aharonian et al., 1997). Indeed, the
angular resolution depends on the number of telescopes Nt used in the reconstruction of
the event and up to Nt ∼ 50 it improves as N1/2

t (Völk and Bernlöhr, 2009). An illustration
of the event position reconstruction through a stereoscopic vision is given in Fig. 1.6(b).
The spacing of the telescopes should thus be ∼ 100 m. A closer spacing would provide an
improvement of the performances at low energies, but this would reduce the collection area
at higher energies (and viceversa). The shower energy is measured as in a calorimeter, by
converting the track length of all the particles collected into a total amount of light, which
is proportional to the energy of the primary particle. All detection techniques must deal
with the suppression of the abundant background of CR protons: this is usually achieved
through an active veto for charged particles in the case of space-based detectors, or by con-
sidering the difference in shower development between gamma-ray induced electromagnetic
showers and proton-induced hadronic showers (mostly shower shape and muon content) in
ground-based instruments. Typical suppression factors varies from ∼ 10−6 for Fermi-LAT,
up to ∼ 10−5 for IACTs and several 10−3 for water Cherenkov detectors.

Finally, the various detection techniques are complementary in the energy range of op-
eration: while space-based detectors are ideal for the exploration of the low-energy part of
the spectrum starting at ∼ 30 MeV, their detection area is not enough anymore at around
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(a)

(b)

Figure 1.6: Top: Imaging of gamma-initiated (left) and proton-initiated (right) showers. Bottom:
Reconstruction of the arrival direction of a gamma ray, as performed by a system of IACTs operating in
stereoscopic mode. Figure reproduced from Völk and Bernlöhr (2009), under the CC BY license.

∼ 100 GeV. This is the regime where IACTs onset, as the particle shower produced by a
primary photon with energy ≥ 100 GeV induce enough Cherenkov light in the atmosphere
to be revealed by a ∼ 10 m mirror diameter IACT. Note that at ∼ 30 TeV the IACT ef-
fective area is not sufficient anymore: in this regime, however, water Cherenkov telescopes
can provide the necessary detection areas.

1.5.2 Open issues and the future of VHE gamma-ray astronomy
The precious information on the high-energy gamma-ray sky derived in the last decades
leaves us some concerns when interpreting the observed radiation, which are still preventing
us to derive conclusions on the origin of GCRs. In particular, the main issues are here
summarized:

• Why are all SNR spectra softer than expected from the standard DSA theory, and
hence what is the spectrum of primary particles?

• What is the exact shape of the cut-off in SNRs?
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• What is the efficiency of conversion of SN explosion energy into CRs?

• Can SNRs accelerate protons to PeV energies? If so, for how long?

• How do CRs diffuse away from these sources and eventually reach the Earth?

The current generation of IACTs has demonstrated the great capabilities of such a detec-
tion technique to perform imaging and spectrometric studies of VHE gamma-ray sources.
The next generation array of IACTs, the Cherenkov Telescope Array (CTA((Actis et al.,
2011, Acharya et al., 2017), will be the largest and most sensitive ground-based instrument
for VHE gamma-ray astronomy. While a low-energy threshold is required by AGN and
GRB studies, in order to access cosmological distances, the coverage of the 100 TeV domain
is of primary importance to access the maximum energy region of Galactic emitters, as
SNRs and PWNe. To achieve such a broad energy band coverage, CTA will be composed
of telescopes of different sizes. Large Size Telescopes (LSTs) allow to access the sub-TeV
range: indeed, low-energy photons produce less Cherenkov light, which thus has to be effi-
ciently collected. CTA will adopt several LSTs to access energies as low as 100 GeV: these
will be 23 m diameter parabolic reflective surfaces with a 4.5 deg field of view (FoV) and
a central camera consisting of 1855 pixels. In order to study transient phenomena, the re-
pointing of LSTs will have to be as fast as 20 s. The energy range from 100 GeV to 10 TeV,
the core of CTA, will be accessible through Medium Size Telescopes (MSTs), 12 m class tele-
scopes distributed on a regular grid with ∼ 100 m spacing. A large FoV of 7 deg will allow
to rapidly survey the TeV sky, while the large number of MSTs will allow to improve the
event reconstruction and to increase effective area. Lastly, to access the multi-TeV domain,
where the flux level from non-thermal processes sharply drops, the effective area has to be
maximized. A large number of Small Size Telescopes (SSTs), 4 m class telescopes spaced
by ∼ 400 m, represents the best solution for the detection of VHE events. In order to scan
the whole sky, CTA will consist of two arrays of IACTs, one in the Northern (La Palma,
Canary Islands) and one in the Southern (Paranal, Chile) hemisphere, aimed at observing
respectively the central part of the Galaxy and extra-galactic sources. An artistic view
of the future array is pictured in Fig. 1.7, while the spatial positioning of the telescopes
is shown in Fig. 1.8. CTA is expected to achieve improved performances with respect to
current generation of IACTs, namely: i) the angular resolution above 1 TeV should achieve
a value as low as 2 arcmin (a factor 3 better than current instruments), in order to resolve
the details of complex morphologies and densely populated sky regions; ii) the effective
area will possibly improve by about one order of magnitude, which is crucial to observe
the VHE phenomena of the nearby non-thermal Universe; iii) an energy resolution down
to 6% at 1 TeV should be achieved (a factor 2 better than current instruments), together
with a broad energy coverage over more than three orders of magnitude; iv) a temporal
resolution within the sub-minute scale should allow to access fast variable phenomena, as
source flares (currently resolved on few minutes scale); v) a sensitivity of the level of a
milli-Crab‡ is expected to be achieved in 50 hr of observations of a point-like source in the
instrument core region (one order of magnitude better than current instruments).

‡The Crab Nebula flux at 1 TeV corresponds to 2.8 × 10−11 photons TeV−1 cm−2 s−1, as
measured in Aharonian et al. (2004).
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Figure 1.7: Illustrative picture of the future Southern (top) and Northern (bottom) arrays of CTA.
Figure from https://www.cta-observatories.org/.

Figure 1.8: CTA full array footprint. Figure from https://www.cta-observatories.org/.

37

https://www.cta-observatories.org/
https://www.cta-observatories.org/


Furthermore, CTA will operate as a proposal-driven observatory, providing a wide and
transparent access to its data. The excellent capabilities of this instrument should not
only reveal new classes of gamma-ray emitters, but also allow for a deeper understanding
of known objects. In particular, CTA is expected to contribute to i) the understanding of
the origin of Galactic and extra-galactic CRs, ii) the understanding of the nature of particle
acceleration, propagation and radiation in extreme astrophysical environments, and iii) the
search for Dark Matter and physics beyond the Standard Model.

1.5.3 VHE neutrinos
The search for localized sources of neutrino emissions is at the hearth of neutrino astron-
omy and it is a urgent goal to be pursued in view of the recent discovery of a high-energy
‘extraterrestrial’ neutrino flux (Aartsen et al., 2013a). In fact, the present knowledge of
the high-energy diffuse sky indicates that cosmic rays, photons and neutrinos share almost
equally the energy budget of the non-thermal Universe, as represented in Fig. 1.9: there-
fore, each of them constitutes a crucial piece of information in understanding the processes
that regulate the Universe. It is worth to keep in mind that each messenger encloses both
the information on the source and on the ambient through which it propagates to reach
the Earth, where our telescopes are eventually able to detect them. As in the text of the
Syadvada, we are the blind men, who explore the Universe through its different messengers,
collecting only partial information and, from this, trying to extract a unified picture of it.

The diffuse neutrino flux observed by IceCube is currently described by a single isotropic
component (Gaisser and Albrecht, 2017). Such a flux, in principle, should contain contri-
butions from the Galactic sources, the diffuse Galactic Plane emission, nearby or bright
extra-galactic sources, plus the diffuse emission from fainter and unresolved extra-galactic
sources. In the following, the main features of this astrophysical flux are reviewed: however,
in order to understand these results, the different event classes corresponding to different
neutrino interaction channels as detected by experiments, and the different event selections,
related instead to the analysis technique, have to be discussed.

Neutrino telescopes generally cannot distinguish the weak charge, namely neutrinos from
antineutrinos, except in the case of a specific interaction channel, called Glashow resonance,
that is only possible for ν̄e as ν̄e + e− −→ W−, where the neutrino threshold energy for
the production of the W− boson in the electron rest frame is 6.3 PeV. However, the event
topology allows to separate the neutrino flavors, as events are classified into:

i) Track events: these are charged current (CC) muon neutrino interactions resulting
into a muon, that at high energies can travel many kilometers in the water/ice and
the bedrock. The long path across the detector allows for directional reconstruction
with median angular resolution down to 0.3◦ at Eν > 10 TeV, as achieved by the
current-generation of water-based telescopes. Such a long path enlarges the detector
effective area by more than one order of magnitude at high energies. These features
make the track sample the optimal candidate for point-like source searches. However,

38



Figure 1.9: Energy flux into diffuse gamma rays (blue), neutrinos (pink and red) and ultra-high-energy
cosmic rays (green). Reprinted from Ahlers and Halzen (2018), with permission from Elsevier.

the measured muon energy provides only a lower limit to the primary neutrino energy,
as the energy losses outside of the detector volume are not accessible.

ii) Shower events: these are neutral current (NC) muon neutrino interactions and CC
interactions of both electron and tau neutrinos, which produce a shower of particles
of short size (∼ 10 m in length). Compared to the detector array spacing (∼ 100 m),
these events are thus reconstructed as a light sphere. For this reason, the direction
of the primary neutrino can be roughly reconstructed with an angular uncertainty
of about 10◦. However, the energy deposited into the detector is measured with a
10− 15% resolution.

A schematic view of the neutrino interaction channels is given in Fig. 1.10.

Figure 1.10: Signatures of neutrino interactions: CC interactions are shown in the left panel, NC in
the right panel. Figure reproduced from Tiffenberg (2009) with permission by the Local Organizing
Committee of ICRC 2009.

Neutrino events are classified for different analyses in the following samples:
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i) Starting events: these are collected using the outer layers of the detector as a veto
for incoming events, basically in order to remove the downward-going atmospheric
background. Such a reduced sample consists predominantly of shower-like events,
but it is potentially sensible to all neutrino interactions and flavors. Among the
starting events, the first astrophysical neutrino signal was isolated into the High-
Energy Starting Event (HESE) sample.

ii) Through-going track events: these events consist in incoming as well as starting
tracks. In principle, the upward-going events compose a sample of background-free
Earth-filtered events. However, the more abundant are the downward-going events,
the higher will be the probability of their mis-identification, polluting the upward-
going sample. Different analyses accept different levels of sample purity, going from
99.9% in diffuse searches to around 90% in transient source searches.

In the following, the astrophysical signal observed by IceCube§ is introduced, and its
spectral and angular distribution are discussed.

Spectrum
Evidence for a flux of extraterrestrial neutrinos extending up to several PeV has been
observed since 2013: the highest-energy neutrino reported to date has a median inferred
neutrino energy of 7.8 PeV. The differential energy flux is well described by an isotropic,
unbroken power law ∝ E−γ , though some differences in the spectral index γ arise in
different analyses. According to the latest results from the IceCube Collaboration (Kopper,
2017), the through-going muon sample collected in eight years of data-taking shows a 6.7σ
evidence for an astrophysical flux

dΦ

dE
(νµ + ν̄µ) = (1.01± 0.26

0.23)

(
E

100TeV

)−2.19±0.10

× 10−18GeV−1 cm−2 s−1 sr−1 (1.68)

where the energy range in which 90% of the signal was collected corresponds to [119 TeV−
4.8 PeV]. However, considering the HESE sample with six years of data at energies larger
than 60 TeV, the astrophysical neutrino flux becomes as steep as

dΦ

dE
(ν + ν̄)HESE = (2.46± 0.8)

(
E

100TeV

)−2.92

× 10−18GeV−1 cm−2 s−1 sr−1 (1.69)

A representation of these two fluxes is given in Fig. 1.11, where also the atmospheric back-
ground contribution is reported. The different spectral slopes in the through-going track
and HESE samples have received some attention, as they might reveal the presence of two
different emission components in the cosmic neutrino flux.

Angular distribution
Several analyses based on the search for anisotropies in neutrino data have been conducted,

§https://icecube.wisc.edu
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Figure 1.11: The best-fit per-flavor neutrino (combined with anti-neutrino) flux as a function of energy.
IceCube data are black points with 1σ uncertainties. The atmospheric flux has already been subtracted,
while the prompt component upper limit is shown separately. The blue band shows the 1σ uncertainty
on the HESE flux, while the pink band refers to the through-going muon flux. Figure reproduced from
Kopper (2017), under the CC BY license.

but none of them has shown a significant clustering of events in any given direction of the
sky or a correlation with any known source. Fig. 1.12 shows the spatial distribution of
neutrino events in Galactic coordinates: several of them are clustering in the Southern
Sky, where most of the Galactic Plane is located, however at the moment they do not
constitute a statistically significant excess. Nonetheless, it is timely to investigate the pos-
sibility that large-scale anisotropies are present in the signal in order to clarify its origin, in
particular whether it is Galactic, extra-galactic or a mixture of both. The most straightfor-
ward method to search for large scale anisotropies consists into splitting the data samples
into two separate regions of the sky, namely the Northern and the Southern Hemispheres
(NH and SH in the following), and compare the corresponding fluxes. In fact, since the
Southern Sky contains a larger part of the Galactic Plane, including the Galactic Center,
with respect to the Northern Sky, a possible difference might result in the amount of signal
coming from our own Galaxy and the amount of extra-galactic emission. When considering
the global sample of events, composed of both tracks and showers, the spectral index of
the Northern Sky results harder than that of the Southern Sky: with the six years of data,
in fact, the excess of events with respect to the atmospheric background results into slopes
of γNH = 2.0+0.3

−0.4 and γSH = 2.56 ± 0.12. However, such a result is not yet considered to
be conclusive, because of the different systematics that affect the two event samples. For
instance, it should be taken into account that all sensors are directed downward (leading to
a non-optimal detection of down-going events), that high-energy neutrinos are absorbed by
the Earth (and therefore the statistics for up-going events is reduced) and finally that the
rejection of atmospheric neutrino background strongly differs among the two hemispheres.

On the theoretical side, there has been some effort in interpreting the spectral discrepancy
between the two hemispheres (Neronov and Semikoz (2016), Palladino and Vissani (2016),
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Figure 1.12: Arrival directions of the neutrino events in Galactic coordinates. Shower-like events are
marked with a + and those containing tracks with a x. The color code shows the test statistics (TS)
for the point-source clustering test at each location. Figure reproduced from Kopper (2017), under the
CC BY license.

Palladino et al. (2016) and Palladino and Winter (2018)). A reasonable hypothesis to ex-
plain the IceCube signal is that it results from the superposition of two fluxes: an isotropic
component with a hard spectral index associated to an extra-galactic flux (∝ E−2.1) and
therefore equally present in both the hemispheres, and another component spatially corre-
lated to the Galactic Plane with an energy spectrum as soft as E−2.4, being only present
in the Southern Sky. However, in this speculative scenario, the connection between such
a soft neutrino spectrum and the diffuse neutrino flux expected from the CR interactions
in the Galactic Plane is not interpreted straightforwardly.

On the other hand, a guaranteed source of astrophysical neutrinos is represented by
those neutrinos produced in pp interactions between CRs and the target gas present in
the Galactic Plane. Note that in order to correctly predict the expected flux of Galactic
neutrinos, one should know both the CR and the gas distribution along the Galactic Plane.
Concerning the former, direct measurements of the CR spectrum only allow to access the
local flux, namely in the Earth vicinity. Nonetheless, the Galactic CR distribution can be
traced from the high-energy (HE) gamma-ray diffuse emission: this information is clearly
degenerate with the target gas mass distribution. Pagliaroli et al. (2016) considered several
scenarios concerning the CR distribution along the Plane reproducing the HE gamma-ray
data, and consequently they derived different angular distributions of the neutrino flux.
As a result, the Galactic component associated to CR interactions was found to be sub-
dominant with respect to the measured IceCube flux (about ∼ 15%), except in an angular
window containing the Galactic Center. At the moment, a two component flux does not
appear prominently in the IceCube data: further investigation on this point is thus re-
quired and will possibly be achieved with an extended statistics of the data sample. In
addition to this, searches for an excess in the Galactic Plane have been performed with
data from the ANTARES* telescope, whose location in the Mediterranean Sea offers an
optimal view of this part of the sky. As reported in Albert et al. (2017a), no excess of

*http://antares.in2p3.fr/Overview/performance.html
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events has been observed: the upper limit set to the neutrino flux is already excluding the
diffuse Galactic neutrino emission as the major cause of the spectral discrepancy between
the two hemispheres measured by IceCube, in that its contribution would be at most 8.5%.
Thus the question on the neutrino flux origin remains open.

1.5.4 Open issues and the future of km3-scale neutrino detectors
As was pointed out above, many questions still have to be addressed regarding the observed
neutrino flux, namely:

• What are the sources of the diffuse neutrino flux observed by IceCube? Why are
events not clustering into multiplets?

• Are the CR sources the same as neutrino sources?

• What is precisely the astrophysical neutrino spectrum? Why do we see different
spectral indices in different event samples?

• How does the diffuse neutrino flux behave above energies of 10 PeV? Is there any
break or cut-off?

The feasibility of neutrino studies with large volume detectors in the deep sea and ice has
been demonstrated through the successful deployment and operation of ANTARES and
IceCube. The detection of neutrinos is based on the collection of Cherenkov light induced
by relativistic particles emerging from a neutrino interaction. The same technology can be
used for studying neutrinos from GeV to PeV energies and beyond. The next-generation
of deep sea neutrino telescopes, KM3NeT†, will consist of multi-km3 infrastructures instru-
mented with a three-dimensional grid of photo-sensors. These, together with the readout
electronics, are hosted within pressure-resistant glass spheres, the so-called digital opti-
cal modules (DOMs). The KM3NeT DOM comprises 31 photo-multiplier tubes (PMTs):
with respect to traditional optical modules using single large PMTs, the DOM design has
several advantages, as it houses three to four times the photo-cathode area in a single
sphere and has an almost uniform angular coverage. In addition, since the photo-cathode
is segmented, the identification of more than one photon arriving at the DOM is achieved
with higher efficiency and purity. Note also that the directional information improves the
rejection of the optical background. The system should provide nanosecond precision on
the arrival time of single photons, while the position and orientation of the photo-sensors
must be known down to a few centimeters and few degrees, respectively. The DOMs are
distributed in space along flexible strings, anchored to the sea floor and held vertical by a
submerged buoy. Since the concept of strings is modular by design, the construction and
operation of the research infrastructure will allow for a phased and distributed implemen-
tation. A collection of 115 strings strings forms a single KM3NeT building block, each

†http://www.km3net.org
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string comprising 18 optical modules, as schematically illustrated in Fig. 1.13. The modu-
lar design also allows the building blocks to be constructed with different spacings between
lines/DOMs, in order to target different neutrino energies. The full KM3NeT telescope
will comprise seven building blocks distributed among three sites: Italy, France and Greece.
An initial Phase 1 will consist of 24 strings in the Italian site, deployed according to the
so-called KM3NeT Astroparticle Research with Cosmics in the Abyss (ARCA) infrastruc-
ture, with a large spacing to target astrophysical neutrinos at TeV energies and above, and
7 strings in the French site, according to the specifics of the so-called KM3NeT Oscilla-
tion Research with Cosmics in the Abyss (ORCA) infrastructure, to target atmospheric
neutrinos in the few-GeV range. Starting from 2015, the first strings have already been
deployed in both sites. For the sequent Phase-2.0, three building blocks are planned: two
KM3NeT/ARCA blocks and one KM3NeT/ORCA block. The ARCA building blocks will
be configured to fully explore the IceCube signal with different methodology, improved
resolution and complementary field of view, including the Galactic Plane, which offers
interesting VHE emitters as identified in gamma rays, which are also potential neutrino
sources. For KM3NeT/ARCA, each string is about 700 m in height, with DOMs spaced
36 m apart in the vertical direction, while individual strings are spaced on average by 90 m.
For KM3NeT/ORCA, on the other hand, a more compact structure is foreseen to access
the low-energy range, thus each string is 200 m in height with DOMs spaced 9 m apart in
the vertical direction and strings spaced by 20 m in the horizontal direction. A footprint of
the spatial distribution of the strings is given in Fig. 1.14. The last Phase-3.0 will include
the full array, with six building blocks compliant with the ARCA structure and one block
with ORCA.

The main objectives of KM3NeT are: i) the discovery of high-energy neutrino sources
in the Universe, and ii) the determination of the mass hierarchy of neutrinos. Concerning
astronomical studies, the better performances with respect to the current generation of
instruments will allow to improve the sensitivity levels of about one order of magnitude. As
will be investigated in Ch. 5, this is expected to be already sufficient to claim the detection
of individual neutrino sources or to possibly constrain their hadronic content in the case
of non-detection. In addition to the increased event statistics connected with a larger
instrumentation volume, a necessary requirement for the next-generation instruments is
the coverage of a broad energy range. For instance, the instrumentation of radio antennas
in ice (Allison et al., 2018) or on board of balloons, or alternatively the acoustic detection
of neutrinos in water (Lahmann, 2016), will allow to extend the energy range above 1017 eV,
thus exploring the UHE domain and possibly unveiling cosmogenic neutrinos (also called
GZK neutrinos), which are expected to be produced in the interaction among UHECRs
and CMB photons.
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Figure 1.13: A visual representation of a KM3NeT building block. Figure from http://www.km3net.
org.

(a) (b)

Figure 1.14: Footprint of the ARCA and ORCA building blocks. Note that the ARCA site will
implement two building blocks. Figure reproduced from Adrian-Martinez et al. (2016a) under the CC
BY license.
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Part of this chapter has already been published
in Celli S., Morlino G., Gabici S. & Aharonian F.,
‘Supernova remnants in clumpy media: particle
propagation and gamma-ray emission’, Monthly
Notices of the Royal Astronomical Society 487
(2019) 3, and it is here reproduced by permission
of the Royal Astronomical Society. 2

Propagation and radiation of accelerated
particles in supernova remnants with

clumpy structures

Multi-wavelength observations of SNRs, from the radio band to the VHE gamma-ray do-
main, can help to solve the leptonic/hadronic degeneracy. This is generally done on a case
by case basis. The case of RX J1713.7-3946 is of special interest in this respect. This
remnant has been considered for long time the best candidate for an efficient acceleration
scenario, mainly due to its high gamma-ray flux. The detection of gamma-ray emission in
the energy range [1− 300] GeV by the Fermi-LAT satellite (Abdo et al., 2011) has shown
an unusually hard spectrum which, at a first glance, seemed to be in a better agreement
with a leptonic scenario. Nevertheless, a deeper analysis showed that neither the hadronic
nor the leptonic scenarios, taken in their simplest form, could unequivocally explain the ob-
servations (Morlino et al., 2009b, Zirakashvili and Aharonian, 2010, Gabici and Aharonian,
2016). To address this issue, it was proposed by Zirakashvili and Aharonian (2010) (and
later on investigated by Inoue et al. (2012) and Gabici and Aharonian (2014)) that the
very hard energy spectrum at low energies could result also from hadronic emission if the
SNR is expanding inside a clumpy medium. The presence of dense structures in the ISM
represents a realistic situation, particularly in the Galactic Plane (McKee and Ostriker,
1977), and it affects the acceleration and propagation of non-thermal particles. In such
a case, in fact, the magnetic field can result amplified all around clumps because of both
the field compression and the MHD instabilities developed in the shock-clump interaction:
this makes it difficult for particles at low energies to penetrate inside the clump compared
to the most energetic ones. Consequently, the gamma-ray spectrum would be harder than
the parent proton spectrum accelerated at the forward shock.

In the following, the realization of such a scenario is investigated. The non homogeneities
of the ISM are introduced in Sec. 2.1, which describes the molecular clouds and their re-
lation to CRs. In Sec. 2.2, molecular clumps located in the vicinity of an accelerator are
considered, and a focus on their interaction with an SNR shock is provided. The numerical
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techniques adopted for the results shown in Sec. 2.3, namely MHD simulations accounting
for the temporal and spatial evolution of the background plasma properties, are discussed
in Appendix A. Then, in Sec. 2.4, the center of the discussion is moved towards the tempo-
ral and spatial evolution of the density of accelerated particles. The numerical algorithm
developed for the solution of the three-dimensional transport equation for CRs propagat-
ing into a clumpy medium where a shock is expanding is presented in Appendix B. The
diffusion coefficient around the clump is parametrized in order to reproduce the amplified
magnetic field resulting from both the regular field compression and MHD instabilities.
Once the behavior of the particle density is obtained, the CR spectrum resulting from in-
side and outside the clumpy regions is derived, showing that the spectrum inside a clump
is much harder at early epochs and steepens at later times. The same spectral trend is
exhibited in the related gamma-ray emission from proton-proton interactions, as shown
in Sec. 2.5. In order to move from the gamma-ray emission of individual clumps to their
cumulative contribution, a uniform spatial distribution of clumps is assumed. The case
of RX J1713.7-3946 is then discussed in Sec. 2.6: in particular, the possibility to detect
clumps embedded inside the remnant through molecular lines is explored, while comments
on the fast variability observed in non-thermal X rays are given. Finally, the detectability
of clump-shock associations by the major next-generation IACT, CTA, is presented.

2.1 Molecular clouds and cosmic rays

Molecular clouds (MCs) are strongly influenced by the presence of CRs, as low-energy CRs
provide their ionization rate (see Padovani et al., 2009), which in turns controls both the
chemistry of clouds and the coupling of plasma with local magnetic fields, and hence star
formation processes. The large majority of CR-H2 reactions leads to the formation of H+

2

through the ionization reaction

kCR +H2 −→ kCR +H+
2 + e (2.1)

where kCR stands for a CR particle of species k (protons, electrons or heavier nuclei).
Dissociative and double ionization reactions contribute to the ion fraction within the clouds,
reading respectively as

kCR +H2 −→ kCR +H +H+ + e (2.2)

and
kCR +H2 −→ kCR + 2H+ + 2e (2.3)

Low-energy protons (in the MeV range) can also access the electron capture reaction

pCR +H2 −→ H +H+
2 (2.4)

In addition to ionization, CRs are possibly able to heat molecular clouds, since the energy
of both primary and secondary electrons produced in the ionization process is mostly con-
verted into heat through inelastic collision with ISM atoms and molecules. Note that, in
the case of active clouds, namely those located within shock environments, the timescales
relevant to the problem (i.e. the clump evaporation time and the contact discontinuity-
embedding time) are much shorter than the clump ionization time by the Galactic CR
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‘sea’, and consequently ionization can be neglected as long as these short timescales are
investigated.

Molecular clouds constitute potential sources of both gamma rays and neutrinos, es-
pecially if they are located in the vicinity of a powerful accelerator that injects CRs in
the ISM. Indeed, high-energy CRs interact with the dense gas and produce neutral pions,
which in turn decay into two gamma rays, and charged pions, which generate neutrinos.
For this reason, molecular clouds constitute powerful tools to locate the sources of CRs.
Formally one should distinguish passive clouds, where particle acceleration (either inside
or in their vicinity) is absent and CRs can freely penetrate inside them, from active clouds,
illuminated by freshly accelerated particles. While the former ones have often been refer-
eed to as CR barometers, since they allow to measure the CR intensity in specific regions
of the Galaxy (Aharonian et al., 2018), the latter ones constitute direct probes of shock
environments. The latter will be the object of this chapter. In the context of particle ac-
celeration, a multi-phase ISM was first investigated by Blandford and Cowie (1982): they
considered a slope of the particle spectrum inside dense clouds equal to that accelerated
at the shock front, without accounting for the magnetohydrodynamics of the shock-cloud
interactions. While MHD effects are usually negligible for low (∼ 102) density contrasts
(Berezhko et al., 2013), these become relevant in the presence of denser inhomogeneities.
The content of this chapter constitutes the first attempt of describing the evolution of
the accelerated particle density in the presence of very dense spatial inhomogeneities, also
accounting for the hydrodynamical interaction of these structures with a remnant shock.

The importance of the secondary emission from molecular clouds was first realized in
connection to the estimate of the cloud masses (Black and Fazio, 1973). This is performed
by measuring through spectroscopy the intensity of emission lines of some molecules, as
these lines mark the interaction of molecules with shocks (Draine and Roberge, 1984). The
molecule that is more often identified is the carbon monoxide CO, since this is the second
most common molecule in the ISM after the molecular hydrogen. The line intensity is
related to the mass of the CO in the cloud, which can be converted to the total mass
(largely dominated by the molecular hydrogen) through a conversion factor XCO, which
unfortunately is not very well constrained. Despite such an uncertainty, molecular clouds
can still be used to measure variations in the CR intensity in the Galaxy: indeed, spectral
measurements are not affected by the uncertainty in the mass determination.

As the amplitude and duration in time of the CR overdensity around a given source
depend on how rapidly CRs diffuse in the turbulent Galactic magnetic field (Gabici, 2013),
a detailed study of the effects of CR propagation within molecular clouds is fundamental
to both interpret correctly the observed VHE source spectra and infer the CR diffusion
properties, as will be presented in Sec. 2.2. In at least two cases, molecular cloud obser-
vations have been used to constrain the properties of CR diffusion in the Galaxy. For the
SNRs W 28 (Aharonian et al., 2008, Abdo et al., 2010) and W 44 (Uchiyama et al., 2012),
some gamma-ray emission has been detected outside of the SNR shell, in coincidence with
the position of dense gas clouds. In another case, the SNR IC 443, the centroids of the
GeV and TeV emissions have been observed as not coincident, but significantly displaced
(Abdo al., 2010). To interpret these observations, CR escape from the SNR shells and
energy-dependent propagation of CRs have been often invoked. Note that, due to the

48



steepness of the Galactic CR spectrum, an excess in the CR intensity with respect to
the CR background would appear more easily at higher (∼ TeV) than at lower (∼ GeV)
energies. Additionally, in the GeV energy domain this kind of studies is complicated by
the very intense diffuse emission from the Galactic Disc, that constitutes an important
background in the search for gamma-ray sources.

2.2 Shock propagation through a clumpy medium

Observations of the ISM have revealed a strong non homogeneity, particularly inside the
Galactic Plane. On the scales of the order of few parsecs, dense molecular clouds constitute
structures, mainly composed of H2 molecules, while their ionized component is composed
by C ions. Typical temperatures and masses are respectively of the order of TMC ≃ 102 K
and MMC ≳ 103M⊙. On smaller scales (of the order of a fraction of a parsec), colder and
denser molecular clumps are present: these are characterized by typical temperatures of
Tc ≃ 10 K, masses of the order of Mc ≃ 0.1− 1M⊙ and therefore number densities of the
order of nc ≳ 103 cm−3. In the following, the lower bound is considered as a reference
value for the density of target gas inside individual clumps. These clumps are mostly
composed by neutral H2 molecules while the most relevant ions are HCO+. Typical values
for the ionized density are at least equal to ni ≤ 10−4nc, while the average mass of ions is
mi = 29mp and that of neutrals is mn = 2mp. Therefore the ion-to-neutral mass density ϵ
in clumps amounts to (Gabici and Montmerle, 2015)

ϵ =
mini
mnnn

≤ 1.5× 10−3 ≪ 1 (2.5)

Shocks propagating through inhomogeneities of the ISM are able to generate MHD in-
stabilities, which modify the thermal properties of the plasma and might be able to disrupt
the clumps because of thermal conduction (Cowie and McKee, 1977, Orlando et al., 2008).
Therefore the dynamical interaction between the shock emitted at the supernova explosion
and the medium surrounding the star is an essential ingredient for the understanding of
star formation processes (Dwarkadas, 2007, Gritschneder et al., 2009, Hennebelle, 2013).
In particular, the environment where type II SNe explode is likely populated by molecular
clumps: indeed, given the fast evolution of massive stars, these are expected to explode
in an environment rich of molecular clouds, the same that generated the star. Moreover,
given the massive progenitor, strong winds in the giant phase of the stellar evolution ac-
celerate the fragmentation of clouds into clumps, while creating a large cavity of hot and
rarified gas around them. If the mass of the cool clouds does not exceed the Jeans mass,
these can remain in pressure equilibrium with the surrounding hot phase (Murray et al.,
1993). A schematic visualization of this environment is given in Fig. 2.1. The physical
size of these ISM inhomogeneities results from MHD simulations which include interstel-
lar cooling, heating and thermal conduction. These have been conducted by Inoue et al.
(2012), who found that the characteristic length scale of clumps amounts to Rc ≃ 0.1 pc,
corresponding to the smaller scale where thermal instability is effective. Such a scale will
be fixed in the following. This scenario could be similar to the one in which the rem-
nant of RX J1713.7-3946 is evolving (Slane et al., 1999). Previous works in this direction
(Klein et al., 1994) have shown that hydromagnetic instabilities arise when the upstream
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medium is not homogeneous (Fraschetti, 2013, Giacalone and Jokipii, 2007, Sano et al.,
2012). In particular, in the presence of density inhomogeneities, vorticity may develop
after the passage of the shock. In such a situation, Rayleigh-Taylor and Kelvin-Helmhotz
instabilities arise, due to respectively the density contrast and the velocity shear within
the clumps and the surrounding medium, generating a strong enhancement of the local
magnetic field. The generated turbulence then cascades to smaller spatial scales through a
Kolmogorov-like process (Inoue et al., 2012) on timescales τcascade = Rc/vA ≃ 50 yr (where
the Alfvén speed of MHD waves vA is computed in a low density environment as that of
a rarefied cavity). Interestingly, in the presence of a cosmic-ray precursor in front of the
shock, vorticity and magnetic amplification might also be realized in the upstream (Drury
and Downes, 2012).

In the next section, using MHD simulations, a simplified scenario is studied where a
single clump much denser than the circumstellar plasma is engulfed by a shock. In such a
configuration, two different kinds of processes produce magnetic field amplification. Around
the clump, the regular field results to be compressed reaching a value up to ∼ 10 times
the original value, in a layer that is found to be about half of the clump size, i.e. 0.05 pc,
similar to the results obtained by Inoue et al. (2012). This region will be referred to as
the clump magnetic skin. In addition, in the region behind the clump, turbulence develops
and the associate vorticity further amplifies the magnetic field. Moreover, if the density
contrast between the clump and the surrounding medium is very large, the clump can
survive for long time before evaporating, even longer than the SNR age, as will be shown
in the next section.

Figure 2.1: Schematic view of a wind bubble expanding in a cloudy ISM. This constitutes the initial
configuration where the SNR shock will later expand. The diffuse intercloud gas is swept by the stellar
wind, while dense cloud cores and clumps can survive in the wind. Density in the wind bubble is much
smaller than the inter-cloud gas density. Figure from Inoue et al. (2012) ©AAS. Reproduced with
permission.

2.3 The magnetohydrodynamics of a shock-clump interaction

The description of the thermal properties of a classical fluid follows from the solution of
the Navier-Stokes equations, coupled to the induction equation for the time evolution of
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the background magnetic field B0 and to the Gauss’s law for the same field. The MHD
equations of motion to be solved read, for ideal non-resistive fluids, as

∂ρ

∂t
+∇ · (ρv) = 0

∂v

∂t
+ v · ∇v = −1

ρ

(
∇P +

1

4π
(∇×B0)×B0

)
∂

∂t

(
E +

B2
0

8π

)
= −∇ ·

[
(E + P )v +

1

4π
B0 × (v ×B0)

]
∂B0

∂t
= ∇× (v ×B0)

∇ ·B0 = 0

(2.6)

where ρ is the fluid density, v its velocity, P its pressure, E = ρv2/2 + P/(γ − 1) its
kinetic plus internal energy and γ is its adiabatic index, namely the ratio between the
specific heat at constant pressure and that at constant volume (γ = 5/3 for a monoatomic
non-relativistic gas with no internal degrees of freedom). A review of the hydrodynamical
equations governing the fluid evolution is provided for the interested reader in Appendix A.

In order to introduce a shock discontinuity, as well as the presence of a clump, a numerical
approach has been adopted, through the PLUTO code (see Mignone et al., 2007). The
shock-cloud interaction is implemented among one of the possible configurations provided
by this code. A three-dimensional simulation, in cartesian coordinates, is adopted in the
following. The finite difference scheme for the solution of Eq. (2.6) is based on an unsplit 3rd
order Runge-Kutta algorithm with an adaptive time step subject to the Courant condition
C = 0.3. The interested reader is referred to Appendix A for a detailed discussion on
the different configurations explored within the numerical simulation of the shock-clump
interaction with the PLUTO code.

In order to investigate a situation as much similar as that of high-mass star SN explosion,
like RX J1713.7-3946, the upstream region is simulated as a low density medium with
nup = 10−2 cm−3, which gets compressed by the shock in the downstream region up to
ndown = 4×10−2 cm−3. A strong shock is moving in the direction of the z-axis, with a sonic
Mach number M = vs/cs ≃ 37, as expected for this remnant, given its measured shock
speed of vs = 4.4×108 cm s−1 and an upstream temperature of T = 106 K, which is typical
for bubbles inflated by stellar winds. A representation of the shock-clump interaction is
provided in Fig. 2.2: at the interaction point between the forward shock and the clump,
two more shocks are generated, namely the shock transmitted inside the clump and the
shock reflected back inwards. A flat density profile clump is set in the upstream as initial
condition, with a density as high as nc = 103 cm−3. Therefore, a density contrast

χ =
nc

nup
= 105 (2.7)

is assumed. Consequently, if the shock speed is v = vsẑ, it propagates inside the clump
with a velocity vs,c = vs,cẑ equal to (Klein et al., 1994, Inoue et al., 2012)

vs,c =
vs√
χ

= 1.4× 106 cm s−1 (2.8)
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Figure 2.2: Schematic representation of the shock waves that occur when a blast wave produced by a
SN overtakes a clump: the gas in region 1 is the hot gas behind the blast wave, region 2 is just behind
the bow shock, point 3 is a stagnation point at the surface of the clump and region 4 contains the
clumpy gas which has passed through the shock. The blast wave moves at velocity vs into the ambient
medium of density ρ. Figure from McKee and Cowie (1975) ©AAS. Reproduced with permission.

Boundary conditions are set as outflow in all directions, except in the downstream boundary
of the z-direction, where an injection flow is set. A uniform grid with size 2 pc×2 pc×2 pc
and spatial resolution of ∆x = ∆y = ∆z = 0.01 pc is set. A spherical clump of radius
Rc = 0.1 pc is located in x0 = y0 = z0 = 1 pc. All the evolution is followed in the clump
reference frame, as further discussed in Appendix A.

In the MHD simulation the clump is assumed to be fully ionized: this is not the real
condition, since molecular clumps are mainly composed by neutrals, as discussed in Sec. 2.2.
However, while the shock is passing through the ionized part of the clump, the heated ions
are able to ionize the neutral part on a timescale of the order of few years. This condition
allows to consider the neutral clump as if it were completely ionized. In this process ions
cool down and the pressure drops accordingly, hence reducing the shock speed to a value
given by vs,c (Klein et al., 1994). The time needed for the shock to cross the clump is the
so-called clump crossing time

τcc =
2Rc

vs,c
≃ 1.4× 104 yr (2.9)

It has been shown through both analytical estimates (Klein et al., 1994, Chevalier, 1999)
and simulations (Orlando et al., 2005, 2008) that the time required for the clump to
evaporate is of the order of few times τcc. This timescale is larger than the estimated age
for RX J1713.7-3946, which amounts to TSNR ≃ 1625 yr.

A magnetic field of intensity Bup
0 = 5µG is set in the region upstream of the shock. In

the rest of the chapter, a simulation of an oblique shock inclined by 45◦ with respect to
the shock normal is presented, with B0 = (B0x, 0, B0z), Bup

0 = 5µG and B0x = B0z. The
interesting time interval for the evolution of the background plasma is about 300 years
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from the first shock-clump interaction, as will be described in Sec. 2.5. Within this time
interval, results from the MHD simulations are shown in Figs. 2.3, 2.4, 2.5 and 2.6(a)
corresponding to plasma mass density, vorticity ω, magnetic energy density and plasma
velocity, respectively. The plasma vorticity is here defined as ω = ∇ × v. These results
can be summarized as follows:

i) The clump maintains its density contrast, although the density distribution tends to
smoothens, as seen in Fig. 2.3;

ii) During the whole simulated time, the shock has not yet crossed the clump, as repre-
sented by the plasma velocity field lines in Fig. 2.6(a);

iii) Comparing Figs. 2.4 and 2.5, one can see that the magnetic field in the clump
skin results amplified from compression and stretching due to the strong vorticity
developed in the plasma. The magnetic amplification is most effective where the
vorticity is the largest, meaning that the shear amplification is more important than
pure compression as already pointed out by, e.g., Mac Low et al. (1994) and Jones
et al. (1996). The resulting magnetic field energy density in the clump skin ∼ 100

times larger than in the regular downstream region: the amplification factor obtained
directly follows from the simulation set up, namely from the shock Mach number,
which is set in order to reproduce the conditions expected to operate in RX J1713.7-
3946. The fact that the magnetic field around the clump is mainly directed along
the tangential direction implies that it is difficult for accelerated particles to diffuse
orthogonally to the clump surface, along the radial direction, as will also be discussed
in Sec. 2.4.2.

iv) In the region immediately behind the clump, a long tail develops where eddies are
generated, that will eventually become turbulent, as observed in Fig. 2.6(a). As a
consequence, the vorticity amplifies the magnetic field in a turbulent dynamo-like
process: also in this region, the magnetic field is amplified up to a factor ∼ 10.
However, this region is not particularly relevant for the CR propagation inside the
clump, but it can be important when considering the synchrotron X-ray emission
from electrons (see Sec. 2.6.2).

In order to understand whether the magnetic amplification is peculiar of the chosen
configuration, MHD simulations were also performed changing the initial magnetic field
orientation and the density contrast, as described extensively in Appendix A. Concerning
the orientation, the only case where the amplification results negligible is when the mag-
netic field is purely parallel to the shock normal: in this situation, the magnetic field around
the clump is not compressed and also the shear is less effective, while the amplification
in the tail is observed as due to plasma vorticity (for more details, see Appendix A). To
explore, instead, the effect of the density contrast simulations with χ = 102, 103 and 104
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(a) (b) (c)

Figure 2.3: Mass density plot of the 3D MHD simulation in the oblique shock configuration with density
contrast χ = 105. The plots show a 2D section along y = 1 pc, passing through the centre of the
clump. From left to right, the mass density is shown for 50, 150 and 300 yr after the first shock-clump
contact, occurring at t = tc. Figure from Celli et al. (2019a), reproduced by permission of the Royal
Astronomical Society.

were investigated. In these cases, for a fixed shock speed, the clump is expected to evapo-
rate on shorter timescales than the one given by Eq. (2.9). An effective amplification of the
magnetic field around the clump is obtained if χ ≳ 103. For less massive clumps, where the
evaporation time is comparable to the remnant age, two differences arise: i) once heated,
these clumps would contribute to the thermal emission of the remnant through some X-
ray emission, and ii) the resulting gamma-ray spectrum would not manifest a pronounced
hardening. Hence, detailed spectroscopic and morphological observations are crucial for
providing a lower limit on the density contrast of the CSM.

2.4 Particle transport in presence of clumps

The propagation of accelerated particles into the magnetized ISM is described by the
transport equation, through the temporal and spatial evolution of the CR density function
in the phase space f(x,p, t), as derived in Ginzburg and Syrovatsky (1961) and Skilling
(1971)

∂f

∂t
+ v · ∇f = ∇ · [D∇f ] +

1

3
p
∂f

∂p
∇ · v +QCR (2.10)

where D is the diffusion coefficient, p is the particle momentum and QCR = finjvsδ(x−xs)
is the injection flux, acting at the shock position x = xs. Without any loss of accuracy,
we can reduce the equation to one dimension, and consider the upstream plasma to be
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(a) (b) (c)

Figure 2.4: Vorticity ω = ∇× v of the plasma for the same simulation shown in Fig. 2.3. Figure from
Celli et al. (2019a), reproduced by permission of the Royal Astronomical Society.

moving towards the shock along the z direction with velocity v. The distribution function
is normalized in such a way that the total number of particles at a time t and location z
with momentum p is

N(z, t, p) =

∫
4πp2dpf(z, t, p) (2.11)

Here the physical meaning of the individual terms of Eq. (2.10) is discussed, since each
of them affects the space and time variation of the particle distribution function. The
left hand side term contains the time derivative of f and the so-called advective term,
due to the presence of a moving plasma. On the right hand side, the first term describes
the spatial diffusion, then a term responsible for the fluid compression and finally a source
term Q(z, t, p), which is responsible for the particle injection. In a self-consistent treatment,
where the acceleration process is an integral part of the processes that lead to the formation
of the shock, injection would result from the microphysics of the particle motions at the
shock so that one would not need to include a dedicated term to describe it. However, in
the approach adopted here, the injection term only determines an arbitrary normalization
of the particle spectrum. Note that in Eq. (2.10) the diffusion term in momentum space
has been neglected, as the second order Fermi acceleration is not expected to be relevant
in the context of this work. A further comment on this is given in Sec 2.4.4.

Given the system symmetry, Eq. (2.10) will be solved in cylindrical coordinates, through
a finite difference method. A grid of 2 pc×2 pc is set, with a spherical clump located at
(r0, z0) = (0, 0.67) pc. A logarithmic step is used in the radial dimension, while a uniform
spacing is fixed along the shock direction. The spatial resolution of the grid is set in such a
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Figure 2.5: Energy density of magnetic field (color scale) for the same simulation shown in Fig. 2.3.
Upper and lower panels refer to a 2D cut across the centre of the clump in the x− z and y − z planes,
respectively at y = 1 pc and x = 1 pc. The stream lines show the direction of the regular magnetic field
in the corresponding planes. Figure from Celli et al. (2019a), reproduced by permission of the Royal
Astronomical Society.
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(a) (b)

Figure 2.6: Left: Velocity field resulting from the MHD simulation in the oblique shock configuration
with density contrast χ = 105, at a time t = tc + 300 yr and in a 2D section along y = 1 pc passing
through the center of the clump. The bow-shock produced by the clump in the shocked ISM is also
visible which, however, is always very mild (see Eq. (2.16)). Right: Analytical velocity field adopted
in the numerical solution of the proton transport equation. The field is fully tangential to the clump
surface and directed along the z-direction in the far field limit. The red dashed line defines the clump
size, without considering its magnetic skin. Figure from Celli et al. (2019a), reproduced by permission
of the Royal Astronomical Society.
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way that, for each simulated momentum, the proton energy spectrum reaches a convergence
level better than 5%. An operator splitting scheme is set, based on an the Alternated
Direction Implicit (ADI) method, flux conservative and upwind, second order in both time
and space, subject to a Courant condition C = 0.8. The interested reader is referred to
Appendix B for a detailed discussion on the numerical algorithm developed by the author
for the solution of the time-dependent transport equation. The initial condition of the
simulation includes the presence of a shock precursor in the upstream region (everywhere
but inside the clump, which starts empty of CRs): it represents the equilibrium solution
of the diffusive-advective transport equation, such that

f(r, z, p, t = 0) = f0(p) exp

[
−(z − zs)vs

D(p)

]
(2.12)

Here f0(p) represents the particle spectrum at the shock location zs, as regulated by the
acceleration process. Following the test-particle approach of DSA, a p−4 power-law spec-
trum is set. An exponential cut-off in momentum pcut is introduced in order to take into
account the maximum attainable energy, resulting in

f0(p) ∝ p−4 exp

[
− p

pcut

]
(2.13)

Boundary conditions are such that a null diffusive flux is set on every boundary, except in
the upstream of the z-direction, where the precursor shape is set.

When the forward shock hits the clump, the transmitted shock is assumed to not accel-
erate particles because it is very slow and it is propagating in a highly neutral medium.
Moreover, the reflected shock which propagates back into the remnant is neglected, since
it would not contribute to the acceleration of particles because of its low Mach number
≲ 2. This can be derived by using the Rankine-Hugoniot conditions for strong shocks,
as described in Appendix A, where the downstream temperature reads as (k being the
Boltzmann constant)

T2 =
3

16

mp

k
v2s (2.14)

and consequently the sound speed in the downstream cs,2 is equal to

cs =

√
γ
P

ρ
=

√
γ
kT

mp
→ cs,2 =

√
5

3

3

16
vs =

√
5

16
vs (2.15)

In this way, the sonic Mach number of the reflected shock can be computed as

M2 =
v2
cs,2

=
3
4vs√
5
16vs

=
3√
5
∼ 1.3 (2.16)

Note that the Mach number downstream is independent of both the shock velocity and
the Mach number upstream. Thus, though the reflected shock is still supersonic (M2 > 1),
it is not strong (M2 ≃ 1). This means that the reflected shock is not relevant for particle
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acceleration, since it leads to a compression ratio of

r2 =
(γ + 1)M2

2

(γ − 1)M2
2 + 2

= 1.5 (2.17)

and consequently to a very steep power-law index of the accelerated CR spectrum equal
to

α =
r2 + 2

r2 − 1
= 7 (2.18)

Given the result shown in Sec. 2.3, an analytical velocity field is set, irrotational and
divergence-less through all the space (except at the shock and clump surfaces). This is ob-
tained by solving the Laplace equation for the velocity potential in cylindrical coordinates,
with the boundary conditions that in the far field limit the velocity field is directed along
the shock direction and equal to v = vdownẑ = 3

4vsẑ, while at the clump surface the field
is fully tangential. The resulting solution reads as

vr(r, z) = −3

2

R3
crz

(r2 + z2)5/2
vdown

vz(r, z) =

[
1 +

1

2
R3

c

(r2 − 2z2)

(r2 + z2)5/2

]
vdown

(2.19)

With such a choice of the velocity field, the adiabatic compression term in Eq. (2.10)
vanishes. Moreover, a null velocity field inside the clump is set, since vs,c ≪ vs, as well as
in the upstream region. A schematic view of the velocity vector field adopted is given in
Fig. 2.6(b). Comparing it with the results from MHD simulation obtained in Sec. 2.3 and
showed in Fig. 2.6(a), one can see that the two velocity profiles are quite similar except for
the turbulent region behind the clump.

Furthermore, a stationary space-dependent and isotropic Bohm diffusion is assumed
through all the space, so that

DBohm(x, p) =
1

3
rL(x, p)v(p) =

1

3

pc

ZeB0(x)
v(p) (2.20)

where rL(x, p) is the Larmor radius of a particle with charge Ze in a background magnetic
field B0(x). As a reference value, the diffusion coefficient for protons propagating in the
standard CSM amounts to DBohm = 3.3×1022(p/10 GeV c−1)(B/10 µG)−1 cm2s−1. In the
following only relativistic protons are considered, with momenta p ∈ [1GeV/c − 1PeV/c],
since this is the energy interval relevant for the production of HE and VHE gamma rays.
A space-dependent magnetic field B0(x) is set, defining four regions in the space:

i) The unshocked CSM, in the far upstream;

ii) The shocked CSM, where B0 ≡ BCSM = 10µG;

iii) The clump interior, with a size of Rc = 0.1 pc, where diffusion is expected to be
significantly faster and consequently not efficient due to the ion-neutral friction, such
that B0 ≡ Bc = 1µG.
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iv) The clump skin, with a size of Rs = 0.5Rc = 0.05 pc around the clump itself, where
the amplification of the magnetic field is realized such that B0 ≡ Bs = 100µG;

It is worth to recall here the relevant timescales for particle propagation in such environ-
ment. The penetration time inside the clump, i.e. the time taken by particles to diffuse in
the amplified field Bs of the magnetic skin, amounts to

τdiff,s(p) =
R2
s

4DBohm(Bs, p)
≃ 535

(
p

1 TeV/c

)−1

yr (2.21)

On the other hand, the advection time is energy independent and, considering the charac-
teristic size of the clump, it can be evaluated as

τadv =
2Rc

vs
≃ 43 yr (2.22)

Note that the advection and diffusion timescales, as estimated in Eqs. (2.21) and (2.22), are
comparable for particles with momentum p ≃ 10 TeV/c: hence, the propagation of particles
with lower energies is dominated by advection, while for particles at larger energies it is
dominated by diffusion.

As a result of the numerical simulation, the density profile of accelerated particles diffus-
ing in the region of interaction between the shock and the clump is shown in Figs. 2.7(a),
2.7(b), 2.7(c) and 2.7(d) for particles of different energy. The distribution function is flat
in the downstream region, while a precursor starts at the shock position, as defined in
Eq. (2.12). As expected, low-energy particles penetrate inside the clump at much later
times with respect to high-energy ones. The time evolution of the CR distribution func-
tion for different CR momenta is also shown: Figs. 2.8(a), 2.8(c) and 2.8(e) refer to 10 GeV
particles, Figs. 2.8(b), 2.8(d) and 2.8(f) concern 100 GeV particles, Figs. 2.9(a), 2.9(c) and
2.9(e) are for 1 TeV particles, while Figs. 2.9(b), 2.9(d) and 2.9(f) refer to 10 TeV particles.
It is visible that low-energy particles are not able to fill uniformly the clump interior on
the temporal scale relevant for the gamma-ray emission (around few hundred years, as
explained in Sec. 2.5).

Note that the value of Bc used above is smaller than the strength of the large scale
magnetic field expected in molecular clouds. Such a smaller value is chosen as representa-
tive of the effective turbulent magnetic field, which determines the diffusion coefficient in
Eq. (2.20), and is damped by the presence of the ion-neutral friction (see Sec. 2.4.1).

The diffusion coefficient in the shock region should be close to the Bohm regime in order
to obtain an effective acceleration of protons to multi-TeV energies. For this reason an
isotropic diffusion with δB ≃ B0 is assumed in Eq. (2.20). From a theoretical point of view,
such a small diffusion is justified by the self-generation of waves from accelerated particles.
Nevertheless, the correct description of the diffusion in the skin region of the clump is
not a trivial task. In particular, it is not guaranteed that the turbulent component of the
field is also amplified at a level such that the Bohm diffusion still applies. In resolving the
transport equation, Eq. (2.10), the case of Bohm diffusion through all the space is assumed,
namely δBs ≃ Bs. Nevertheless, if the amplification of the turbulence does not occur at
the same level, and δBs < Bs, the large scale magnetic field dominates and two opposite
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Figure 2.7: Density profiles of the accelerated particles in the shock region along z (at fixed radial
position inside the clump) for CR protons of momentum (a) 10 GeV/c, (b) 100 GeV/c, (c) 1 TeV/c
and (d) 100 TeV/c. Vertical dashed lines represent the shock position at the time indicated in the
legend. The light pink band defines the clump interior, while the dark pink band defines its magnetic
skin. Figure from Celli et al. (2019a), reproduced by permission of the Royal Astronomical Society.

situations can be envisioned: a) the case where magnetic field lines penetrate inside the
clump (which occurs in a small portion of the clump surface located in the back of the cloud,
where the magnetic tail develops, as shown in Fig. 2.5), and b) the case where these lines
stay parallel to the clump surface. While in the former case the relevant diffusion coefficient
is the one parallel to the magnetic field lines, in the latter perpendicular diffusion has to
be accounted for as well. In Secs. 2.4.1 and 2.4.2 these two situations will be discussed
separately, showing that in both cases the effective D is reduced with respect to the plain
downstream.

2.4.1 Growth and damping of MHD waves
In the following, the effect of the streaming instability on the amplification of the turbulent
magnetic field is investigated, as it might significantly contribute to the CR scattering,
especially along the magnetic field lines penetrating the clump. In the framework of non-
linear theory of DSA, CRs generate MHD waves which are able to scatter particles from one
side to the other of the shock surface. If this process happens in resonant conditions, a CR
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(a) (b)

(c) (d)

(e) (f)

Figure 2.8: Distribution function of CR protons of momentum (a,c,e) 10 GeV/c and (b,d,f) 100 GeV/c
at different times with respect to tc: panels (a) and (b) refer to t = tc + 50 yr, (c) and (d) are to
t = tc + 100 yr, while (e) and (f) to t = tc + 200 yr. Figure from Celli et al. (2019a), reproduced by
permission of the Royal Astronomical Society.
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(a) (b)

(c) (d)

(e) (f)

Figure 2.9: Distribution function of CR protons of momentum (a,c,e) 1 TeV/c and (b,d,f) 10 TeV/c
at different times with respect to tc: panels (a) and (b) refer to t = tc + 50 yr, (c) and (d) are to
t = tc+100 yr, while (e) and (f) to t = tc+200 yr. The precursor presence in front of the shock is well
visible at 10 TeV. Figure from Celli et al. (2019a), reproduced by permission of the Royal Astronomical
Society.
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particle of momentum p is able to excite only magnetic waves of wavenumber kres = 1/rL(p).
The wave growth is then due to the streaming of CRs. Thus the CR density, obtained as
a solution of Eq. (2.10), affects the amount of turbulence that is generated, which in turn
modifies the diffusion properties of the system as (Skilling, 1971)

D(x, p, t) =
1

3
rL(p)v(p)

1

F(kres,x, t)
(2.23)

where F(k,x, t) is the turbulent magnetic energy density per unit logarithmic bandwidth
of waves with wavenumber k, normalized to the background magnetic energy density as(

δB(x, t)

B0

)2

=

∫
F(k,x, t)d ln k (2.24)

Given the strong non linearity of the problem, it is computationally prohibitive to solve
in a self-consistent way the system composed by the transport equation and by the time
evolution of the wave power density, which satisfies the following equation

∂F
∂t

+ vA · ∇F = (ΓCR − ΓD)F (2.25)

in the limit where the background fluid motion can be neglected (McKenzie and Voelk,
1982). Here, ΓCR is the growth rate of MHD waves, ΓD is the damping rate and vA is the
Alfvén speed. Instead, Eq. (2.10) will be solved in a stationary given magnetic field and,
once the f is known, the contribution of the growth and damping of resonant waves due
to CR streaming will be evaluated a posteriori.

The growth rate of the streaming instability strongly depends on the CR density gradient.
It is therefore expected to be more pronounced in the clump skin, where magnetic field
amplification makes diffusion very efficient, thus increasing the CR confinement time in
this region. This rate can be expressed as (Skilling, 1971)

ΓCR(k) =
16

3
π2 vA

B2
0F(k)

[
p4v(p)∇f

]
p=pres

(2.26)

where pres is the resonant momentum.
The amplified magnetic field can in turn be damped by non-linear damping (NLD) due

to wave-wave interactions, or by ion-neutral damping (IND) due to momentum exchange
between ions and neutrals as a consequence of the charge exchange process. Since the
clump under exam is not isolated, the typical timescale of the system should also be ac-
counted for. In fact, if the age of the clump is shorter than the time for damping to be
effective, then waves can grow freely for a timescale equal to the clump age.

The dominant mechanism of wave damping in the clump magnetic skin is the NLD, since
the plasma is assumed to be completely ionized. The damping rate can thus be expressed
as (Ptuskin and Zirakashvili, 2003)

ΓD(k) = ΓNLD(k) = (2ck)
−3/2kvA

√
F(k) (2.27)
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where ck = 3.6 is the so-called Kolmogorov constant. In stationary conditions (when the
system age is not a limiting factor), the wave growth rate (due to streaming instability)
equals the damping rate, namely ΓCR = ΓD. By equating Eq. (2.26) to Eq. (2.27), the
power in the resonant turbulent momentum results in

F =

[
16

3

π2

B2
0

(
p4v(p)

∂f

∂r

)
p=pres

rL

]2/3
2ck (2.28)

In Eq. (2.28), the CR density gradient is computed within the clump skin, along the radial
dimension. In order to verify whether the stationarity assumption is correct or not, one has
to insert Eq. (2.28) into Eq. (2.27): by setting vA in B0 = 10µG and a typical ion density
for a clump of ni = 10−4nc = 10−1 ions cm−3, one obtains that stationary is not valid
for CR momenta larger than p ≥ 1 TeV/c, where the clump age constraints the damping
mechanism. Therefore, in this case, the power in turbulence is computed by equating the
growth rate of the MHD waves, as reported in Eq. (2.26), to the inverse of the clump age.
This gives

F =
16

3
π2 vA

B2
0

[
p4v(p)

∂f

∂r

]
p=pres

τage (2.29)

The result of the computation is shown in Fig. 2.10(a). The turbulence generated in the
clump magnetic skin is such that CRs with momentum between 100 GeV/c and 1 TeV/c
are closer to the Bohm diffusive regime.

On the contrary, in the clump interior, where neutral particles are abundant, the most
efficient damping mechanism is IND (see Zweibel and Shull, 1982 and Nava et al., 2016).
Waves dissipate energy because of the viscosity produced in the charge exchange between
ions and neutrals, such that previously neutrals start to oscillate with the waves. The
frequency of ion-neutral collision is (Kulsrud and Cesarsky, 1971, Drury et al., 1996)

νc = nn⟨σv⟩ = 8.4× 10−9
( nn
1cm−3

)( Tc
104K

)0.4

(2.30)

where an average over thermal velocities is considered. The rate of IND depends on the
wave frequency regime, namely whether ions and neutrals are strongly coupled or not.
Defining the wave pulsation ωk = kvA in a collision-free medium, then the study of the
dispersion relation defines different regimes for ion-neutral coupling depending on the value
of the ion-to-neutral density ratio defined in Eq.(2.5). These regimes are as follows:

i) If ϵ < 1/8, there’s a range of ωk for which waves can not propagate, that is a range
of k for which ωk is a purely imaginary number. This range is for

4ϵ <
ω2
k

ν2c
<

1

4
(2.31)

which, within our assumptions (ϵ = 1.5×10−3), equals to CR momenta in 15GeV/c <
p < 95GeV/c;
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ii) In the intervals ϵ ≪ 1 and (ωk/νc)
2 ≪ 4ϵ, then

ΓIND(k) = −
ω2
k

2νc
= −

k2v2A
2νc

(2.32)

iii) If ϵ ≪ 1 and (ωk/νc)
2 ≪ 1/4, then

ΓIND = −νc
2

(2.33)

iv) If ϵ ≫ 1, then

ΓIND(k) = −νc
2

[
(ω2

k/ν
2
c )

(ω2
k/ν

2
c ) + ϵ2

]
(2.34)

Again, the damping time Γ−1
D should be compared with the clump age τage. For p =

10 GeV/c the IND time is shorter than the clump age: by setting the equilibrium condition
ΓD = ΓIN through Eq. (2.33), one obtains

F =
16

3
π2 vA

B2
0

2

νc

[
p4v(p)

∂f

∂r

]
p=pres

(2.35)

For p = 100 GeV/c, the dominant damping mechanism is still IND. The equilibrium
condition ΓD = ΓIN is now set through Eq. (2.32) to get

F =
16

3
π2 1

B2
0

[
p4v(p)

∂f

∂r

]
p=pres

2νc
k2resvA

(2.36)

On the other hand, for p ≥ 1 TeV/c, the clump age is the limiting factor since IN damping
requires a longer time. As shown in Fig. 2.10(b), IND is very effective in damping waves
resonant with CR particles of momentum lower than 10 GeV/c. Nonetheless, a strong
suppression of the diffusion coefficient is reached between 100 GeV/c and 1 TeV/c.

2.4.2 Perpendicular diffusion
As shown in Fig. 2.5, the large scale magnetic field is compressed and stretched around
a large fraction of the clump surface. In this region the Alfvénic turbulence produced by
CR-driven instabilities is not enough to reach the Bohm limit, bacause δBs ≃ (0.1−0.3)Bs

is obtained at most, as shown in Fig. 2.10(a). As a consequence, if additional pre-existing
turbulence is not amplified at the same level of the regular field, the penetration inside
the clump requires a perpendicular diffusion. As streaming instability does not affect
perpendicular diffusion, in this section particle diffusion is discussed neglecting its role.
According to quasi-linear theory, the diffusion perpendicular to the large scale magnetic
field, D⊥, is related to parallel diffusion, D∥, through (Casse et al., 2002)

D⊥ = D∥
1

1 + (λ∥/rL)2
(2.37)
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Figure 2.10: Ratio between self-generated diffusion coefficient Dself and Bohm diffusion coefficient
DBohm, as a function of the clump age for different particle momenta. From Eq. (2.23), it follows that
F−1 = Dself/DBohm: Dself is obtained by imposing 1/ΓCR = min(1/ΓD, τage). Top: results in the
clump skin, where ΓD = ΓNLD is considered. Bottom: results for the clump interior, where ΓD = ΓIND

is assumed. Figure from Celli et al. (2019a), reproduced by permission of the Royal Astronomical Society.
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where λ∥ is the particle mean free path along the background field B0. Since λ∥ =
rL(δB/B0)

−2, the perpendicular diffusion coefficient results in

D⊥ = D∥
1

1 + (δB/B0)−4
(2.38)

Hence, the radial diffusion into the clump is strongly suppressed with respect to the az-
imuthal diffusion along the field lines provided that a tiny amplification of the magnetic
field is realized. In the following, it is assumed that in the region downstream of the shock
(δB(k)/B)down ≃ 1 at all scale k resonant with accelerated particles. The results concern-
ing MHD simulations presented in Sec. 2.3 show that the magnetic field in the clump skin
is amplified, reaching a value ∼ 10 times larger than that in the unperturbed downstream,
so that Bs = 10Bdown (Fig. 2.5). If the turbulence in the skin is amplified as well, then the
Bohm diffusion limit might be reached: this is the case for isotropic diffusion, where the dis-
tinction among parallel and transverse diffusion is lost (D⊥ = D∥) and a strong suppression
of the diffusion coefficient is realized. However, if the turbulence in the clump skin remains
at the same level as the unperturbed downstream, then (δB/B)s = 0.1(δB/B)down ≃ 0.1:
this implies that in the skin parallel diffusion holds with D∥,s = 10D∥,down, while for the
perpendicular diffusion, using Eq. (2.38), one gets D⊥,s = 10−3D∥,down. Therefore, in this
regime, particle penetration inside the clump is even more suppressed than in the case of
isotropic diffusion.

2.4.3 Proton spectrum
Once the proton distribution function is known from the solution of Eq. (2.10), it is possible
to obtain the proton energy spectrum inside the clump Jc(p, t) at different times with
respect to the first shock-clump contact, that in the following is indicated as t = tc. The
average spectrum inside the clump reads as

Jc(p, t) =
1

Vc

d3Nc(t)

dp3
(2.39)

where Vc = 4πR3
c/3 is the clump volume and d3Nc(t)/dp

3 is the number of protons inside
the clump at a time t per unit volume in momentum space. The spectrum can be computed
summing upon all the discretized bins which define the clump volume. In this way, ones
obtains

Jc(p, t) =
2π

Vc

∑
i∈clump

fi(ri, zi, p, t)ri∆ri∆zi (2.40)

Results are shown in Fig. 2.11, where a proton cut-off momentum of pcut = 70 TeV/c was
set in order to reproduce the very-high-energy gamma-ray data of RX J1713.7-3946. The
spectrum of particles from younger clumps is much harder than the one accelerated at
the shock as defined in Eq. (2.13). This is explained by the prevention of penetration of
low-energy CRs into the clump due to the amplified magnetic field at the skin and because
of the linear dependency of the diffusion coefficient with the particle momentum. In this
way, the entrance of CRs into the clump is delayed. The spectral index of protons below
100 GeV/c is as hard as α = −3.50 when the clump age is 50 yr, moving to α = −3.54
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Figure 2.11: Proton spectrum inside clumps of different ages. The downstream particle energy density,
which is constant in time, is also reported. Figure from Celli et al. (2019a), reproduced by permission
of the Royal Astronomical Society.

when the clump age is 150 yr, and finally α = −3.57 when the clump is 300 yr old. On the
other hand, CRs with p ≳ 100 TeV/c are quite unaffected by the presence of the clump.

2.4.4 A possible role of the second order Fermi acceleration
As previously anticipated, the second order Fermi acceleration term has been neglected in
the solution of the transport equation. However, it might become relevant in the presence of
amplified magnetic fields. Here it is shown that its effect on the final gamma-ray spectrum
of RX J1713.7-3946 is negligible.
The idea that stochastic re-acceleration might play a significant role once the turbulence
has developed was put forward in Drury (1983a) as a possible explanation of the deviations
observed in the radio spectral index of middle-aged SNRs with respect to what expected if
only first order acceleration were acting. More recently, it was pointed out (Pohl et al., 2015)
that only fast-mode waves can provide momentum diffusion fast enough to significantly
modify the spectra of particles in the shocked downstream. In the present work, the
question arises whether the possible increase of Alfvénic turbulence in the clump skin can
significantly scatter particles in momentum space, leading to a modification of the proton
spectrum. As was previously shown in Sec. 2.3, the regular magnetic field is amplified in
the clump skin; if the turbulence is also amplified above some level, particles residing in
this region for a long time might start diffusing in momentum space too. It is possible
to estimate this effect by using the acceleration timescale for second order acceleration,
τacc = p2/Dpp, where Dpp is the diffusion coefficient in momentum space, that is connected
to the diffusion coefficient in the physical space Dxx by the relation DppDxx ∝ p2v2A/9
(see Drury (1983a)). By comparing τacc with the minimum between the diffusion time
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in the clump skin and the age of the clump, it turns out that the latter timescale is the
most relevant one. Hence, from the condition τacc < tage, it follows that second order
acceleration can be relevant when

pcβ ∼ 25

(
B0

100µG

)3(δB/B0

0.1

)2 ( n

0.04cm−3

)−1
(

tage
100 yr

)
GeV , (2.41)

where B0 ≃ 100µG was set, as estimated in Sec. 2.3 within the clump skin. As a conse-
quence, if δB/B0 ≲ 0.1, only particles with energies below ∼ 25 GeV are affected, implying
that the gamma-ray spectrum would be modified only below few GeV, a region which is
not strongly constrained by Fermi-LAT data in the case of RX J1713.7-3946 (see Sec. 2.6).
It is worth to note that such a level of turbulence would be compatible with the scenario
where CRs perpendicularly penetrate the clump (see Sec. 2.4.2). Moreover, if the clump
distribution is spatially uniform, as assumed in the subsequent section, younger clumps
are the most numerous and contribute the most to the final gamma-ray spectrum, further
reducing the relevance of second order acceleration.
On the contrary if the turbulence is strongly amplified, such that δB/B0 ≫ 0.1, than
second order acceleration may be important. Interestingly, the effect on the particle spec-
trum in the case of Bohm diffusion would be a hardening (Mertsch, 2011), hence one may
even speculate that second order acceleration may be responsible for the production of
hard CR spectrum as inferred from gamma-ray observations (see Fig. 2.11). Nevertheless,
it is worth recalling that second order acceleration strongly depends on the angular dis-
tribution of magnetic turbulence hence, before drawing any conclusions, a detailed study
of the turbulence in the clump skin would be needed. A possible further indication on
the effectiveness of second order acceleration could come from radio observations of single
clumpy structures, in order to probe electron energies down to ∼ 1 GeV.

2.5 Gamma rays from a uniform clump distribution inside the shell

If the number of clumps is large enough, they could be the main source of gamma-ray emis-
sion, due to hadronic inelastic collisions of CRs with the ambient matter. In such a case
the gamma-ray spectrum would reflect the spectrum of particles inside the clumps rather
than the one produced by the shock acceleration. In this section, the total gamma-ray
spectrum due to hadronic interactions is computed, assuming that clumps are uniformly
distributed over the CSM where the shock expands, with number density n0 = 0.2 clumps
pc−3. For such a density, the effect of an SNR shock impacting on a clump distribution
can be described, with good accuracy, as the result of individual shock-clump interactions.
Note that the average distance among clumps is much larger than the clump size and the
simulation box.

The emissivity rate of gamma rays from a single clump, given the differential flux of
protons inside the clump ϕc(Tp, t) and the density of target material, is

ϵc(Eγ , t) = 4πnc

∫
dTp

dσpp
dEγ

(Tp, Eγ)ϕc(Tp, t) (2.42)

where Tp is the particle kinetic energy, dσpp/dEγ is the differential cross-section of the
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interaction while ϕc(Tp, t) is obtained from the spectrum in Eq. (2.40). For the pp cross-
section, the analytical parametrization provided by the LibPPgam library (see Kafexhiu
et al., 2014) will be adopted and, specifically, the parametrization resulting from the fit to
Sibyll 2.1.

In order to evaluate the cumulative distribution resulting from a fixed distribution of
clumps, all clumps satisfying the following two conditions will be included: I) they should
survive the shock passage (not evaporated); II) they should be located between the position
of the contact discontinuity (CD) Rcd and the shock position Rs. Indeed it is assumed
that, once a clump passes through the CD, either it is destroyed by MHD instabilities or it
soon gets emptied of CRs. Therefore one should consider the minimum time between the
evaporation time τev, and the time elapsed between the moment that the clump crosses the
forward shock and the moment that it crosses the contact discontinuity τcd. As estimated
in Sec. 2.2, the evaporation time is of the order of few times the cloud crossing time (see
Eq. (2.9)). In the following, the conservative value of τev = τcc is considered. For the
parameters chosen, this time is always larger than the SNR age. The CD radial position,
instead, can be estimated imposing that all the compressed matter is contained in a shell
of size ∆R = RSNR −Rcd, so that

4

3
πR3

SNRnup = 4πR2
SNR∆Rndown (2.43)

which for strong shock amounts to ∆R = RSNR/12. Therefore, the time that a clump takes
to be completely engulfed in the CD is

τcd =
(2Rc +∆R)

3
4vs

(2.44)

The oldest clumps in the remnant shell will therefore have an age

Tc,max = min(τev, τcd) (2.45)

As already mentioned, a uniform spatial distribution of clumps is considered inside the
remnant of age TSNR. Therefore, the total number of clumps at a distance among r and
r + dr from the source is equal to

dn(r)

dr
= 4πn0r

2 =⇒ dn(t)

dt
= 4πn0r

2(t)vs(t) (2.46)

Furthermore, a constant shock speed is assumed as for a shock evolving in the ejecta-
dominated phase. We are interested in the number of clumps with a given age tage(r) =
TSNR−tc(r). The number of clumps with an age between tage−∆t and tage, namelyNc(tage),
is equal to the number of clumps that the shock has encountered between TSNR − tage and
TSNR − tage +∆t, that is

Nc(tage) = 4πn0

∫ TSNR−tage+∆t

TSNR−tage

r(t′)2vs(t
′)dt′ (2.47)

Fig. 2.12 shows the distribution of clumps with fixed age as described by Eq. (2.47). The
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total number of clumps with tage ≤ Tc,max is equal to Nc ≃ 440, which corresponds to a
total mass in clumps inside the remnant shell equal to Mc ≃ 45M⊙.
Consequently the total gamma-ray emissivity due to these clumps is

ϵc(Eγ , TSNR) =

Tc,max∑
tage=0

N(tage)ϵγ(Eγ , tage) (2.48)

One also has to account for the emissivity from the downstream region of the remnant
ϵdown(Eγ), which is constant with time. The gas target in the downstream is considered
with an average inter-clump density ⟨ndown⟩, satisfying the condition of mass conservation
in the whole remnant

4

3
πR3

SNRnup =
4

3
π(R3

SNR −R3
cd)⟨ndown⟩ (2.49)

Therefore the gamma-ray flux from the source, located at a distance d, is computed as

ϕγ(Eγ , TSNR) =
1

d2
[Vcϵc(Eγ , TSNR) + Vdownϵdown(Eγ)] (2.50)

where Vdown = Vshell −NcVc and Vshell = 4π(R3
SNR − R3

cd)/3. When computing the flux of
gamma rays in Eq. (2.50), it is assumed that the accelerated particles do not propagate
further than the contact discontinuity: in fact, in order for these particles to fill the remnant
interior in a timescale of the order of the remnant age (which is equivalent to requiring that
Ldiff = RSNR), the level of diffusion in the downstream of the shock should be comparable
to the average Galactic one, which is likely not the case in such a turbulent region. Hence,
the model applies to the situation when the target clumps are not probed by low-energy
CRs on a timescale equal to the age of the system.
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Figure 2.12: Number of clumps Nc with age tage embedded within the source, as resulting from the
assumption of uniform distribution in Eq. (2.46). Clumps located between the contact discontinuity and
the shock position have an age tage < 300 yr.
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2.6 Application to RX J1713.7-3946

The Galactic supernova remnant RX J1713.7-3946 (also called G 347.3-0.5) represents one
of the brightest TeV emitters in the sky. The origin of its gamma-ray flux in the GeV-
TeV domain (see Abdo et al., 2011 and Abdalla et al., 2018b) has been object of a long
debate, since both hadronic and leptonic scenarios are able to reproduce, under certain
circumstances, the observed spectral hardening. The presence of accelerated leptons is
guaranteed by the detected X-ray shell (see Slane et al., 1999 and Tanaka et al., 2008),
which shows a remarkable correlation with the TeV gamma-ray data, indicating a strong
link between the physical processes responsible for these emission components. Meanwhile,
a clear signature of accelerated hadrons, that would come from neutrinos, is still missing.
RX J1713.7-3946 has been used as a standard candidate for the search of a neutrino signal
from Galactic sources (Kappes et al., 2007, Villante and Vissani, 2008, Morlino et al.,
2009a). One of the arguments against the hadronic scenario has been claimed because
of the absence of thermal X-ray lines (see Katz and Waxman, 2008 and Ellison et al.,
2010). In the scenario where the remnant is expanding into a clumpy medium, the non
observation of a thermal X-ray emission is naturally explained by the low density plasma
between clumps. On the other hand, since clumps remain mostly unshocked and therefore
cold, they would not be able to emit thermal X rays.

Clearly, the distribution of gas in RX J1713.7-3946 is crucial to establish the origin of
the observed gamma rays. The target material required by pp interactions may be present
in any chemical form, including both the molecular and the atomic gas. High-resolution
mm-wave observations of the interstellar CO molecules with NANTEN (Fukui et al., 2003)
revealed the presence of molecular clouds in spatial correlations with TeV gamma rays, in
the northwestern rim of the shell. The densest cores of such clouds have been detected in
highly excited states of the molecular gas, manifesting signs of active star formation, in-
cluding bipolar outflow and possibly embedded infrared sources (Sano et al., 2010). Other
density tracers, such as Cesium, have also confirmed the presence of very dense gas in the
region (n > 104 cm−3), as indicated in a recent MOPRA survey (Maxted et al., 2012). Fur-
thermore, a combined analysis of CO and HI (Fukui et al., 2012) has shown a counterpart
of the southeastern rim of the gamma-ray data in atomic hydrogen, as visible in Fig. 2.13.
The multi-wavelength observations point towards the clear presence of a non-homogeneous
environment, where the young SNR is expanding: in fact, spatial correlations with non-
thermal X rays (Sano et al., 2015) indicate the presence of enhanced X-ray emission in the
northwestern part of the remnant, where dense cloud cores are located. Such emission is
likely connected to the turbulent fluid motion due to the shock-cloud interaction, which
amplifies the local magnetic field.

The estimated distance of the remnant is about d ≃ 1 kpc (Fukui et al., 2003, Moriguchi
et al., 2005), while the radial size of the detected gamma-ray shell today extends up to
Rs ≃ 0.6 deg (Abdalla et al., 2018b). The remnant is supposed to be associated to
the Chinese detected type II SN explosion in 393 AD (Wang et al., 1997); this would
assign to the remnant an age of TSNR ≃ 1625 yr. The age, distance and detected size
yield an average shock speed of about ⟨vs⟩ ≃ 6.3 × 108 cm s−1. Measurements of proper
motion of X-ray structures indicate that the shock speed today should be vs ≤ 4.5 ×
108 cm/s (Uchiyama et al., 2007), meaning that the shock has slightly slown down during
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Figure 2.13: The image and white contours show the TeV gamma-ray distribution. Colored contours
schematically draw the locations of the identified (a) 12CO(J=2-1) clouds and (b) HI clouds. Figure
from Fukui et al. (2012) ©AAS. Reproduced with permission.

its expansion. This is expected in SNR evolution (Truelove and McKee, 1999) during
both the ejecta-dominated and the Sedov-Taylor phases, as will be introduced in Sec. 3.1.
RX J1713.7-3946 is nowadays moving towards the Sedov phase, therefore one can safely
assume a constant shock speed through the time evolution up to now, with a value of
vs = 4.4 × 108 cm/s (Gabici and Aharonian, 2014). At this speed, the time that the CD
takes to completely engulf a clump is, following Eq. (2.44), τcd ≃ 300 yr. On the other
hand, the evaporation time would be much longer, indicating that the relevant clumps
contributing to the gamma-ray emission are younger than Tc,max = 300 yr.

With the parameters representing RX J1713.7-3946, as defined above, the gamma-ray
flux of the remnant shell is computed through Eq. (2.50). The normalization factor k results
from a χ2 minimization procedure among the Fermi-LAT and H.E.S.S. data and the model.
Two different configurations are investigated. The first model explores a configuration with
the magnetic field inside the clump reduced by a factor of 10 with respect to the CSM value,
in order to account for the effect of IND, therefore it is set to Bc = 1µG. The second model,
instead, explores a situation where no IND is acting, therefore the magnetic field inside
the clump is set to be Bc = 10µG, as in the CSM. Results are shown in Fig. 2.14. The
GeV data from two years of data-taking of the Fermi-LAT satellite (Abdo et al., 2011)
are reported, together with the H.E.S.S. TeV data (Abdalla et al., 2018b) and with the
H.E.S.S. Collaboration analysis of five years of Fermi-LAT data, as reported in Abdalla
et al. (2018b). The two models predict slightly different trend in the GeV emission of the
remnant. A more pronounced hardening in the case of Bc = 10µG better reproduces the
GeV data, while a flatter trend is visible in case diffusion would act less efficiently inside the
clump. In this respect, electrons are more suitable to derive constraints on the magnetic
field properties of the remnant. A more quantitative study on secondary electrons from pp
interactions will be discussed elsewhere.

The normalization constant k, obtained by fitting the gamma-ray data, defines the
amount of ram pressure Pram = ρupv2s that is instantaneously converted into CR pressure.
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Figure 2.14: Gamma-ray flux from SNR RX J1713.7-3946. The points are Fermi-LAT data (magenta),
H.E.S.S. data (violet) and H.E.S.S. analysis of Fermi-LAT data (light blue). The hadronic models (solid
lines) refer to the configuration with a magnetic field inside the clump equal to Bc = 1µG (black) and
to Bc = 10µG (blue). The field in the clump skin is fixed to Bs = 100µG in both models. Figure from
Celli et al. (2019a), reproduced by permission of the Royal Astronomical Society.

The latter is defined, for relativistic particles, as

PCR =
k

3

∫ ∞

mpc
4πp2dpf0(p)pc . (2.51)

The efficiency of the pressure conversion mechanism from bulk motion to accelerated par-
ticles equals to η = PCR/Pram ≃ 2%. Such a value is somewhat smaller than the efficiency
estimated by other works in the context of hadronic scenarios, where usually η ≃ 10−20%
(see, e.g Morlino et al., 2009b, Gabici and Aharonian, 2014). Compared to Morlino et al.
(2009b), the main differences are due to the highest total target mass used here (∼ 45M⊙
vs. ∼ 15M⊙) which is close to the total mass in clumps estimated by HD simulations
(Inoue et al., 2012). A weaker effect is also due to the fact that adiabatic losses are here
neglected, which lead to a smaller acceleration efficiency by less than a factor of two. Also,
comparing this result with Gabici and Aharonian (2014), few more differences arise. Here,
a constant shock speed and a ∝ p−4 acceleration spectrum are considered, while Gabici
and Aharonian (2014) used a time dependent shock velocity and a steeper acceleration
spectrum ∝ p−4.2. The latter assumption implies a number density of accelerated protons
at 100 TeV smaller by a factor of ∼ 10 (for the given acceleration efficiency). For this
reason, Gabici and Aharonian (2014) adopted a larger target mass in clumps, ∼ 500M⊙.
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2.6.1 Observing clumps through molecular lines
An interesting possibility to detect active clumps is provided by radio observations. Sec-
ondary electrons emit synchrotron radiation in the radio domain. On top of this continuum,
the molecular gas emits lines. For instance, rotational CO lines are often observed in these
systems (Fukui et al., 2003). In the case of RX J1713.7-3946, a few arcsecond angular
resolution is needed to probe the spatial scales of clumps: such a small scale can currently
be achieved only through the superior angular resolution of the Atacama Large Millimeter
Array (ALMA). A precise pointing is however required, since the instrument field of view
of ≤ 35′′ would not entirely cover a region as extended as the remnant RX J1713.7-3946.

In the following, the radio flux for the J = 1 → 0 rotational line of the CO molecule
is evaluated. This transition is located at ν = 115 GHz (band 3 of ALMA receivers) and
radiates photons with a rate equal to A10 = 6.78 × 10−8 Hz. Assuming a CO abundance
of nCO/nc = 7 × 10−5 and a clump density of nc = 103 cm−3, the expected flux from an
individual clump amounts to

F =
hA10

4πd2
NCO = 3.15× 10−3 Jy (2.52)

where h is the Planck constant and NCO is the number of CO molecules contained in
each clump (d = 1 kpc is assumed). The flux level obtained in Eq. (2.52) is well within
the performances of the nominal ten 7−m diameter antennas configuration of the ALMA
observatory.

Finally, a well known tracer of shock interaction with molecular clouds is constituted by
the SiO molecule. Si ions are generally contained in the dust grains, which are destroyed
by the passage of a shock, and can form SiO in gas phase (Gusdorf et al., 2008b,a). This
tracer has been successfully traced in the supernova remnant W 51C (Dumas et al., 2014).
In the case of RX J1713.7-3946, existing observations toward the north-west rim, in the
so-called Core C, do not show evidence for significant amount of SiO emission (Maxted
et al., 2012). This result can be interpreted in different ways: either the Core C is located
outside of the remnant or, if it is inside, the shock is not yet penetrated into the densest
cores where the dust grains are typically located. A further possibility is that the shock
propagating inside the core is not strong enough to efficiently sputter Si ions from the
grains. Indeed Gusdorf et al. (2008b) showed that a shock velocity ≳ 25 km s−1 is neces-
sary for an efficient sputtering and the shock speed inside the clump could be lower than
such a threshold if χ ≳ 105 (see Eq. (2.8)). As a consequence, a positive SiO detection
could shed light on the value of the density contrast χ.

2.6.2 Clumps and the X-ray variability
The origin of bright hot spots in the non-thermal X-ray image of RX J1713.7-3946 (Uchiyama
et al., 2007), decaying on the timescale of one year, remains an unexplained puzzle. Sev-
eral time-variable compact features have been identified in Chandra data, mostly in the
northwest part of the shell, as reported in Fig. 2.15. The size of the fast variable X-ray hot
spots is about θ ≃ 20 arcsec, which corresponds to a linear size of Lx = dθ ≃ 3× 1017 cm
at a distance d ≃ 1 kpc. Similar time-dependent features have also been identified in
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Figure 2.15: Chandra X-ray images of the western shell of SNR RX J1713.7-3946. Panel a: TeV gamma-
ray contours from H.E.S.S. overlaid. Panel b: A sequence of X-ray observations (30-ks exposure times)
in July 2000, July 2005 and May 2006 for a small box (labeled b) in panel a. Panel c: Same as panel
b, for the region identified as c in panel a. Figure from Uchiyama et al. (2007), reprinted by permission
from Springer Nature.

the young SNR CasA (Uchiyama and Aharonian, 2008). It has been already suggested
that the X-ray variability could be connected to the clump scenario (Inoue et al., 2012).
The striking similarity between the physical size of the observed hot spots and the MHD
instabilities which are formed in shock flows around clumpy structures suggests a possible
intrinsic physical link.

In the context of shock propagation into a non-uniform ambient medium, as discussed
above, a natural interpretation addresses the X-ray variability to the electron synchrotron
cooling in the amplified large scale magnetic field. It was shown in Fig. 2.5, that the
spatial scale where amplification takes place is of the order of the clump size (though it
specifically depends on the clump age). The timescale over which electrons lose energy is
tsync ≃ 12.5(B/mG)−2(E/TeV)−1 yr. The typical energy of synchrotron photons is Esync =
0.04(B/mG)(E/TeV)2 keV, hence the energy loss time-scale at the observed frequency is

tsync ≃ 2.4

(
B

mG

)−3/2(Esyn

keV

)−1/2

yr . (2.53)

For a density contrast of χ = 105 (see Eq. (2.7)), MHD simulations show that amplification
of magnetic field can bring the background field up to 10 times above the downstream
value. Hence a mG magnetic field needed to explain the observed timescale would require
a magnetic field in the downstream of ∼ 100µG, which is a reasonable value if the CR
induced magnetic field amplification is effective at the shock.
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2.6.3 Resolving the gamma-ray emission
Detailed morphological and spectroscopic studies of SNRs are among the highest priority
scientific goals of the forthcoming Cherenkov Telescope Array (Actis et al., 2011, Acero
et al., 2017). Despite its great potential, CTA will be not able to resolve the gamma-ray
emission from individual clumps. For an SNR at a distance of 1 kpc, the angular extension
of a clump with a typical size of ∼ 0.1 pc does not exceed 20 arcsec, which is one order
of magnitude smaller than the angular resolution of CTA. Nevertheless, the component
related to the superposition of gamma-ray emission from several clumps aligned along the
line of sight in principle could be detected. Hence, one should estimate the number of
clumps dNp/dρ which overlap along the line of sight l, when observing the annular region
extending from a distance ρ =

√
r2 − l2 up to ρ + dρ, with respect to the center of the

SNR. Assuming a uniform distribution of clumps, as described in Sec. 2.5, and integrating
it along the line of sight, one obtains

dNp
dρ

(ρ) = 2n0

(√
R2
s − ρ2 −max[0,

√
R2
cd − ρ2]

)
(2.54)

where the emission is assumed to come from the shocked ISM located between the contact
discontinuity and the forward shock (Morlino and Caprioli, 2012). Considering a uniform
map of the whole remnant by CTA, the gamma-ray flux is computed from several circular
regions centered at a given ρ and with radius equal to σCTA = 0.037 deg * (corresponding to
the instrument point spread function at Eγ = 10 TeV) (Acharya et al., 2017). The number
of overlapping clumps at different radial distances ρ from the SNR center is reported in
Tab. 2.1, where ρ is spanning from 0 to Rs. Moreover, one should take into account the
different ages of clumps, since they produce gamma rays with different spectral shapes, as
shown in Sec. 2.4.3. These fluxes are represented in Fig. 2.16, where also shown is the
sensitivity curve of the CTA Southern array, for a 50 hr observation of a point-like source
located at the center of the instrument field of view. The predicted flux clearly shows that
CTA will be able to resolve the gamma-ray emission from clumps contained in a circle
of radius equal to its high-energy point spread function (PSF) over about one decade in
energy. However, the gamma-ray fluxes expected at different pointing positions strongly
reflect the number of overlapping clumps, which represent the main contributors to the
emission. Such a number is maximum in correspondence of ρ = Rcd, where Np = 2.6.
Given the limited number of overlapping clumps in each pointing region, large fluctuations
are expected, according to the Poissonian statistics. Therefore, the detection of such
fluctuations constitutes a characteristic signature of the presence of clumps. The amount
of the fluctuations depends on the clump density n0 in the CSM. In fact, once the mass
of the target gas is fixed, more massive clumps with nc = 104 cm−3 would require a lower
clump density and therefore would produce much stronger fluctuations on the scale of σCTA.
These kinds of morphological studies are hence crucial to derive constraints on the number
density of clumps in the remnant region. Large fluctuations on the scale of σCTA are not
expected if the SNR is expanding into a uniform medium or into a medium where the
density contrast is such that the clump evaporates soon after the shock crossing, namely if
τev ≪ TSNR. The latter condition can be rearranged using Eqs. (2.8) and (2.9) to give an

*http://www.cta-observatory.org/science/cta-performance/
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Figure 2.16: CTA Southern array sensitivity curve for point-like sources located in the center of the
field of view (zenith θ = 20 deg, pointing average) for an observation time equal to 50 hr (black solid
line). Also shown are the gamma-ray fluxes due to the overlapping clumps (indicated in the legend) in
different circular sky regions of radius σCTA, located at a distance ρ from the SNR center. Figure from
Celli et al. (2019a), reproduced by permission of the Royal Astronomical Society.

upper limit for the density contrast which reads χ ≪ (TSNRvs/2Rc)
2 ≃ 103(Rc/0.1pc)−2.

Such a small density contrast also implies a contained amplified magnetic field and, as a
consequence, a flattening of the gamma-ray spectrum.

Table 2.1: CTA map of the SNR: first column gives the region number, second column is center of the
observation, third column is the lower value in ρ, fourth column is the upper value in ρ, last column is
the number of clumps included in each observation.

Region ρ from to Nc

0 0 −σCTA σCTA 1.0
1 5σCTA 4σCTA 6σCTA 1.1
2 10σCTA 9σCTA 11σCTA 1.4
3 Rcd Rcd − σCTA Rcd + σCTA 2.6
4 Rs Rs − σCTA Rs + σCTA 0.6
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Part of this chapter has already been published
in Celli S., Morlino G., Gabici S. & Aharonian
F., ‘Exploring particle escape in middle-aged su-
pernova remnants through gamma rays’, Monthly
Notices of the Royal Astronomical Society 490
(2019) 3, and it is here reproduced by permission
of the Royal Astronomical Society. 3

Particle escape from supernova remnants

Understanding the escape mechanism of accelerated particles is a key ingredient to
establishing a connection between SNRs and the origin of CRs. In fact, it is often
believed that the spectrum of particles released into the Galaxy by a single SNR cor-
responds to the instantaneous spectrum accelerated at the shock. Such conclusion
depends on several subtleties of the acceleration process, i.e. i) the amount of time
that particles spend inside the SNR, during which they would suffer severe adiabatic
losses, ii) the rate at which particles are released from the SNR, which depends on the
intensity level of magnetic turbulence, iii) how does the acceleration efficiency vary
in time during the remnant evolution. In the approximate scenario where particles
are confined inside the remnant until it dissolves into the ISM, these would lose a
substantial fraction of their energy because of the adiabatic expansion of the shocked
plasma; hence the requirement to reach PeV energies in the released spectrum be-
comes more severe than it already is, in that the maximum energy achievable during
the acceleration should be ≫ PeV. This scenario does not appear to be a realistic one.
On the other hand, it appears unavoidable that, as the shock slows down due to the
accumulated mass, particles start to diffuse away from the shock and the probability
that they might return to the shock from upstream is reduced. Thus, CRs are free
to escape since the shock is no longer able to confine them inside the expanding shell.

Unfortunately, a comprehensive theory of the escape process is still missing, due
to the high non linearity of the process. In fact, in the current formulation of DSA,
the turbulence needed to confine CRs around the shock discontinuity is thought to
be provided by the very same particles: these are supposed to induce plasma in-
stabilities (see reviews by Drury (2011), Blasi (2013)), the most relevant being the
resonant (Skilling, 1975) and the non-resonant (Bell, 2004) streaming instability. In
particular, the latter is thought to dominate during the initial stage of the blast
wave expansion, when its speed is ≫ 1000 km/s, while the former should dominate
at later times. The escape of particles onsets when the particle-confining turbulence
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starts to fade out. Now, because the turbulence intensity level depends on the CR
energy density which is, in turn, influenced by the shock speed, one would expect
the escape process to be a function of the shock speed. It is also worth mentioning
that the non-resonant instability requires a net current to be triggered, which would
be provided by the same escaping particles. Moreover, as the return current, that
is established in the plasma to restore the charge neutrality once particle escape has
started, depends on the density of the CSM and on the shock speed, the conditions
to achieve PeV energies are most likely satisfied only during the first few decades
following the explosion of stars occurring in dense CSM winds, as those typical in
type II SN explosions (Bell et al., 2013, Cardillo et al., 2015). On the contrary, type
Ia SNe as well as core-collapse SNe expanding into wind-excavated bubbles should
be able to produce only ∼ 100 TeV protons, as they occur in a less dense ISM.

Qualitatively, one can envision the escape mechanism as a two step process. In the
free expansion phase, when the shock speed is approximately constant, the maximum
momentum is expected to increase with time: during this stage, only a fraction of
particles at the maximum energy is able to escape at each time, providing the turbu-
lence able to scatter back to the shock particles with slightly smaller energy*. When
the SNR enters the Sedov-Taylor (ST) phase and the shock speed starts to slow
down significantly, both the shock acceleration efficiency and the intensity level of
turbulence decrease, and the particle confinement is reduced: hence, the particles at
the maximum energy start escaping. In this phase, only the resonant instability is
important and the maximum energy decreases with time. In fact, even though par-
ticles continue to amplify the turbulence they scatter off, this eventually becomes
not enough for self-confinement. This description is further complicated when ac-
counting for the processes which damp the amplified magnetic waves, like the MHD
cascade or the ion-neutral friction (valid when the plasma is not fully ionized), which
would cause an even faster escape rate of particles.

Beyond the theoretical description of the escape process, one could legitimately
wonder whether it is possible to test such a scenario by means of observations, partic-
ularly in the HE and VHE gamma-ray domain. The answer to this question mainly
depends on the transport regime of particles outside of the remnant. If the diffu-
sion coefficient immediately outside of the shock region is at the level of the average
Galactic one, particles would escape immediately far away from the SNR. In this case,
assuming a Galactic diffusion coefficient of DGal(p) = 1028(p/10 GeV/c)1/3 cm2 s−1,
the time taken by the run-away particles to reach a distance 100 pc away from the

*Actually, the description of the free-expansion stage is more complicated: on one hand, the
shock speed is not constant but it slowly decreases with time (Chevalier, 1999), suggesting that
the maximum momentum should also decrease with time; on the other hand, non-linear magnetic
field amplification should increase the maximum energy up to ∼ 1 PeV during a fraction of the free-
expansion phase. Nevertheless, the behavior of particle escape during this phase is not particularly
relevant because it has a marginal impact on the final gamma-ray spectrum.
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shock position would be

τdiff =
L2

6DGal(p)
≃ 4.8× 103

(
L

100 pc

)2(
p

10 TeV/c

)−1/3

yr (3.1)

namely a fraction of a middle-aged remnant lifetime. Nevertheless, this simplified
picture has been challenged by some recent works (Malkov et al., 2013, D’Angelo
et al., 2018, Evoli et al., 2018): in fact, escaping particles might continue to excite
the magnetic instability up to a distance from the source where their density drops
below the one of the Galactic CR ‘sea’. The results obtained by these authors show
that, in the absence of ion-neutral damping, a suppression of the diffusion coefficient
by about two orders of magnitude is achieved in a region extending ∼ 20 pc from the
shock. Hence, one would naively expect a transition region between the SNR shock
and the region far away, where the diffusion coefficient gradually increases from the
shock level towards the Galactic value. On the other hand, if a relevant fraction
of neutral hydrogen is present around the source, the suppression of the diffusion
coefficient is expected to be less prominent (Nava and Gabici, 2013).
If the diffusion coefficient is suppressed, escaping particles diffuse around the rem-
nant for a time longer than Eq. (3.1). Two relevant observational consequences can
be envisioned. A first effect is that particles located outside of the SNR and interact-
ing with target gas would produce a diffuse gamma-ray halo (D’Angelo et al., 2018).
At the moment, such halos have not been detected yet around SNRs, though they
have been observed around young pulsars, as Geminga (Abeysekara et al., 2017). In-
triguingly, future observations of TeV halos might potentially lead to the discovery
of new sources: to this extent, next-generation telescopes (as CTA) might eventually
be able to detect single halos. Even if the observation of individual halos will remain
a challenging target, the overlapping from many of these sources along the single line
of sight across the Galactic Plane could provide a non negligible contribution to the
diffuse Galactic gamma-ray emission, as described by D’Angelo et al. (2018). The
second relevant consequence is that, during the diffusion process, escaping particles
can occasionally re-enter the SNR interior even if their energy is large enough that
they do not experience the shock discontinuity anymore (hence they would not be
affected by the acceleration process). Nevertheless, once inside, they can contribute
to the gamma-ray emission through hadronic interactions. In this scenario, a spec-
tral break is expected in the gamma-ray spectrum above the energy corresponding
to the maximum energy achievable by particles accelerated at the remnant age. The
latter effect will be the subject of this chapter. In particular, the particle escape will
be modeled by assuming that the maximum momentum is an arbitrary function of
the shock speed and the consequence on the resulting gamma-ray emission from the
remnant interior will be analysed.

The following discussion will be limited to middle-aged SNRs, mainly because of
two reasons: i) the amount of escaping particles should be large enough to produce
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more evident observational effects, and ii) the remnant evolution can be well ap-
proximated by the ST model, which allows to provide a simple analytical model for
the description of particle propagation. Therefore, the treatment presented does not
apply to young SNRs that are still evolving in the ejecta-dominated phase. How-
ever, escape of very energetic particles could be relevant even in this kind of systems.
For instance, the bright SNR RX J1713.7-3946 (presented in Ch. 2) is believed to
be nowadays undergoing the transition towards the ST phase. Thus, PeV particles
could have already escaped the shock and possibly be interacting with the surround-
ing molecular clouds (Casanova et al., 2010). As that, the recent identification of
a VHE gamma-ray shell extending beyond the X-ray shell (Abdalla et al., 2018b)
might be a signature of particles escaping the shock. Note that the presence of a
large target density would enhance the gamma-ray emission and consequently the
corresponding VHE halo might be potentially observable even as an individual source
by the next-generation instruments. However, a different treatment than that pre-
sented in the following is required to describe the particle escape from young SNRs,
since the time-dependency of the maximum momentum in such a case is very uncer-
tain.

The chapter is structured as follows: Sec. 3.1 introduces SNRs and their tempo-
ral evolution, in order to characterize the relevant evolutionary phase for escape to
be efficient within this class of accelerators. The Sedov-Taylor phase is identified
as the most relevant in terms of particle escape. Then, in Sec. 3.2 several viable
assumptions on the maximum momentum evolution are presented. In particular, in
Sec. 3.2.1 a time-limited escape is first introduced, namely a situation where the
escape is limited to particles beyond a maximum momentum that depends on time,
pmax(t). Alternatively, a spatially-limited escape might be assumed, as described in
Sec. 3.2.2 following the results from Caprioli et al. (2009a). The spatial boundary
where the particle distribution function vanishes, namely where particles can escape
the system, is basically a surface located at some position upstream of the shock
z0 = χRs (with χ ∼ 0.1), regardless of the particle energy (Blasi, 2013). Such a
boundary is justified by the fact that the CRs themselves are supposed to amplify
the magnetic field at the shock and produce the turbulence they need to be scat-
tered off: hence one can generally envision a situation where far enough from the
shock the self-generated turbulence is no more sufficient to confine high-energy par-
ticles. Lastly, Sec. 3.2.3 presents a scenario where the temporal dependence of the
maximum momentum is connected to the excitation of the non-resonant instability
by CRs, as discussed by Cardillo et al. (2015). As spatially-limited escape models
provide a steady maximum momentum, while gamma-ray spectral observations of
middle-aged SNRs show a maximum momentum generally lower than that ascribable
to young SNRs, one would be naturally lead to consider a scenario with a time-limited
maximum momentum as a more appropriate description of reality. Hence, Sec. 3.3
introduces a phenomenological description of such an escape scenario, through the
solution of the temporal and spatial dependent CR transport equation applied to
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extended sources. The content of this section represents an original derivation by
the author, aimed at characterizing the VHE emission spectra of middle-aged SNRs.

Few words of caution are mandatory: in order to describe self-consistently a situ-
ation where the escape is limited to particles beyond a maximum momentum that
depends on time pmax(t), the knowledge of the diffusion coefficient is required, which
in turn is determined by the level of magnetic turbulence generated by the acceler-
ated particles themselves. In fact, the value of pmax depends on some crucial but
barely known aspects of the problem, namely the nature of the CR-driven instability
and the level of wave damping. In order to characterize these aspects, a non-linear
approach should be adopted, which is however beyond the intent of this work. A
linear solution assuming a steady diffusion coefficient is instead presented. This
method allows to: i) estimate the contribution of the run-away particle flux from
SNRs to the GCR flux, as evaluated and discussed in Sec. 3.4, and ii) interpret the
GeV-TeV data collected from several middle-aged SNRs (specifically IC 443, W 51C
and W 28N), where escape is believed to be relevant, as explained in Sec. 3.5. In par-
ticular, the latter modeling is achieved provided that a diffusion coefficient smaller
by a factor ∼ 10−100 than the average Galactic one is effective close to these sources.
Hence, the direct comparison between the model and gamma-ray observations pro-
vides constraints to the temporal evolution of the maximum momentum in specific
sources. Thanks to the advent of CTA, a statistical approach based on a population
study of middle-aged SNRs might be attempted in the future, in order to limit the
parameter space of the model and infer the properties of particle escape in this class
of accelerators.

3.1 The temporal evolution of SNRs

A supernova remnant results from the interaction of ambient gas with stellar ma-
terial ejected by a supernova. As it is often difficult to establish the SN origin of
an SNR, as either connected to thermonuclear or core-collapse SNe, SNRs have a
different classification which is mostly based on their morphology. This comprises
three categories: shell type SNRs, plerions and composite SNRs. In the first case,
the SNR is characterized by a limb bright shell, associated to the shocked plasma
that has been heated behind the blast wave (see Appendix A). On the other hand,
plerions have a bright center but do not show a shell: in such systems (as the Crab
Nebula for instance), the emission is powered by the pulsar wind and not by the
supernova explosion. In the composite case, a pulsar nebula is surrounded by an
SNR shell.

The evolution of the interaction among the ISM gas and the ejecta can be char-
acterized in terms of several distinct stages (Woltjer, 1972): i) the ejecta-dominated
phase (ED or free-expansion), in which the mass of the SN ejecta prevails on the
swept-up mass; ii) the Sedov-Taylor phase (ST or adiabatic), where the swept-up
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Figure 3.1: Position of the blast-wave shock versus time for uniform ejecta expanding into a uniform
ambient medium. The ejecta evolve non self-similarly from the self-similar limits of free expansion
(Rs ∝ t) in the early ED stage to the power-law decelerating expansion (Rs ∝ t2/5) in the ST stage.
RSed and tSed refer to the Sedov radius and time, respectively. Figure from Truelove and McKee (1999)
©AAS. Reproduced with permission.

mass becomes larger than the ejecta mass while radiative losses are still not signifi-
cant; iii) the pressure-driven snowplow phase (PDS or radiative), in which radiative
cooling becomes energetically relevant; and iv) the merging phase, where the temper-
ature behind the shock and the shock speed become comparable to the ISM values.
The particle acceleration is believed to be more efficient during the initial stages of
the remnant evolution, when the expansion proceeds at high speed. The ED stage
starts with the explosion of the stellar progenitor and the subsequent expansion of
the ejecta: as the expansion velocity of the ejecta is much larger than the sound speed
in the ambient gas, these are anticipated by a shock wave, also called the blast-wave
shock. The main result due to the presence of such a shock on the ambient medium is
that it will result accelerated, compressed and heated. In turn, the shocked ambient
medium will push back on the ejecta, producing the effect of decelerating, compress-
ing and heating them. At the same time, a second shock wave, called the reverse
shock, is generated since the shocked ambient medium stars to expand back into the
ejecta much faster than the sound speed in the ejecta. A contact discontinuity will
separate the cold, high density, shocked ejecta from the hot, low density, shocked
ambient medium. The unshocked ejecta freely expand until they are hit by the re-
verse shock, which accelerates the ejecta inward. As a consequence, the post-shock
ejecta will retain a net outward velocity, lower than the pre-shock value. To summa-
rize, assuming a spherically symmetrical system, for increasing values of the radial
coordinate one will encounter, in this order, the unshocked ejecta, the reverse shock,
the shocked ejecta, the contact discontinuity, the shocked ambient gas, the forward
shock and the unshocked ambient gas.

It is clear that the reverse shock is the agent that communicates the existence of
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the ambient medium to the ejecta, and it is responsible for the initial deceleration
of the ejecta. In the early-time limit of the ED stage, before the reverse shock has
attained a significant velocity, the ejecta behave approximately as a spherical piston
freely expanding into the ambient gas. At the beginning of the ST stage, after the
majority of the ejecta energy has been transferred to the ambient gas, the flow is an
adiabatic blast wave. In both limits, the system evolves self-similarly (Vietri, 2008):
these cases are called ‘intermediate asymptotic’ (Truelove and McKee, 1999). The
passage towards the ST phase is achieved when the condition that the mass in the
ejecta Mej equals the mass swept by the remnant is satisfied. From this condition,
it is possible to determine the radius RSed at which the ST stage starts: indeed, for
an explosion in a constant density ISM ρISM, this condition reads as

4

3
πρISMR

3
Sed =Mej =⇒ RSed =

(
3Mej

4πρISM

)1/3

(3.2)

As a consequence, the Sedov time of a remnant expanding into a homogeneous
medium reads as

tSed =
RSed

Vej
= 0.495E

−1/2
SN M

5/6
ej ρ

−1/3
ISM (3.3)

where Vej represents the velocity of the ejecta (a quarter of the shock speed), ESN
is the kinetic energy released by the SN and the numerical multiplicative factor
0.495 was obtained in Truelove and McKee (1999) as a continuity solution among
the two asymptotic regimes of the free-expansion and deep Sedov-Taylor phase of
the remnant hydrodynamical evolution. For characteristic values of ESN = 1051 erg,
ρISM = 1 (mp/g) (g/cm3) andMej = 1M⊙, one obtains RSed ≃ 2 pc and tSed ≃ 200 yr.
Note that the peculiar conditions realized around the supernova explosion might sig-
nificantly alter the remnant dynamical evolution. For instance, in the case of a fast
wind excavating a low density environment (such as would be the case for Wolf-Rayet
pre-supernova star), the SN explosion might take place in a bubble of hot and dilute
gas, delaying the onset of the adiabatic phase. For this reason, the values reported
above should be considered merely as order of magnitude estimates.

It is possible to derive the maximum energy that a particle can reach at the shock
by equating the acceleration time tacc to the age of the SNR, tage. If particles are
accelerated at the shock via diffusive shock acceleration (Drury, 1983b), then the
acceleration time reads as tacc ∼ D/v2s (see Eq. (1.37)), namely it will depend on the
diffusion coefficient and on the shock speed. Concerning the former, one can assume
that Bohm diffusion applies at the shock, hence D ∝ E/B (where E is the particle
energy and B the magnetic field strength, here considered to be constant in time).
Concerning the latter, if both the ejecta and the ambient medium are uniform in
density, then the forward shock speed is found to slowly decrease with time during
the ED stage (Chevalier, 1982). However, it can be described without significant loss
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of accuracy as a constant speed shock, according to{
Rs(t) ≃ vSedt

vs(t) ≃ const = vSed
(3.4)

where vSed refers to the value that the shock speed assumes in correspondence of the
Sedov time. Consequently, one derives a particle maximum energy of Emax ∝ tage.
This simple reasoning shows that, during the ED phase, the maximum energy in-
creases linearly with time. Note that the highest energy CRs diffuse ahead of the
shock one diffusion length λ ∼ D(Emax)/vs before returning to it when advected
downstream. This length is generally some fraction χ ≃ 0.1 of the SNR radius
RSNR = vstage. Thus, by adopting a Hillas-like criterion for CR confinement in the
SNR, namely by setting the diffusion length comparable to the SNR size, one would
conclude that all the accelerated particles are effectively confined and the escape
process is ineffective. Actually, CR escape may occur also during the free-expansion
phase (Ptuskin and Zirakashvili, 2005) due to the slow decrease of the shock velocity
with time. However, the number of escaping particles is negligible during the ED
phase, as the number of particles involved in the shock acceleration is relatively low
at this stage.

On the other hand, during the ST stage, the forward shock evolves into a uniform
medium following 

Rs(t) =

(
ξ0
ρISM

ESN

)1/5

t2/5

vs(t) =
2

5

(
ξ0
ρISM

ESN

)1/5

t−3/5

(3.5)

where the dimensionless constant ξ0 depends on the plasma adiabatic index: ξ0 =
2.026 for a non-relativistic monoatomic gas with γ = 5/3 (Taylor, 1950, Sedov, 1959).
The ST solution can be generalized for a gaseous medium with a power-law density
profile ρ(r) ∝ r−s: Rs ∝ tβ and vs ∝ βRs/t, with β = 2/(5 − s). A relevant case is
that with s = 2, corresponding to an SNR shock moving into the progenitor stellar
wind, where the blast wave would evolve with β = 2/3. The ST solution does not
take into account the structure of the SN ejecta itself, thus it represents a good ap-
proximation to the stage when the swept-up mass has exceed largely the ejecta mass.
An analytical model that describes the structure and evolution of SNRs account-
ing for the velocity profile of the ejecta is provided by Chevalier (1982), where the
early evolution of the SNR with freely expanding ejecta is described. The transition
among the two regimes, from the ED to the ST stage, can be smoothly parametrized
by means of an analytical formulation derived by Truelove and McKee (1999) (see
Fig. 3.1). Once the SNR has entered the Sedov phase, the particle diffusion length
will increase in time as λ ∼ D(Emax)/vs ∼ t3/5, i.e. faster than the evolution of the
SNR radius (scaling like Rs ∼ t2/5). Therefore, particles with energy Emax, which
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were formerly confined during the ejecta-dominated phase, will start to violate the
Hillas criterion, thus escaping the SNR. Therefore, the ability of the remnant to con-
fine particles is reduced by the decrease in time of the shock velocity (Gabici, 2011).

After the ST stage, the blast-wave shock eventually decelerates to the point that
it becomes radiative: this occurs once the shock has slowed down to vs ≃ 200 km/s,
at a downstream temperature of ∼ 5×106 K (Vink, 2012). A thin shell of radiatively
cooled shocked ambient medium forms behind the blast-wave shock. The pressure of
the hotter shocked ambient gas will drive this shell deeper into the interior of the rem-
nant. At this point, the remnant enters in the PDS phase: consequently, the shock
radius will evolve with time as Rs(t) ∝ t1/4. The energy losses become dynamically
important, and momentum conservation (rather than energy conservation) governs
the hydrodynamical evolution of the shock. However, it is worth mentioning that
efficient CR acceleration might alter such an evolution, as it affects the equation of
state and the energy loss process (in that particle escape is realized).

3.2 Time evolution of the maximum energy

As mentioned above, the maximum momentum pmax of accelerated particles is de-
termined by the confinement condition, namely that the diffusion length λ of the
particles does not exceed the characteristic size of the system Rs:

λ =
D(pmax)

vs
≤ Rs (3.6)

If diffusion operates in the Bohm regime, and particles are subject to a magnetic
field Bs at the shock, then D(pmax) ∝ pmax/Bs. During the ST phase one would
expect pmax ∝ t−1/5Bs. Actually, the drop of pmax with time is expected to be even
faster, in that also the magnetic field is expected to decrease in intensity with time.
Thus a parametrization in the form of pmax ∝ t−δ provides a general description of
the phenomenon, as will be discussed in Sec. 3.2.1. However, few other possibilities
can be exploited in the parametrization of pmax. For instance, particle escape can be
assumed in correspondence of a predefined position in the shock upstream: despite
introducing an abrupt cut in the particle density function, which likely does not
provide an accurate description of reality, such assumption naturally guarantees the
existence of a maximum momentum in the particle spectrum. This approach will
be discussed in Sec. 3.2.2. Alternatively, a third model of the temporal evolution of
pmax is investigated in Sec. 3.2.3, where the current of escaping particles is considered
as responsible for the excitation of the non-resonant instability, which in turn leads
to the formation of resonant modes. As these modes are able to confine particles
close to the shock, the maximum energy results affected by the development of these
instabilities. As already mentioned, the non-resonant modes should dominate the
amplification of MHD waves driving the initial evolution of the SNR (t ≤ 100 yr).
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Hence, one would not expect that this mechanism provides the correct description
of the escape process during the ST phase.

3.2.1 Time-limited maximum energy

Within a time-limited scenario for the maximum energy, one should consider all the
different evolutionary stages of a remnant lifetime. As introduced above, during the
ED phase, the maximum momentum at the shock location pmax,0(t) is expected to
grow linearly with time as

pmax,0(t) = pM

(
t

tSed

)
t < tSed (3.7)

where pM represents the maximum value of the momentum at the beginning of the
ST phase. Later, during the ST phase, the maximum momentum is expected to
decrease with time. In this section, this decrease is assumed to follow a power-law
dependency with slope δ > 0, as

pmax,0(t) = pM

(
t

tSed

)−δ

t ≥ tSed (3.8)

With such a definition, the escape time of particles with momentum p in the ST
phase is

tesc(p) = tSed

(
p

pM

)−1/δ

(3.9)

satisfying the condition that high-energy particles escape at earlier times. From
Eq. (3.9), the escape radius cam be introduced as

Resc(p) = Rs(tesc(p)) (3.10)

A simple theoretical argument to estimate the value of δ in the test-particle DSA
scenario consists into equating the remnant age to the acceleration time tacc ∼ D/v2s .
Then, by setting the diffusion coefficient as D = DBF−1, with DB = rL(p)v(p)/3
corresponding to the Bohm diffusion and F for the turbulent magnetic energy density,
one obtains

pmax,0(t) ∝ F(t)v2s (t)t (3.11)
If there is no amplification of the magnetic field and diffusion depends only on the
pre-existing magnetic turbulence (which does not depend on time), then the only
time dependence resides in the shock speed: during the ST phase, one should expect
δ = 1/5 as a minimum value. On the other hand, if the turbulence is amplified by
the resonant streaming instability, then F(t) ∝ PCR ∝ v2s (t), leading to δ = 7/5.
Finally, if the turbulence relevant for particle scattering is amplified through non-
resonant instability, then F(t) ∝ vs(t)PCR ∝ v3s(t), leading to δ = 2. Moreover, if
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some damping mechanism, like MHD cascade or ion-neutral friction, is effective in
damping waves, an even larger value of δ is foreseen. Constraints on the parameter
δ can be derived through gamma-ray spectral observations of middle-aged SNRs,
as described in Sec. 3.5. In this respect, future observations of CTA will be very
valuable, as they will allow to perform population study of SNRs, providing hints on
the escape process dynamics within this class of objects.

3.2.2 Space-limited maximum energy: the escape boundary

As anticipated, the consideration of a spatial escape boundary is justified by the fact
that CRs themselves are supposed to amplify the magnetic field at the shock and
generate the turbulence they need to scatter off via resonant (Skilling, 1975, Lagage
and Cesarsky, 1983) or non-resonant (Bell, 2004) streaming instability. In fact, de-
pending on the intensity of the CR flux at a given position in the space, the level of
the magnetic turbulence is expected to decrease with the distance upstream of the
shock. This suggests the existence of a spatial region beyond which CRs cannot be
effectively scattered and become free to escape: in the following, the limit of this
region will be referred to as a spatial boundary.

By introducing a spatial boundary for particle escape, it is possible to determine
the shape of the cut-off in the spectrum of escaping particles, as this is no longer a
delta-function in energy, like in the case of a momentum-limited escape boundary.
Such a feature is crucial in order to investigate the radiative signatures related to CR
acceleration at shocks. Moreover, the spatial boundary allows to check – a posteriori
– the consistency among the assumed position of the escape boundary and the value
of the amplified magnetic field (and consequently of the diffusion coefficient). The
spectrum of the escaped particles can be derived as a solution of the one-dimensional
stationary transport equation: by imposing a free escape boundary upstream of the
shock, where the distribution function vanishes, Caprioli et al. (2009a) derived that it
exists a characteristic momentum p∗, which depends on the location of the boundary,
such that

• for p < p∗, the distribution function at the shock front is a power law in
momentum with slope α ≡ 3r/(r − 1). This is the standard result of the test-
particle approximation (see Eq. (1.34)). For a compression ratio r = 4, then
f0(p) ∝ p−4.

• for p > p∗, the distribution function at the shock front contains an exponentially-
suppressed term. In particular, the harder is the acceleration spectrum and
the higher is the maximum momentum that particles are able to reach.

As a consequence, the flux of escaping particles is found to be narrowly peaked
around the momentum p∗, as represented in Fig. 3.2. This implies that only very
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energetic particles are allowed to leave the system, since these cannot diffuse back
to the shock and thus get lost in the ISM. It is clear that, given the stationarity hy-
pothesis assumed to solve the transport equation, the space-limited escape approach
predicts a maximum momentum that is constant with time and a spectral slope
which is also constant. However, middle-aged SNRs (104 to 2 × 104 yr old) show
spectra which are systematically steeper than younger remnants (102 to 103 yr old).
In order to account for this, it is necessary to adopt a time-dependent approach in
deriving the solution of the CR transport equation.

Figure 3.2: Escape flux, in the test-particle regime, as a function of momentum. The curves refer to
two different values of the shock compression ratio: r = 4 (solid line) and r = 7 (dashed line). The
x-axis is in units of the reference momentum p∗ (see text), while units along the y-axis are arbitrary.
Figure reproduced from Caprioli et al. (2009a) by permission of Oxford University Press on behalf of
the Royal Astronomical Society.

3.2.3 Escape limited by non-resonant magnetic amplification

An alternative scenario for the temporal evolution of the maximum momentum was
presented in Cardillo et al. (2015). The authors considered the possibility that the
escaping CRs excite magnetic instabilities, namely both resonant Alfvénic waves and
non-resonant modes (Bell, 2004), so as to achieve both efficient magnetic field am-
plification and particle scattering. The two instability channels are driven by the
fact that CRs stream at super-alfvénic speed, carrying an electric current density
JCR. By doing so, they induce a reaction in the background plasma, that is a re-
turn current composed of moving electrons aimed at restoring a null net current.
Hence, in both the instability channels, the JCR × B force drives the motions of
the background fluid. The main difference between the resonant and non-resonant
linear instabilities is that while the collective effect of CRs generates non-resonant
modes (namely their strong drift), individual CRs are rather responsible for resonant
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modes. In order to better explain this point, let us consider the vectors JCR and
B as composed by unperturbed zero-th order components, JCR,0 and B0, and first
order perturbed components, JCR,1 and B1. In this scheme, the JCR ×B force will
have two first order components, namely JCR,0 ×B1 and JCR,1 ×B0. The resonant
instability is driven by JCR,1 ×B0, where JCR,1 is particularly enhanced if the CRs
react resonantly to a magnetic field with wavelength equal to their Larmor radius
(as previously discussed in Ch. 1). On the other hand, the non-resonant instability
is driven by the other first order contribution to the force, that is JCR,0 × B1. In
this case, only the zero-th order current JCR,0 is relevant and there is no requirement
for a resonance with the CR Larmor radius (Schure et al., 2012). Since the return
current induced in the background plasma by the CR streaming is carried by elec-
trons, it will develop instability modes on small scales. Note that the CRs will have
a Larmor radius much larger than the wavelength of the spiral perturbations in a
zero-th order uniform magnetic field, and consequently their streaming will be basi-
cally undeflected by the perturbed field. However, as the JCR×B force acts towards
the centre of the spiral, the corresponding reactive force will act on the background
plasma by expanding the spiral. As a result, the perturbed magnetic field will be
stretched and strengthen, and consequently the JCR ×B force will increase in a pos-
itive feedback loop that drives the instability. For high-speed shocks, the growth of
these modes is so fast that the non-resonant instability occurs as the most rapidly
growing instability driven by CR streaming.

By considering the non-resonant instability developed by the CR streaming from
a remnant expanding into a homogeneous medium and by assuming that a constant
fraction of energy is instantaneously transferred to the escaping particle flux, Cardillo
et al. (2015) derived the following implicit equation in the maximum energy Emax(t)

Emax(t)

Emin
ln

(
Emax(t)

Emin

)
=

e

10cEmin
ξCRv

2
s (t)Rs(t)

√
4πρISM (3.12)

holding for an E−2 acceleration spectrum, Emin being the minimum energy provided
by in the acceleration mechanism (here after assumed equal to the proton rest mass
energy). Its derivation is achieved by combining Eq. (2) and Eq. (9) of Cardillo
et al. (2015) (by setting m = 0, corresponding to expansion into a homogeneous
medium). In this case, the escape time of particles with energy E during the ST
phase is dictated by the following equation

tesc(E) =

[
4e

125c
ξCR

√
πρISM

(
ξ0ESN

ρISM

)3/5
1

E ln(E/Emin)

]5/4
(3.13)

However, for a spectrum like E−(2+β) (with β ̸= 0), the equation regulating the
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temporal evolution of the maximum energy Emax(t) reads as

1 + β

β

(
Emax(t)

Emin

)1+β
[
1−

(
Emin

Emax(t)

)β
]
=

e

10cEmin
ξCRv

2
s (t)Rs(t)

√
4πρISM (3.14)

while the escape time is

tesc(E) =

[
4e

125c

ξCR

Emin

√
πρISM

(
ξ0ESN

ρISM

)3/5
β

1 + β

(
Emin

E

)1+β (
1

1− (Emin/E)β

)]5/4
(3.15)

This approach defines a maximum momentum which varies with time according to
the remnant evolutionary stage: in the following, the shock radius and position will
be considered in their evolution through the ST stage. The results are presented in
the next section, where these equations are solved by combining a Newton-Raphson
algorithm with a bisection method for the identification of the Emax(t) function roots.
Note that these equations show explicitly the fact that the maximum energy depends
on the acceleration efficiency, since the higher is the efficiency and the larger is the
current of escaping particles.

3.3 A simplified model for particle propagation

This section is based on the assumption that a boundary in momentum regulates the
efficiency of particle escape, namely at any given time the shock is able to confine
only particles up to a certain maximum momentum pmax(t): efficient particle escape
is achieved for particles with larger momenta, which are therefore no more subject to
both the acceleration at the shock and the advection within the background plasma,
since they can freely diffuse in both the shock upstream and downstream. This ap-
proach was also considered by Malkov (1997) and Ptuskin and Zirakashvili (2005),
who adopted a step-function in momentum in order to compute analytically the
spectrum of run-away particles and quantify their contribution to the Galactic CR
flux. Consequently, only narrow momentum distributions of particles at the escape
time are considered. A more realistic situation should however account for broader
particle spectra, requiring a numerical treatment to the escape problem. This will
not be the object of this work, where rather an approach consistent with past com-
putations will be adopted in order to explore the behavior of particle escape in the
close vicinity of the SNR and investigate how the theoretical assumptions can be
tested with gamma-ray observations.

Since the escape phenomenon is not instantaneous, the particles released by the
shock may well be contained (but not confined) within the shock radius for some
time after the escape time, depending on the diffusion coefficient operating there. In
other words, particle escape starts when the turbulence at the scale of the resonance
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is so low that the diffusion length λ ∼ D(p)/vs is increased to the level that it
results larger than the characteristic system length scale. However, escaped particles
are not obliged to reside outside of the remnant, since nothing is preventing them
from diffusing inside of it, even though they do not ‘belong’ to the shock anymore.
In fact, they can still scatter off some turbulence. In order to study this scenario,
the CR transport equation is solved assuming spherical symmetry for the system
evolution. An analogous scenario has been previously investigated by Ptuskin and
Zirakashvili (2005), Gabici et al. (2009), Ohira et al. (2010, 2011), Schure and Bell
(2014): in all of these works, however, the main concern was the evaluation of the
contribution of the run-away particle flux from SNRs to the GCR flux or alternatively
to distant molecular clouds. For this purpose, the escape mechanism was considered
instantaneous, without accounting for the fact that escaped particles might well be
residing within the remnant for few escape times before they get released in the
ISM. In the following, a description of the escape process including the contribution
from these particles too is provided with the aim of: i) describing the observed
radiation within SNRs as the sum between the escaped and the confined flux, and ii)
evaluating the SNR contribution to the GCR flux. To this extent, the escape time
tesc(p) for particles with momentum p, as introduced in Eq. (3.9), represents the
characteristic timescale regulating the process. Particle propagation is then divided
into two distinct temporal phases:

• An initial stage, for t < tesc(p), where all CRs with momentum < p are confined
within the shock: they contribute to what in the following is indicated as the
confined distribution function, fconf(t, r, p);

• A subsequent stage, for t ≥ tesc(p), where all CRs with momentum ≥ p are
able to escape the shock: they contribute to what in the following is indicated
as the non-confined distribution function, fesc(t, r, p).

The distribution function of confined particles is obtained as a solution of a sim-
plified transport equation, including advection and adiabatic losses (Ptuskin and
Zirakashvili, 2005)

∂f

∂t
+ v · ∇f =

p

3

∂f

∂p
∇ · v (3.16)

Here, the diffusion term is neglected because particles are assumed to be strongly
tighten to the plasma. On the contrary, the distribution function of non-confined
particles is solution of a simplified transport equation, including only diffusion

∂f

∂t
= ∇ · [D∇f ] (3.17)

where D is the diffusion coefficient upstream of the shock. In fact, since particles
detached from the plasma, they are not advected anymore with it. Both Eqs. (3.16)
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and (3.17) do not account for energy losses, and the respective solutions will apply
to protons. The two particle populations, namely the confined and the non-confined
one, are matched through the solution derived at the escape time and the particle
acceleration spectrum assumed at the shock. Then, the evolution of tesc(p) regulates
the flux of non-confined particles.

3.3.1 The distribution function of confined particles

The goal here is to derive, assuming spherical symmetry, the distribution function
of confined particles fconf(t, r, p), with fixed momentum p ≤ pmax(t) at time t and
position r ≤ Rs(t) inside the shock location. Such a function solves the following
simplified transport equation, in which diffusion is neglected:

∂f

∂t
+ v

∂f

∂r
=
p

3

1

r2
∂

∂r

(
r2v
) ∂f
∂p

(3.18)

where the plasma velocity profile is{
v = v(r, t) r ≤ Rs

v = 0 r > Rs

(3.19)

For r ≤ Rs the transport equations reads

∂f

∂t
+ v

∂f

∂r
=
p

3

1

r2

(
2rv + r2

∂v

∂r

)
∂f

∂p
(3.20)

whose boundary conditions are the Rankine-Hugoniot conditions, which affect the
DSA spectrum at the shock. A linear approximation of the ST solution for the
downstream velocity field of the plasma is adequately represented by

v(r, t) =
3

4
vs(t)

r

Rs(t)
(3.21)

as proposed by Ostriker and McKee (1988) and also adopted in Ptuskin and Zi-
rakashvili (2005). It is worth to mention here that the velocity profile given in
Eq. (3.21) does correctly reproduce the expected trend of gas pressure as a function
of radius only if the pressure is dominated by relativistic particles: in fact, in the
case of an adiabatic expansion, the internal pressure amounts to a constant fraction
of the energy density (Kahn, 1975), namely P (r) ∝ r−3. For completeness, Fig. 3.3
shows the deviation of the velocity profile assumed in Eq. (3.21) from the true ST
solution.
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Figure 3.3: Velocity profile of the downstream plasma for an SNR evolving in the ST phase and
expanding into a uniform medium. The exact solution, given by the Sedov profile (Sedov, 1959), is
reported as a solid blue line, while the approximate linear expression reported in Eq. (3.21) is given by
the orange dashed line.

Substituting Eq. (3.21) into Eq. (3.20), one gets

∂f

∂t
+

3

4
vs(t)

r

Rs(t)

∂f

∂r
=

3

4
p
vs(t)

Rs(t)

∂f

∂p
(3.22)

which can be rewritten as

Rs(t)

vs(t)

∂f

∂t
+

3

4
r
∂f

∂r
− 3

4
p
∂f

∂p
= 0 (3.23)

Introducing the auxiliary variables
η ≡ ln r

χ ≡ ln p

dτ ≡ dt vs(t)/Rs(t) =⇒ τ = lnRs(t)

(3.24)

Eq. (3.22) can be rewritten as

∂f

∂τ
+

3

4

∂f

∂η
− 3

4

∂f

∂χ
= 0 (3.25)

This equation can be solved with the method of characteristics, which introduces a
variable z such that the distribution function is constant along it, namely df/dz = 0.
Then, the characteristic equations will allow to obtain t = t(z), r = r(z) and p = p(z),
while the boundary condition will completely define the solution. The set of ordinary
differential equations which applies in the spatial region downstream of the shock
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reads as
dτ

dz
= 1,

dη

dz
=

3

4
,

dχ

dz
= −3

4
(3.26)

so that
df

dz
=
∂f

∂τ

dτ

dz
+
∂f

∂η

dη

dz
+
∂f

∂χ

dχ

dz
= 0 (3.27)

By solving each of them, one obtains
τ(z) = z + Aτ

η(z) =
3

4
z + Aη

χ(z) = −3

4
z + Aχ

(3.28)

where Aτ , Aη, Aχ are integration constants. Summing up the last two identities, one
gets

η + χ = ln(rp) = const (3.29)
which implies that d(rp)/dz = 0. Since f(z) is also constant along z, then f will be
constant along the product rp. Thus

f(rp) = f(r0p0) (3.30)

where r0 and p0 represent respectively the position and momentum of the plasma
element, at the time t0 when it has been crossed by the shock. In order to get
unambiguously the solution, one needs to impose as a boundary condition that the
spectrum at the shock is the one resulting from the test-particle DSA approach

f(t0, Rs(t0), p0) = f0(t0, p0) = A(t0)p
−4
0 θ[pmax,0(t0)− p0] ≡ A(t0)p

−4
0 θ[pmax,0(t0)− p0]

(3.31)
where the normalization constant A(t0) defines the efficiency of conversion of the
shock ram pressure into CR pressure (further details on this assumption are given
in the next section), while the maximum momentum at the shock evolves with time
according to Eq. (3.8). Here, the acceleration spectrum is assumed to be non van-
ishing only for p0 < pmax(t0), in order to derive the exact spectral features of the
escape mechanism – without any interference from pre-existing cut-offs due to the
acceleration scenario. From Eq. (3.30), it follows that

rp = r0p0 =⇒ rp = Rs(t0)p0 (3.32)

Hence, one needs to find the position r0 = Rs(t0) where the plasma element was
located at time t0, the same element being in r at time t. This position is derived
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by considering the plasma speed as in Eq. (3.21) since

dr

dt
= v(r, t) =

3

4
vs(t)

r

Rs(t)
(3.33)

Using the shock motion during the ST phase, one obtains

dr

dt
=

3

10

r

t
=⇒

∫ r

Rs(t0)

dr′

r′
=

3

10

∫ t

t0

dt′

t′
=⇒ r = Rs(t0)

(
t

t0

)3/10

(3.34)

Moreover, during the ST phase

Rs(t)

Rs(t0)
=

(
t

t0

)2/5

(3.35)

so that Eq. (3.34) becomes

r = Rs(t0)

(
Rs(t)

Rs(t0)

)3/4

(3.36)

Introducing the plasma position at time t into Eq. (3.32), one obtains

Rs(t0)

(
Rs(t)

Rs(t0)

)3/4

p = Rs(t0)p0 (3.37)

from which the adiabatic compression in momentum is derived as

p0 = p

(
Rs(t)

Rs(t0)

)3/4

(3.38)

showing that the momentum of a plasma element decreases with time because of the
shell adiabatic expansion (namely for t > t0 then p < p0).

In this way, the distribution function of confined particles, i.e. particles that at a
time t have a momentum p < pmax,0(t), is

fconf(t, r, p) = f0

(
t0(t, r), p

(
Rs(t)

Rs(t0)

)3/4
)

(3.39)

where the time t0(t, r) can be obtained through Eqs. (3.34) and (3.5) as

t0(t, r) = t

(
Rs(t0)

r

)10/3

= tRs(t0)
10/3r−10/3 = t

(
ξ0ESN

ρISM

)2/3

t
4/3
0 r−10/3 (3.40)
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and hence
t0(t, r) =

r10

t3

(
ρISM
ξ0ESN

)2

(3.41)

Using the shock injected spectrum as in Eq. (3.31), one finally derives for the confined
distribution function

fconf(t, r, p) = A(t0)p
−4

(
Rs(t0)

Rs(t)

)3

θ

[
pmax,0 − p

(
Rs(t)

Rs(t0)

)3/4
]

(3.42)

Defining the adiabatic compression factor λ(t, r) from Eq. (3.38) as

λ(t, r) =

(
Rs(t)

Rs(t0)

)3/4

(3.43)

then the confined density function can be written as

fconf(t, r, p) =
A(t0)

λ4(t, r)
p−4θ [pmax,0 − pλ(t, r)] (3.44)

Rewriting this equation as a function of all variables at time t, one finally gets

fconf(t, r, p) = A(t, r)p−4θ [λ(t, r)(pmax(t, r)− p)] (3.45)

which shows that the effect of adiabatic losses on the the maximum momentum is
such that its temporal and spatial evolution reads as

pmax(t, r) = pmax,0λ
−1(t, r) (3.46)

while the normalization of the spectrum scales as

A(t, r) = A(t0)λ
−4(t, r) (3.47)

A visual representation of the radial dependence of the maximum momentum at a
fixed observation time is given in Fig. 3.4. Particles located in the inner part of the
remnant have been shocked during the ED stage, where the maximum momentum
was an increasing function of time. As the ST stage onsets, a break in the maximum
momentum function appears, since the maximum momentum starts to decrease with
time. Here adiabatic losses are accounted for, hence at the observation time no par-
ticles can achieve pM. Finally, the decrease in time of the maximum momentum
during the ST stage appears more pronounced for larger values of δ.

Eq. (3.45) can also be used to easily derive the radial dependence of the CR density
in the SNR interior: comparing such equation with the expressions in Eqs. (3.31) and
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(3.42), one gets

fconf(t, r, p) = f0(p, t)
A(t0)

A(t)

(
Rs(t0)

Rs(t)

)3

(3.48)

Note that, since
A(t0)

A(t)
∝ v2s (t0)

v2s (t)
∝
(
t0
t

)−6/5

(3.49)

and (
Rs(t0)

Rs(t)

)3

∝
(
t0
t

)6/5

(3.50)

as shown in Eq. (3.35), then the confined distribution function in Eq. (3.48) results
constant with r (whose dependence was given through t0). This peculiar result is
valid when α = 4, and it is a mere consequence of the fact that adiabatic expansion
acting on plasma elements shocked in the past exactly balances the decrease of
acceleration efficiency ∝ v2s in the ST phase. In the next section, it will be shown
instead that a radial dependence appears for α ̸= 4. These results will be used in
the following for the computation of the non-confined particle density function.

10-4

10-3

10-2

10-1

100

101

0.5 0.6 0.7 0.8 0.9 1.0

p m
ax

(T
SN

R
,r)

 / 
p M

r / Rs(TSNR)

δ = 2/5
δ = 4/5
δ = 1

δ = 7/5
δ = 2
δ = 3
δ = 4

Figure 3.4: Radial dependence of the maximum momentum, when the observation time is fixed to
the SNR age TSNR = 104 yr. Different values of δ are explored, regulating the time-dependency of
the maximum momentum at the shock position as pmax,0(t) ∝ t−δ for t > tSed (see Eq. (3.8)). The
acceleration spectrum here assumed has spectral index α = 4.

3.3.2 Normalization at the shock

A caveat to the derivation of the confined distribution function is mandatory at this
point. Indeed, the fact that A(t) ∝ v2s (t) derives from the assumption that a certain
fraction ξCR of the ram pressure is instantaneously converted into CR pressure at
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the shock. In this case, the injected spectrum reads as

f0(t, p) =
3ξCRρISMv

2
s (t)

4πc(mpc)4−αΛ(pmax(t))
p−αθ [pmax(t)− p] (3.51)

The pressure into CRs is defined as

PCR = ξCRρISMv
2
s (t) =

4

3
π

∫ ∞

pmin

p3v(p)f0(p)dp (3.52)

where v(p) is the particle speed. Therefore, by substituting Eq. (3.51) into Eq. (3.52),
one obtains

ξCRρISMv
2
s (t) =

4

3
π

3ξCRρISMv
2
s (t)

4πc(mpc)4−αΛ(pmax(t))

∫ ∞

pmin

p3β(p)cp−αθ [pmax(t)− p] dp (3.53)

from which one can derive

Λ(pmax(t)) =

(
pmax

mpc

)4−α ∫ pmax(t)

pmin

1√
p2 +m2

pc
2

(
p

pmax

)4−α

dp (3.54)

where pmin is the minimum momentum provided by the acceleration mechanism. The
main dependency of such a function on the particle momentum comes from the p4−α

max
term, rather than from the integral. It is however interesting to evaluate the integral
in the limits of high and low momenta, by approximating the integrand function. If
pmax ≫ mpc, it results that:

• if α > 4, then Λ(p) ∝ 1

4− α

(
pmin

mpc

)4−α

;

• if α < 4, then Λ(p) ∝ 1

4− α

(
p

mpc

)4−α

.

On the other hand, if pmax ≪ mpc it holds that:

• if α > 5, then Λ(p) ∝ 1

5− α

(
pmin

mpc

)5−α

;

• if α < 5, then Λ(p) ∝ 1

5− α

(
p

mpc

)5−α

.

Such approximations will be considered in Sec. 3.4.
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3.3.3 The distribution function of non-confined particles

After the escape time, particles with p > pmax(t) are no more confined by the shock:
as a consequence, advection and adiabatic compression can be neglected. Therefore,
the transport equation will be simplified as

∂f

∂t
=

1

r2
∂

∂r

[
r2D(r)

∂f

∂r

]
(3.55)

A note of caution needs to be added concerning the assumption of spherical sym-
metry. While this choice is almost always justified for particles confined inside the
SNR because of the highly turbulent region where they propagate in the shock down-
stream, escaping particles are expected to diffuse along the magnetic field lines of the
CSM. Hence, if the turbulence remains limited (δB ≪ B0), the geometry should be
more similar to a cylindrical flux tube. Nevertheless, matching a spherical geometry
inside the remnant with a cylindrical geometry outside it is not a trivial task. For
this reason, in the following, a spherical symmetry will be assumed everywhere in
the space. Despite this simplified assumption, it can be noted that diffusion in a
flux tube is generally more effective, hence the spherical symmetry provides a lower
limit to the confinement effect (see e.g. D’Angelo et al. (2018)).

Assuming t = tesc(p) as the starting time for particle escape, then the initial
condition for the density of non-confined particles reads as

fesc(r, t = tesc) = fconf(r, tesc) (3.56)

For simplicity, a uniform diffusion coefficient is assumed in the following, so that D
is the same inside and outside of the remnant, namely D = Din = Dout.

The general transport equation with constant diffusion (see Eq. (3.55)) can be ex-
panded as

1

D

∂f

∂t
=
∂2f

∂r2
+

2

r

∂f

∂r
(3.57)

Introducing u(r, t) = rf(r, t), then Eq. (3.57) becomes

1

D

∂u

∂t
=
∂2u

∂r2
(3.58)

This Equation can be solved with the boundary condition of Eq. (3.56) by means of
a Laplace transformation. The full derivation is provided in Appendix C, while the
final result on the escape solution reads as

fesc(r, t, p)

fconf(tesc, p)
=

1

2

[
Erf
[
R+

Rd

]
+ Erf

[
R−

Rd

]
+

Rd√
πr

(
e
−
(

R+
Rd

)2

− e
−
(

R−
Rd

)2
)]

θ[t− tesc(p)]

(3.59)
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where R+ = (Resc+r), R− = (Resc−r) and Rd(t, p) = 2
√
D(p)(t− tesc(p)). One can

easily check that such solution satisfies the boundary conditions: indeed, if r = 0
then f(0) = 0, while if r = ∞ then f(∞) = 0. Fig. 3.5 shows the radial dependence
of the non-confined particle distribution function at different times after the escape
time for protons of different momenta. As already pointed out, the flat trend at
t = tesc comes from the fact that, as long as particles are confined, their density is
independent of the radial position, as was derived in Eq. (3.48). This result comes as
a consequence of the combination of two effects: i) the acceleration efficiency, which
was assumed to scale as v2s (t), and ii) the adiabatic losses. Thus, at earlier times
when the shock speed was higher, also the acceleration process was more efficient.
However, particles accelerated at earlier times are subject to larger energy losses. A
perfect compensation of these two processes is achieved during the ST phase for an
acceleration spectrum scaling as ∝ p−4. This result does not hold during different
remnant evolutionary stages or in the assumption of different spectral shapes at the
shock. For t > tesc(p), the distribution tends to broaden, since particles diffuse ahead
of the shock. The amount of particles residing within the shock after the escape time
depends on the diffusion coefficient operating there, and on the particle momentum:
the stronger the turbulence, the more abundant the non-confined particle density
within the shock radius. This is represented in Fig. 3.6, where a smaller diffusion
coefficient corresponds to a larger escaping flux still located inside the remnant.

The precursor contribution
An additional contribution coming from the shock transition region should be in-
cluded in the CR escaping density function (see Ptuskin and Zirakashvili (2005)). In
fact, at the escape time, some particles are being accelerated up to pmax and therefore
they can contribute to the escape solution. The CR precursor (obtained from the
steady state transport equation in the plane shock approximation) reads as

fp(p, r, t) = f0(p, t) exp

[
− vs(t)

Dp(p)
(r −Rs)

]
(3.60)

where the diffusion coefficient Dp(p) is that within the precursor. In order to simplify
the computation of the escaping particle density function from the shock transition
region, the total number of particles contained in the precursor is assumed to be
located at the shock position, namely in r = Rs. This assumption is considered in
that the analytical expression adopted for the precursor-confined particle density is

fp,conf(p, r, t) = f0(p, t)
Dp(p)

vs(t)
δ(r −Rs) (3.61)

Therefore, these particles start diffusing from the shock and the same procedure as
above can be applied. The complete computation is carried out in Appendix C,
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Figure 3.5: Radial distribution function of the non-confined particle density at different times, for
particles with momentum p = 1 TeV/c (top), p = 10 TeV/c (middle) and p = 100 TeV/c (bottom).
Solid lines refer to an acceleration spectrum with spectral index α = 4. Vertical dashed lines represent
the shock position at different times: the blue dashed line coincides with the escape radius. Note
however that particles of different energies have a different escape radius. The model here assumes
pmax(t) regulated by pM = 1 PeV/c and δ = 4. The diffusion coefficient is Kolmogorov-like, normalized
to D0 = 1026 cm2 s−1. The contribution from the shock precursor is not included here. Figure from
Celli et al. (2019b), reproduced by permission of the Royal Astronomical Society.
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spectral index α = 4. The vertical blue line coincides with the shock radius at the observation time.
The model here assumes pmax(t) regulated by pM = 1 PeV/c and δ = 4. The contribution from the
shock precursor is not included here.

while here it is simply reported the result of that computation, namely the density
function of particles escaping from the shock region, that reads as

fp,esc(r, t, p)

f0(p, tesc)
=

1√
π

Resc

Rd

Dp(p)

vs(tesc)r

[
e
−(

R−
Rd

)2 − e
−(

R+
Rd

)2
]
θ[t− tesc(p)] (3.62)

The diffusive behavior of the escaped particles from inside the precursor is shown in
Fig. 3.7 as a function of the radial position, at four different times. While at t = tesc(p)
the distribution function is schematically shown as a δ-function (see Eq. (3.61)), at
later times particles released by the precursor start to diffuse in all the directions.
As they get overtaken by the shock itself, they are potentially able to contribute to
the distribution function of non-confined particles still located within the remnant
after the escape time.

The case of a steeper acceleration spectrum
Some young SNRs observed in gamma rays (e.g. Tycho and CasA) show steep spectra
that, if produced in hadronic interactions, would imply a parent proton spectrum
∝ p−4.3. To date, there is no consensus yet on the physical reason producing spectra
steeper than p−4. Some possibilities invoke the role of the speed of the scattering
centers (Morlino and Caprioli, 2012) or the modification produced onto the shock
structure by the presence of neutral hydrogen (Morlino and Blasi, 2016). For this
reason, in the following, the possibility that the acceleration spectrum might be
steeper than p−4 is also considered. Interestingly, an exact analytical solution for
the non-confined particle density exists within the following approximation p−4.3 ≃
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Figure 3.7: Radial distribution function of the non-confined particle density released by the precursor at
different times (solid lines), for particles with momentum p = 10 TeV/c. Vertical dashed lines represent
the shock position at different times. The model here assumes pmax(t) regulated by pM = 1 PeV/c and
δ = 4. The diffusion coefficient is Kolmogorov-like, normalized to D0 = 1026 cm2 s−1. Figure from
Celli et al. (2019b), reproduced by permission of the Royal Astronomical Society.

p−(4+1/3). In this case, the confined distribution function becomes (for a compression
ratio σ = 4)

fconf(t, r, p) = A(t0)p
−(4+1/3)

(
Rs(t)

Rs(t0)

)−(3+1/4)

θ

[
pmax,0 − p

(
Rs(t)

Rs(t0)

)3/4
]

(3.63)

Comparing it to the distribution function at the shock for particles of momentum p
at time t

f0(t, p) = A(t)p−(4+1/3)θ [pmax(t)− p] (3.64)
one obtains

fconf(t, r, p) = f0(t, p)
A(t0)

A(t)

(
Rs(t0)

Rs(t)

)(3+1/4)

(3.65)

Because of Eq. (3.49) and(
Rs(t0)

Rs(t)

)(3+1/4)

=

(
Rs(t0)

Rs(t)

)13/4

∝
(
t0
t

)13/10

(3.66)

the confined distribution function in Eq. (3.65) now results to be

fconf(t, r, p) =
3ξCRρISM

25πc(mpc)4−αΛ(pmax(t0))

(
ξ0ESN

ρISM

)2/5

t
1/10
0 t−13/10p−α = k(t)rp−α

(3.67)
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given t0(t, r) as in Eq. (3.41), where the function k(t) is

k(t) =
3ξCRρISM

25πc(mpc)4−αΛ

(
ξ0ESN

ρISM

)1/5

t−8/5 (3.68)

The linear dependence on the radial distance, shown in Eq. (3.67), leads to a different
solution in the escape distribution function with respect to what has been obtained
before for an acceleration spectrum ∝ p−4. The complete derivation is provided in
Appendix C, the final result being

fesc(t, r, p)

k(tesc)
=

{
Rd√
π
e
−
(

r
Rd

)2

+
Rd

2
√
π

(
R−

r

)
e
−
(

R+
Rd

)2

− Rd

2
√
π

(
R+

r

)
e
−
(

R−
Rd

)2

+

+

(
r +

R2
d

2r

)
Erf
[
r

Rd

]
+

1

2

(
r +

R2
d

2r

)
Erfc

[
R+

Rd

]
+

−
(
1− Erf

[
R−

Rd

])(
r

2
+
R2

d

4r

)}
· θ[t− tesc(p)]

(3.69)

This solution can be compared with that presented in Eq. (3.59). A visual repre-
sentation of the density function reported in Eq. (3.69) at different radial positions
is provided in Fig. 3.8, where 10 TeV protons are considered (see Fig. 3.5(b) for
comparison with the p−4 case). This figure shows that, at a fixed observation time
after the escape time, the contribution from the density of non-confined particles
located within the shock is always lower than that expected in the case of a p−4

acceleration spectrum. In fact, in the p−4 case, the confined density function is ra-
dially flat, hence the broadening due to diffusion mainly tends to deprive the inner
part of the remnant in order to fill the external part with accelerated particles. On
the other hand, for a steeper spectrum as in the p−(4+1/3) case, where the confined
density function linearly increases with the radius, the broadening first tends to fill
the inner part of the remnant with accelerated particles, and only at later times the
same region will be emptied.

3.3.4 The spectrum of protons residing inside the remnant

An interesting aspect of the escape problem is the fact that it modifies the particle
spectrum residing inside the SNR with respect to that accelerated at the shock and
then affected by adiabatic losses. Indeed, as shown above, the distribution function
of non-confined particles can be non vanishing inside the shock region up to sev-
eral times tesc(p), depending on the diffusion coefficient, even though these particles
are no more connected to the shock itself: the detailed computation of the residence
time depends on the diffusion properties of the medium, which is also affected by the
presence of CRs themselves. Therefore, since part of the high-energy non-confined
particles might still be located inside the source, the particle spectrum should be af-
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Figure 3.8: Radial distribution function of the non-confined particle density at different times (solid
lines), for particles with momentum p = 10 TeV/c. Solid lines refer to an acceleration spectrum with
spectral index α = 4 + 1/3. Vertical dashed lines represent the shock position: the blue dashed line
coincides with the escape radius. The model here assumes pmax(t) regulated by pM = 1 PeV/c and
δ = 4. The diffusion coefficient is Kolmogorov-like, normalized to D0 = 1026 cm2 s−1. The contribution
from the precursor is not included here. Figure from Celli et al. (2019b), reproduced by permission of
the Royal Astronomical Society.

fected by their presence. Generally, one would expect the confined particle density to
show an exponential suppression at the end of the acceleration spectrum, dictated
by the escape process. The additional contribution from the non-confined parti-
cles, which however are still diffusing inside the remnant, might possibly produce
a spectrum that is closer to a broken power-law. The break in momentum would
be regulated by the maximum momentum at the remnant age pmax(TSNR). Thus,
while the low-energy part of the spectrum would simply reflect the acceleration spec-
trum, non-confined particles would contribute to the high-energy part. Now, since
the more energetic particles escape the shock at earlier times and since the diffusion
length is generally an increasing function of momentum, these are expected to be
less abundant than low-energy particles. Hence, the steepening at high momenta
(p > pmax(TSNR)) strongly depends on the temporal dependence of pmax(t), i.e. on
the δ index.

The proton spectrum resulting from all the particles contained inside the remnant,
including both confined and non-confined ones, as well as the contribution from
non-confined particles released by the precursor, is computed through

Jp(t, p) =
4π

VSNR

∫ RSNR

0

r2 [fesc(r, t, p) + fp,esc(r, t, p) + fconf(r, t, p)] dr (3.70)

This is shown in Fig. 3.9 for an acceleration spectrum ∝ p−4 and pM = 1 PeV/c:
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different possible slopes δ are explored as well as different absolute normalizations of
the diffusion coefficient. Since escape is effective during the ST phase, only middle-
aged SNRs are considered in the following. In order to show the effects of this
phenomenon, typical parameters are set: namely a SN explosion energy of ESN =
1051 erg, a density of the ISM equal to ρISM = 1 (mp/g) (g/cm3), a mass in the ejecta
of Mej = 10M⊙, a remnant age of TSNR = 104 yr and an efficiency conversion of
the bulk energy into CRs ξCR = 10%. The same values are adopted in the rest of
this chapter, unless explicitly mentioned. With this set of values, the Sedov time
is equal to tSed = 1.6 × 103 yr. In order to define univocally the escape solution,
an effective diffusion coefficient for CR scattering has to be fixed. A focus on the
spatial region close to the accelerator, where a stronger turbulence than the average
Galactic is expected (Kulsrud and Pearce, 1969, D’Angelo et al., 2018), is provided
in the following: thus, a Kolmogorov-like spectrum is set

D(p) = D0

(
p

10GeV/c

)1/3

(3.71)

where the normalization is reduced by a factor of 10 with respect to the average
Galactic one, i.e. D0 = 1027 cm2 s−1. As discussed above, non-confined particles
mostly contribute above the energy break, whose value depends on the remnant age
and on the slope δ of the maximum momentum temporal dependency. On the other
hand, particles connected to the shock contribute to the spectrum in the energy re-
gion below the break, which is flat in pαf(p) (for an acceleration spectrum ∝ p−α).
The energy break in the spectrum is due to the maximum momentum achieved at
the shock position at the remnant age, its exact value depending on the parameter
δ which regulates how fast the maximum momentum is decreasing with time be-
cause of particle escape. For a more quantitative estimate, Tab. 3.1 provides the
values of pmax(TSNR) under different assumptions concerning δ. Furthermore, the
spectral trend above the break strongly depends on the energy dependence of the
diffusion coefficient assumed: a sort of flattening is visible at high energies, resulting
from the sum among non-confined particles and particles escaped from the precursor,
both contributions being located within the shock radius but decoupled from it. By
increasing the value of the diffusion coefficient, a reduced amount of non-confined
particles would be still located inside the remnant shock. Hence it is clear that, if the
CRs are able to self-amplify the turbulent magnetic field needed for their efficient
scattering, the confinement time within and around the source would increase. In
order to confirm this hypothesis, that the self-generated diffusion coefficient in the
source vicinity is reduced with respect to the average Galactic value, Sec. 3.3.5 will
be devoted to the evaluation of the amount of turbulence generated by the resonant
streaming of CRs.

On the other hand, by adopting the approach by Cardillo et al. (2015) for the
maximum momentum estimate, the maximum momentum at the shock position in
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Figure 3.9: Proton spectrum of confined and non-confined particles still residing inside the remnant at
TSNR = 104 yr for different values of the index δ, which regulates the time-dependence of the maximum
momentum at the shock. The acceleration spectrum is set to α = 4, the upstream numerical density
here assumed is n = 1 cm−3, the maximum momentum at the Sedov time is set to pM = 1 PeV/c.
Diffusion coefficient is Kolmogorov-like, normalized to: Top: D0 = 1 × 1027 cm2 s−1, Bottom: D0 =
1 × 1028 cm2 s−1. The particle distributions without the shock precursor are always shown as dashed
lines. Figure from Celli et al. (2019b), reproduced by permission of the Royal Astronomical Society.
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Table 3.1: Maximum momentum achieved at the shock at TSNR = 104 yr in the parametrization of
Eq. (3.8). The acceleration spectrum is set ∝ p−4, the upstream density is nup = 1 cm−3 (it affects the
onset of the ST stage), while pM = 1 PeV/c at the ST time. Table from Celli et al. (2019b), reproduced
by permission of the Royal Astronomical Society.

δ pmax(TSNR) (GeV/c)
1 1.6× 105

2 2.5× 104

3 4.1× 103

4 6.5× 102

the standard DSA scenario (from Eqs. (3.12) and (3.13)) results higher than in
the case of a softer acceleration spectrum (from Eqs. (3.14) and Eq. (3.15)). With
the standard set of aforementioned parameters, a remnant expanding into a uniform
medium of density n = 1 cm−3 and observed at a time TSNR = 104 yr would accelerate
particles up to pmax(TSNR) ≃ 5.9 × 103 GeV/c if α = 4 or to pmax(TSNR) ≃ 1.3 ×
103 GeV/c if α = 4 + 1/3. The proton spectrum obtained integrating the whole
distribution function within the remnant radius is shown in Fig. 3.10, for both the
cases of an acceleration spectrum with α = 4 and α = 4 + 1/3. Here, analogous
features to Fig. 3.9 can be noted.
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Figure 3.10: Proton spectrum of confined and non-confined particles inside the remnant. Both lines
indicate the modeling according to the maximum momentum time-dependency at the shock taken from
Cardillo et al. (2015): the grey line refers to the case with β = 0, while the black line refers to
β = 1/3. In both cases, the upstream density is set to nup = 1 cm−3, while D0 = 1 × 1027 cm2 s−1

and pM = 1 PeV/c were assumed. The source age is fixed to TSNR = 104 yr.
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3.3.5 Self-generated turbulence

It has been previously shown that, in order for the non-confined particles to con-
tribute sizably to the proton spectrum inside the SNR, a reduced value of the diffu-
sion coefficient with respect to the average Galactic one is required. This effect might
be ascribed to the presence of spatial gradients in the particle density function. In
fact, as discussed in Ch. 2, the amount of self-generated turbulence due to resonant
streaming instability depends on the spatial gradient of the distribution function, as
the growth rate of resonant MHD waves ΓCR is expressed by Eq. (2.26). On the
other hand, if the plasma is completely ionized, a relevant damping mechanism is
the non-linear one, expressed by Eq. (2.27). Therefore, by imposing that ΓCR = ΓD,
one can evaluate a posteriori the amount of turbulence that CRs can self-generate.
Note that, for this computation, analytical expression for the radial gradient of the
distribution function can be derived in both the cases of a p−4 and p−(4+1/3) acceler-
ation spectra. These are given in the following: for the p−4 case, the gradient of the
non-confined particle density function reads as

1
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(3.72)

On the other hand, for the p−(4+1/3) case, the gradient of the non-confined particle
density function is obtained as
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(3.73)

where k(tesc) was defined at the end of Sec. 3.3.3. Furthermore, when computing the
CR self-generated turbulence in the p−(4+1/3) case, one should account for the non
vanishing radial gradient of the confined particle distribution function. Finally, also
the precursor particle density function has a non null radial gradient.

Hence, by using the spatial CR gradient obtained with a given assumption on
Dout, it is possible to calculate the level of self-generated turbulence due to stream-
ing instability (namely the power in turbulent magnetic waves as given in Eq. (2.28))
and consequently to derive the diffusion coefficient D̂ ∝ F−1 effectively operating
within or outside the shock at the remnant age. Even if such a calculation is not a
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Table 3.2: Escape times for particles of different momentum from an SNR evolving with Mej = 10M⊙,
ESN = 1051 erg, ξCR = 10%, nup = 1 cm−3 and TSNR = 104 yr. The parametrization of escape
time adopted here follows Eq. (3.9), with pM = 106 GeV/c and δ = 3. Table from Celli et al. (2019b),
reproduced by permission of the Royal Astronomical Society.

p (GeV/c) tesc (yr)
10 7.4× 104

102 3.4× 104

103 1.6× 104

104 7.4× 103

105 3.4× 103

self-consistent one, it can show whether or not the streaming instability can be re-
sponsible for the reduction of Dout. It is worth stressing that one should account for
the duration of the wave amplification process: on a general ground, one can expect
that a suppression of the diffusion coefficient with respect to the average Galactic
value is achieved within few escape times, but later on, when the CR density dimin-
ishes, also the amplification of the magnetic turbulence fades. In other words, the
streaming instability cannot be responsible for the needed magnetic turbulence dur-
ing the whole remnant lifetime, but only as long as a consistent number of particles
are being accelerated. In order to facilitate the comparison among the remnant age
and the escape time of particles at different energies, Tab. 3.2 reports the expected
escape time, computed according to Eq. (3.9).

Assuming the same benchmark values as in Sec .3.3.4 with a background magnetic
field B0 ≃ 3µG and α = 4, the ratio Dout/D̂ was calculated for D0 = 1×1027 cm2 s−1

and D0 = 1 × 1026 cm2 s−1. Results are shown in the top panel of Fig. 3.11. As
visible, in both cases, the level of self-generated turbulence is such that D̂ ≲ Dout

for pc ≲ 10 TeV in a region of about the size of the SNR. On the other hand, the
timescale to excite the instability τCR = 1/ΓCR, reported in the bottom panel of the
same figure, is smaller, or comparable, to the SNR age only for energy lower than
∼ 1 TeV, meaning that only below such energy the resonant streaming instability
is able to reduce the diffusion coefficient at least by a factor of 10 with respect to
the average Galactic DGal, thus increasing the particle residence time around the
remnant.

3.3.6 Gamma rays from the remnant interior

The spectrum of all protons contained inside the remnant shows a characteristic
energy break that is connected to the maximum momentum at the remnant age.
Analogously, the spectrum of secondaries resulting from pp collisions will reflect this
feature as well as the spatial distribution of the target gas. For a remnant expanding
into a homogeneous medium, the density profile of the downstream medium during
the ST phase (Sedov, 1959) can be well approximated by the following polynomial
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Figure 3.11: Top: spatial dependence of self-generated diffusion coefficient D̂(p, r), normalized to
Dout(p) for D0 = 1× 1027 cm2 s−1 (thin lines) and D0 = 1× 1026 cm2 s−1 (thick lines), calculated by
setting an acceleration spectrum with slope α = 4. The parametrization of escape time adopted here
follows Eq. (3.9), with δ = 3. The three sets of lines correspond to three different particle energies:
1 TeV (solid), 10 TeV (dashed) and 100 TeV (dot-dashed). Bottom: corresponding excitation time for
the streaming instability in unit of the SNR age (TSNR = 104 yr) and for the same energy values as the
top panel. Figure from Celli et al. (2019b), reproduced by permission of the Royal Astronomical Society.
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expression

ndown(r, t) = nupσ

[
a1

(
r

Rs(t)

)α1

+ a2

(
r

Rs(t)

)α2

+ a3

(
r

Rs(t)

)α3
]

(3.74)

where σ is the compression ratio and the upstream density nup is assumed to be
constant. The parameters in Eq. (3.74) have been derived by fitting the radial
profile of the shocked medium, as presented in Sedov (1959), resulting into a1 =
0.353, a2 = 0.204, a3 = 0.443, α1 = 4.536, α2 = 24.18 and α3 = 12.29. A visual
representation of such a density profile is given in Fig. 3.12: it is worth noting here
that the plasma compression ratio σ is only achieved at the shock position.
Convolving the differential energy spectrum of protons residing in the remnant inte-
rior with the density profile of Eq. (3.74), one obtains

I(t, Tp) =

(
d3p

dTp

)
4π

∫ RSNR

0

r2 [fesc(r, t, p) + fp,esc(r, t, p) + fconf(r, t, p)]ndown(r, t)dr

(3.75)
and considering the differential cross-section for pp-interactions through

ϵγ(t, Eγ) = 4π

∫
dTp

dσpp
dEγ

(Tp, Eγ)I(t, Tp) (3.76)

the gamma-ray differential energy flux at every time and energy reads as

ϕγ(t, Eγ) =
c

4πd2
ϵγ(t, Eγ) (3.77)

The gamma-ray flux expected from the interactions of the accelerated protons with
the target gas inside the shell of an SNR located at a distance of d = 1 kpc is rep-
resented in Fig. 3.13. Here, the same set of parameters as the top panel of Fig. 3.9
was assumed. As was already visible in the spectrum of protons contained inside the
remnant, the gamma-ray energy flux at the highest energies is essentially due to the
non-confined particles, whose onset strongly depends on the parametrization of the
maximum momentum time-dependence (namely on the index δ).

Analogously, the gamma-ray flux obtained with the maximum-momentum evolu-
tionary parametrization by Cardillo et al. (2015) can be derived. The resulting emis-
sion (corresponding to the proton spectrum shown in Fig. 3.10) is shown in Fig. 3.14.
At this point, it is worth checking whether the modeling of pmax(t) from Cardillo
et al. (2015), or alternatively a simple power-law, is able to adequately reproduce
the high-energy radiation observed from middle-aged SNRs, as will be discussed in
Sec. 3.5.

Given the large number of parameters involved in the model, in order to disentangle
their effects, each of them will be varied independently in the following. In particular,
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Figure 3.12: Density profile during the ST phase, normalized to the upstream density, for a compression
ratio σ = 4. The region r ≤ Rs(t) defines the downstream medium, while the upstream is located in
r > Rs(t). The vertical dashed line represents the shock position.
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Figure 3.13: Gamma-ray flux from pp collisions of confined and non-confined particles located inside
the remnant. Same simulation parameters as the top panel of Fig. 3.9. Dashed lines for the confined
distribution function, dotted for the non-confined one and solid lines for their sum. The source distance
here is set to d = 1 kpc. Figure from Celli et al. (2019b), reproduced by permission of the Royal
Astronomical Society.
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Figure 3.14: Gamma-ray flux from pp collisions of confined and non-confined particles inside the
remnant. Here the time-dependence of the maximum momentum at the shock is taken from Cardillo
et al. (2015) with β = 0 for the grey line and β = 1/3 for the black one. Same simulation parameters
as in Fig. 3.10. The source distance here is set to d = 1 kpc.

Figs. 3.15, 3.16 and 3.17 show the resulting gamma-ray spectrum when the upstream
density, the diffusion coefficient and remnant age are varied respectively. In general,
the higher is the upstream density and the earlier will the Sedov time be achieved:
this implies that more particles will be able to contribute to the non-confined particle
density function, once the age of the remnant is fixed. Moreover, the larger is the
upstream density and the higher is the expected gamma-ray emissivity, as in hadronic
interactions the photon intensity scales linearly with the target density. On the
other hand, the smaller the diffusion coefficient is, the larger is the confinement time
τdiff = R2

SNR/6D(p), implying that a larger amount of particles will be still residing
within the remnant at a fixed age. Finally, for younger remnants, the lower energy
particles contribute less to the non-confined particle density.

3.3.7 Protons and gamma rays produced outside of the remnant

In the escape scenario, high-energy particles are able to leave the shock at earlier
times and freely diffuse in the CSM. Thus, one would expect that part of the accel-
erated flux that has escaped the system is located outside of the remnant shell. In-
teractions with target gas may eventually produce gamma rays, hence in this section
the gamma-ray emissivity resulting from several annular regions outside of the shock
radius will be evaluated. Clearly, the amount of particles located beyond the shock
strongly depends on the diffusion properties of the plasma located in that region.
Considering a spherical corona between the radii R1 and R2 (with Rs ≤ R1 < R2),
the average spectrum is given by

Jout
p (t, p) =

3

R3
2 −R3

1

∫ R2

R1

r2 [fesc(r, t, p) + fp,esc(r, t, p)] dr (3.78)
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Figure 3.15: Gamma-ray flux from pp collisions of confined and non-confined particles located inside
the remnant at TSNR = 104 yr for different values of the slope δ and upstream density. The acceler-
ation spectrum has index α = 4, the diffusion coefficient energy-dependence here is Kolmogorov-like,
normalized to D0 = 3 × 1027 cm2 s−1, pM = 1 PeV/c, while the downstream radial profile assumed is
the Sedov solution (Sedov, 1959). The source distance here is set to d = 1 kpc.
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Figure 3.16: Gamma-ray flux from pp collisions of confined and non-confined particles located inside
the remnant at TSNR = 104 yr for different values of the slope δ and D0. The acceleration spectrum
has index α = 4, the upstream numerical density here assumed is n = 1 cm−3, pM = 1 PeV/c, while
the downstream radial profile assumed is the Sedov solution (Sedov, 1959). The source distance here is
set to d = 1 kpc.
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Figure 3.17: Gamma-ray flux from pp collisions of non-confined particles located inside the remnant at
different times and for different values of the slope δ. The acceleration spectrum has index α = 4, the
diffusion coefficient here is Kolmogorov-like, normalized to D0 = 3× 1027 cm2 s−1, pM = 1 PeV/c, the
upstream numerical density here assumed is n = 1 cm−3, while the downstream radial profile assumed
is the Sedov solution (Sedov, 1959). The source distance here is set to d = 1 kpc.

Such a spectrum is shown in Fig. 3.18 for two positions of R1 and R2, where a
Kolmogorov-like diffusion coefficient normalized to D0 = 1 × 1027 cm2 s−1 is set:
the spectrum of protons has a low-energy cut-off, regulated by the condition p =
pmax(TSNR), due to the fact that low-energy particles did not have enough time to
achieve the location of the region considered. The contribution from the precursor
is well visible at the highest energies, where the spectrum flattens: such a behavior
results from the balance between the number of particles contained in the precursor,
which is an increasing function of momentum, and the number of particles contained
at the highest energies, which on the other hand decreases with momentum. Solid
lines refer to particles enclosed in the annulus, which extends from Rs(t) to 2Rs(t)
outside of the remnant shell, while dashed lines refer to those in the annulus from
2Rs(t) to 3Rs(t). It can be noted that, towards the outer regions of the accelerator,
the low-energy cut-off of the spectrum is moved to highest energies since only the
highest energy particles are able to reach the farther regions. As a consequence, also
the spectrum normalization is affected, and it decreases moving outwards.

As non-confined protons possibly reach regions outside the remnant shell as far as
twice the extension of the remnant itself, the maximum distance depending on the
diffusion coefficient acting there, it is possible to evaluate the gamma-ray emissivity
resulting from pp interactions, according to Eq. (3.77). The gas distribution in the
upstream is assumed to be uniform in an annular region outside of the remnant shell,
extending from Rs(t) to 2Rs(t), as considered above: results are shown in Fig. 3.19,
for a reduced diffusion coefficient of protons to D0 = 1 × 1027 cm2 s−1. Again, a
bump-like feature appears, showing similar features concerning the low-energy cut-off
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Figure 3.18: Non-confined proton spectrum at TSNR = 104 yr located outside of the remnant shell
for different values of the slope δ, which regulates the time-dependence of the maximum momentum at
the shock. The acceleration spectrum has index α = 4, the upstream numerical density here assumed
is n = 1 cm−3, while the diffusion coefficient is Kolmogorov-like, normalized to D0 = 1× 1027 cm2 s−1.
The maximum momentum at the Sedov time is set to pM = 1 PeV/c. Solid lines for the particle
spectrum within an annulus extending from RSNR to 2RSNR outside of the remnant, dashed lines for
those contained in an annulus extending from 2RSNR to 3RSNR outside of the remnant. Figure from
Celli et al. (2019b), reproduced by permission of the Royal Astronomical Society.

as in Fig. 3.18. However, the gamma-ray flux is shifted towards lower energies, as a
consequence of the secondary production, and it appears smoothed in the low-energy
part. Next-generation gamma-ray instruments, as CTA, would possibly investigate
the presence of such features in bright emitters: however, a correct evaluation of the
instrument performances requires to account for the spatial extent of the region under
investigation. For instance, a middle-aged remnant (TSNR = 104 yr) at a distance of
1 kpc would cover an angular area of radius ∼ 0.8 deg, resulting into an even more
extended halo of escaping particles. The large amount of background coincident with
such an extended angular search window tends to degrade the instrument sensitivity
level, as more quantitative estimated in Ch. 5.

3.3.8 The gamma-ray radial profile

The volume-integrated emission is not always the best quantity to compare with the
observations if the object under investigation is extended and diffuse. In this case,
precious information can be derived from the remnant morphology, especially from
the radial profile of the emissivity. In order to compare the observed radial profiles
with the model predictions, the emission projected along the line of sight has to be
computed. Under the assumption of spherical symmetry, the gamma-ray emissivity
is a function of the radius alone and the projected emission is simply computed by
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Figure 3.19: Gamma-ray flux from pp collisions in an annulus extending outside of a remnant from
RSNR to 2RSNR, with an age of TSNR = 104 yr. The upstream density assumed here is nup = 1 cm−3

and the acceleration spectrum has index α = 4. The diffusion coefficient is Kolmogorov-like, normalized
to D0 = 1 × 1027 cm2 s−1, pM = 1 PeV/c, while the source distance is d = 1 kpc. Figure from Celli
et al. (2019b), reproduced by permission of the Royal Astronomical Society.

integration along the line of sight l:

Sp(Eγ, t, ρ) = 2

∫ √
R2

max−ρ2

0

S
(
Eγ, t, r =

√
ρ2 + l2

)
dl (3.79)

where S(Eγ, t, r) represents the surface brightness and Rmax defines the extension
of the region considered in the projection. A sharp drop in the emission profile is
expected between the position of the contact discontinuity and that of the shock
for a shell-like SNR. Fig. 3.20 provides a representation of the expected gamma-ray
surface brightness profile arising from pp interactions at different photon energies
and for different slopes δ. Here, the instrumental performances are also accounted
for, in that a Gaussian smearing of the angular resolution is applied to the profile
model of Eq. (3.79). The PSF considered is that of CTA-South, with values of
σCTA(Eγ = 1 TeV) = 0.051◦ and σCTA(Eγ = 10 TeV) = 0.037◦†. As visible from
the gamma-ray profile obtained, the smaller is δ and the larger are the fluctuations
expected between the region inside and that outside the shell. The drop however
shrinks with increasing energy, as parent particles are able to reach larger distances.
As the emission profile drop ranges from about one to two orders of magnitude, it
appears likely that the next-generation instruments will achieve the sensitivity level
necessary for detecting such an emission from outside of the shell of bright emitters.

†https://www.cta-observatory.org/science/cta-performance/

121

https://www.cta-observatory.org/science/cta-performance/


���������

δ = 1
δ = 2
δ = 3
δ = 4

0.5 1 1.5
10-6

10-5

10-4

ρ / Rsh(t)

E
2 γS

p(
E
γ=
1
Te
V
)[
au

]
Eγ = 1 TeV

��������

δ = 1
δ = 2
δ = 3
δ = 4

0.5 1 1.5
10-6

10-5

10-4

ρ / Rsh(t)

E
2 γS

p(
E
γ=
10
Te
V
)[
au

]

Eγ = 10 TeV

Figure 3.20: Surface brightness radial profile of 1 TeV (top) and 10 TeV (bottom) gamma rays for
a remnant age of TSNR = 104 yr located at a distance d = 1 kpc. The upstream density assumed
here is nup = 1 cm−3 and the acceleration spectrum has index α = 4. The diffusion coefficient energy
dependence is Kolmogorov-like, normalized to D0 = 1 × 1027 cm2 s−1, while pM = 1 PeV/c. The CR
acceleration efficiency here assumed is ξCR = 10%. Figure from Celli et al. (2019b), reproduced by
permission of the Royal Astronomical Society.
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3.4 The cosmic-ray spectrum injected in the Galaxy

Once the distribution function of the particles accelerated at the shock is known
at any given time and position, it is possible to compute the spectrum of particles
released in the Galaxy by an individual SNR. In order to compute the number of
particles (per unit energy) injected with momentum p, a spatial integration of the
particle distribution function at the escape time has to be performed as

finj(p, tesc) = 4π

[∫ Resc(p)

0

r2fconf(tesc, r, p)dr +

∫ ∞

Resc(p)

r2fp(tesc, r, p)dr

]
≡ f1(p) + f2(p)

(3.80)

where the first contribution comes from the particles confined within the escape ra-
dius and the second one derives from particles enclosed in the precursor. In the
following, these contributions are evaluated individually: in order to perform the
integration in Eq. (3.80), the radial dependency of the particle distribution function
has to be clearly explicited.

The distribution function of confined particles was derived in Sec. 3.3.1, including
adiabatic losses, for two different shock-acceleration spectra (with α = 4 and α =
4+1/3). For a generic acceleration spectrum with spectral index α and compression
ratio σ, this function can be written as

fconf(t, r, p) =
3ξCRρISMv

2
s (t)

4πc(mpc)4−αΛ(pmax(t))
p−αθ [pmax(t)− p]

(
Rs(t)

Rs(t0)

)−α(σ−1)/σ

(3.81)

During the ST phase one obtains

fconf(t, r, p) =
3ξCRρISMv

2
s (t)

4πc(mpc)4−αΛ(pmax(t))
p−αθ [pmax(t)− p]

(
t

t0

)−2α(σ−1)/5σ

(3.82)

In the following, the parameter ϵ is defined as

ϵ =
2

5
α

(
σ − 1

σ

)
(3.83)

This, in the case of the test-particle DSA theory with α = 4 and σ = 4, assumes the
value ϵ = 6/5, while it increases for steeper spectra at the shock (for instance, for
α = 4 + 1/3 it becomes ϵ = 13/10). In this way, the confined distribution function
at the escape time reads as

fconf(tesc, r, p) =
3ξCRρISMv

2
s (tesc)

4πc(mpc)4−αΛ(pmax(tesc))
p−αθ [pmax(tesc)− p]

(
tesc

t0(tesc, r)

)−ϵ

(3.84)
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In order to explicitly express the radial dependence of fconf, one should recall the
definition of t0(t, r), as in Eq. (3.41). Hence, the following relation is derived

tesc
t0(tesc, r)

=
t4esc
r10

(
ξ0ESN

ρISM

)2

=⇒
(

tesc
t0(tesc, r)

)−ϵ

=

(
r

Resc

)10ϵ

(3.85)

through which the confined function at the escape time can be expressed as

fconf(tesc, r, p) = f0(p)

(
r

Resc

)10ϵ

(3.86)

Introducing this expression into Eq. (3.80), one obtains

f1(p) = 4πf0(p)R
−10ϵ
esc

∫ Resc

0

r2+10ϵdr = 4πf0(p)
R3

esc(p)

3 + 10ϵ
(3.87)

On the other hand, the contribution from particles accelerated within the shock
precursor is simply described through Eq. (3.61). Therefore the spatial integration
of the second term simply reads as

f2(p) = 4πf0(p)
Dp(p)

vs(tesc)

∫ ∞

Resc

r2δ(r −Resc)dr = 4πf0(p)
Dp(p)

vs(tesc)
R2

esc(p) (3.88)

In principle, Dp depends also on time: however, a non-linear approach is beyond the
scope of this work. The total spectrum of particles with momentum between p and
p+ dp injected in the Galaxy at the escape time thus amounts to

finj(p, tesc(p)) = 4πf0(p)R
3
esc(p)

[
1

3 + 10ϵ
+

Dp(p)

Resc(p)vesc(p)

]
(3.89)

where the two terms within square brackets represent respectively the contribution
from particles within the escape radius and that enclosed in the shock precursor. As
explained in Sec. 3.3.2, the acceleration spectrum at every time is assumed to scale as
a fixed fraction of the ram pressure, namely f0(p) ∝ v2esc(p)p

−α/Λ(p), and therefore

finj(p, tesc(p)) ∝
v2esc(p)R

3
esc(p)

Λ(p)
p−α

[
1

3 + 10ϵ
+

Dp(p)

Resc(p)vesc(p)

]
(3.90)

In the assumption that tesc(p) ∝ p−1/δ (see Eq. (3.9)) and that the remnant is
undergoing the ST phase, then Resc(p) ∝ p−2/5δ and vesc(p) ∝ p3/5δ. Hence, the term
v2esc(p) perfectly balances R3

esc(p), and the momentum dependence of the spectrum
injected in the Galaxy as provided by particles contained into the escape radius is

finj(p) ∝
p−α

Λ(p)
(3.91)
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Here, the contribution from the precursor has been omitted, as will be justified at the
end of this section. Neglecting the dependency on particle momentum provided by
Λ(p), one would derive that the the spectrum injected in the Galaxy coincides with
the acceleration spectrum. On the other hand, in order to account for this term as
well, the approximate expression for the integral in Λ(p) presented in Sec. 3.3.2 will
be considered in the following. In the limiting case of relativistic particles (p≫ mpc),
the approximation of Λ(p) reads as:

• if α > 4, then Λ(p) ∝ (pmin/mpc)
4−α =⇒ finj(p) ∝ p−α: if the acceleration

spectrum is steeper than p−4, the spectrum injected in the Galaxy will show
the same steepness, thus coinciding with the acceleration spectrum;

• if α < 4, then Λ(p) ∝ (p/mpc)
4−α =⇒ finj(p) ∝ p−4: if the acceleration

spectrum is flatter than p−4, the spectrum injected in the Galaxy will be a p−4

power law, regardless of the acceleration spectrum.

This result can be summarized as: for particles with p≫ mpc it holds that

finj(p) ∝

{
p−α α > 4

p−4 α < 4
(3.92)

while for particles with p≪ mpc it rather holds

finj(p) ∝

{
p−α α > 5

p−5 α < 5
(3.93)

Few words of caution are mandatory at this stage: the spatial integration performed
in Eq. (3.80) on the confined density function extends until Resc(p), in the assump-
tion that the remnant evolution proceeds entirely through the ST stage. Formally,
one should consider whether the shock is still able to accelerate particles even when
the lowest energy particles are escaping. In fact, it might either be that the remnant
is evolving in the snowplow phase or alternatively that the acceleration process has
stopped since the shock speed has become comparable to the sound speed of the
CSM. For simplicity reasons, here the injection spectrum was considered as released
by a remnant evolving purely in the ST phase.

At this point it is worthwhile stressing that the result obtained in Eq. (3.92) coin-
cides with past calculations by Ohira et al. (2010), Schure and Bell (2014), Cardillo
et al. (2015), obtained under the same assumption that a fixed fraction of the shock
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energy is transferred to CRs. However, the definition of escaping particles adopted
here is different from what has been assumed in the cited works. In fact, in Ohira
et al. (2010), Schure and Bell (2014), Cardillo et al. (2015), the escaping spectrum
at time t is modeled as a δ-function in energy which carries a fixed fraction of the
kinetic energy that the shock has at the same moment t, namely Eesc ∝ ρ0v

2
s (t).

On the contrary, in the model presented here, the escaping flux at each fixed time
t includes particles that have been accelerated in the past when the shock speed
was faster than vs(t), and have also suffered adiabatic losses. In other words, the
energy carried by the particles escaping at time t is not a fixed fraction of ρ0v2s (t).
The definition used by Ohira et al. (2010), Schure and Bell (2014), Cardillo et al.
(2015) is probably more suitable to describe the escaping process during the initial
phase of the remnant life, when particles at the maximum energy are located only at
the shock, while in the interior of the remnant there are only particles with smaller
energies. Nonetheless, the results obtained in the relativistic regime are consistent
with each other.
The result for non-relativistic energies (p ≪ mpc) predicts a spectral steepening if
α < 5. This result is at odd with the CR spectrum observed by Voyager, where a
hardening is rather observed. The disagreement is not surprising, in that two strong
assumptions were set, which likely are not realized in reality: i) the shock keeps
accelerating particles always maintaining the same efficiency, and ii) the remnant
evolution proceeds all the way through the ST stage. For instance, by releasing the
latter assumption, one can derive the effects produced by the end of the acceleration
spectrum on the injected spectrum. By assuming that he acceleration suddenly stops
at the beginning of the snowplow phase, which is reached at a time tsp when the tem-
perature of the shocked gas drops below 106 K (at a remnant age of tsp ≃ 50 kyr for
the standard set of parameters considered here), it is possible to show that all those
particles still located inside the SNR (namely with p < pmax,0(tsp) ≃ 40 GeV/c) are
instantaneously released into the ISM without suffering further adiabatic losses. As
a consequence, the spectrum below 40 GeV/c is ∝ p−α and, interestingly, if α < 4
a break in the injected spectrum appears right at this energy. In summary, the
spectrum injected into the Galaxy is a featureless power law under two conditions:
i) the acceleration spectrum has to be steeper than p−4, and ii) the acceleration
should stop when the maximum energy is still in the relativistic domain. The latter
condition also translates into an upper bound for δ which, for the parameter values
adopted here, has to be ≤ 4.

In the following it is shown that the contribution to finj from the shock precursor,
namely f2, is always negligible with respect to f1 (as defined in Eq. (3.80)). In fact,
the relative weight between particles injected by the inner shock and those injected
by the shock precursor is:

f2(p)

f1(p)
=

Dp(p)

Resc(p)vesc(p)
(3 + 10ϵ) (3.94)
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The contribution from particles in the shock precursor is thus negligible if Dp(p) ≪
D∗(p), where

D∗(p) =
Resc(p)vesc(p)

3 + 10ϵ
=

2

5(3 + 10ϵ)
t−1/5
esc (p)

(
ξ0ESN

ρISM

)2/5

(3.95)

In the assumptions of Eq. (3.9), the critical diffusion coefficient is

D∗(p) =
2

5(3 + 10ϵ)

(
ξ0ESN

ρISM

)2/5

t
−1/5
Sed

(
p

pM

)1/5δ

(3.96)

Using the definition for the Sedov time as provided in Eq. (3.3), the final expression
for D∗(p) is

D∗(p) =
2

5(3 + 10ϵ)
ξ
2/5
0 E

1/2
SN ρ

−1/3
ISM M

−1/6
ej

(
p

pM

)1/5δ

(3.97)

For a p−4 acceleration spectrum, assuming ESN = 1051 erg, Mej = 10M⊙, ρISM =
1 (mp/g) (g/cm3) and pM = 1 PeV/c, the critical value reads as

D∗(p) =
3× 1026

101/δ

(
p

10 GeV/c

)1/5δ

cm2 s−1 (3.98)

Considering for Dp(p) a Bohm diffusion coefficient within a few µG magnetic field,
the condition D∗(p) ≫ Dp(p) is always verified below p ≃ 10 TeV/c for δ > 2/5.
Hence, the number of particles escaping from the shock precursor is generally neg-
ligible with respect to that of particles escaping from within the shock radius. It
is worth recalling that this conclusion holds for remnants expanding in homogenous
media. Possibly, the particles from the shock precursor become relevant in the high-
est energy domain. However, if the amplified turbulence is driven by the resonant
CR streaming, the Bohm diffusion regime is likely to occur: it leads to a maximum
energy of the order of pmax ≃ 100 TeV/c and thus the condition that D∗(p) ≫ Dp(p)
will generally be verified at all the interesting energy scales. If, on the other hand,
the amplified turbulence is driven by the non-resonant CR streaming, a more effi-
cient acceleration will take place, which highly reduces the diffusion coefficient with
respect to the Bohm value, and leads to pmax ≃ 1 PeV/c. However, if Dp(p) is
reduced, then the escaping particles contained in the shock precursor become less
important for the spectrum of particles injected in the Galaxy. As a consequence,
the spectrum injected by middle-aged SNRs in the Galaxy can safely be assumed to
coincide with that defined by Eqs. (3.92) and (3.93).

3.5 Application to some middle-aged SNRs

The particle propagation model presented so far allows the description of the CR
density distribution i) within a source, as due to both particles confined by the shock
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and particles which have effectively escaped the system, but are still diffusing within
the shock radius, and ii) outside the source, as due to non-confined particles only and
discussed in Sec. 3.3.7. In this section the former point is considered, and the gamma-
ray flux emerging from CR interactions with a target density is evaluated. Such a
VHE radiation can in fact be used to test the particle escape modeling presented
and to define the values of unknown parameters which currently characterize it.
Clearly, this approach only represents an attempt to show the possible applications
of the model: in fact, realistic SNRs strongly differ from the spherically symmetric
approximation adopted here, and also their evolution is significantly affected by
the non-homogeneous density distribution of the surrounding medium. With these
caveats, the model predictions are applied to some interesting SNRs, namely middle-
aged remnants which are embedded in molecular clouds (Green, 2017), in that they
constitute bright sources of gamma rays. In particular, IC 443, W 51C and W 28N
are considered in the following. Note that all of them belong to the SNOB catalog
(Montmerle, 1979). As already mentioned, the treatment developed so far for the
description of the particle escape process from SNRs only applies to middle-aged
sources. In fact, specific assumptions were set regarding both the evolutionary stage
of remnant (see Eq. (3.5)) and the density profile of compressed matter (Eq. 3.74),
which are valid for times larger than the Sedov phase onset. Thus, a different solution
should be adopted in the case of young remnants.

3.5.1 The case of IC 443

IC 443 is a middle-aged (∼ 3 − 30 kyr) shell type SNR, probably originated by a
core-collapse SN, located at a distance of 1.5 kpc‡ from Earth in the direction of the
Galactic anticenter. It is well known for its radio, optical, X-ray and gamma-ray
emissions. Concerning the latter, a gamma-ray source emitting above 100 MeV and
cospatial with the SNR was first detected by EGRET, i.e. 3EG J0617+2238. Later,
MAGIC discovered a VHE source, MAGIC J0616+225 (Albert et al., 2007), cospatial
with a very massive molecular cloud but displaced with respect to the position of the
EGRET source. VERITAS confirmed the VHE emission (VER J0616.9+2230), while
revealing the source as an extended one (Humensky et al., 2015). The object has a
diameter of about 0.75◦ in radio (Green, 2017), corresponding to about 20 pc, while it
has a radius of about 0.3◦ in VHE gamma rays, as shown in Fig. 3.21(a). Interestingly,
Fermi-LAT detected a morphology above 5 GeV similar to that in the VHE domain
and revealed the pion bump, distinctive feature of hadronic processes (Ackermann
et al., 2013). However, the GeV and the TeV emission centroids appear significantly
displaced from each other and from the known PWN CXOU J061705.3+222127 (by
∼ 10 − 20 arcmin), which suggests that the PWN is not the major emitter in the
VHE energy band, as shown in Fig. 3.21(b). The displacement might be connected
with a non-homogeneous density profile of the surrounding medium. Furthermore,
the TeV shell appears thicker than the GeV one, as one would expect in an escape sce-

‡http://tevcat.uchicago.edu/?mode=1;id=120
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nario. The gamma-ray emission results brighter in a region where a maser is located,
supporting the interpretation that the shock would be responsible for the stimulated
emission. The remnant is well known also from multi-wavelength observations, in
that it is located into a complex environment and appears to be interacting with
a molecular cloud, as detected in radio and illustrated in Fig. 3.22(b). While the
EGRET source is located in the center of the SNR, the VHE gamma-ray source is
displaced to the south, in direct correlation with a molecular cloud. In fact, the TeV
emission reveals a strong correlation with dust emission, particularly in the 4.6µm
and 12µm ranges. Moreover, the gamma-ray emission correlates strongly with the
shocked gas, as revealed by 12CO and HCO+ lines and shown in Fig. 3.22. Thus,
it is reasonable to assume that the same population of CRs might be responsible
for the observed high-energy radiation, their emission being likely dominated by the
interaction with gas close to the shock front. Finally, the morphology of VHE radi-
ation appears anti-correlated with the thermal X-ray emission seen by XMM: this is
possibly due to X-ray absorption because of the dense gas located along the lines of
sight in the western and southern parts of the remnant.

The VHE data show a quite steep spectrum ϕ(E) ∝ E−Γ: MAGIC reported a
spectral index Γ = 3.1± 0.3 (Albert et al., 2007), and VERITAS data show for the
entire emitting region Γ = 2.99± 0.38 (Acciari et al., 2009). Fixing the remnant age
to TSNR = 1.5×104 yr and the density of the upstream medium to nup = 10 cm−3, the
remnant radial extent would amount to 0.38◦. With these parameters, it is possible to
reproduce the GeV-TeV data within the context of a maximum momentum temporal
dependence in the form of a power-law trend, as visible from Fig. 3.23(a), provided
that a diffusion coefficient around the remnant of D0 = 1027 cm2 s−1 is achieved
and the acceleration spectrum has slope α = 4. The spectral modeling can be
achieved by either setting δ = 3 and pM = 1 PeV/c or δ = 2 and pM = 100 TeV/c,
therefore constraining the CR acceleration efficiency to ξCR ≃ 2%. It is worth to
note that a clear spectral hardening is expected at the highest energies in the case
of pM = 1 PeV/c, as due to the precursor contribution. This feature will possibly
be revealed by next-generation instruments, and it will allow to distinguish between
the different scenarios presented here.
Alternatively, a satisfactory description of the data can also be achieved in the context
of the model by Cardillo et al. (2015), as shown in Fig. 3.23(b), when assuming
α = 4+ 1/3 coupled with a diffusion coefficient of D0 = 3× 1026 cm2 s−1. Here, the
same CR acceleration efficiency as the former models would be required. However,
with current data, it is not possible to discriminate between the scenario featuring
pM = 100 TeV/c or the one with pM = 1 PeV/c.

3.5.2 The case of W 51C

W 51 is a radio complex composed of two HII regions, W 51A and W 51B. These
are enclosed in a giant molecular cloud (GMC), that hosts several star forming re-
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(a)

(b)

Figure 3.21: IC 443. Top: VERITAS excess map, with white contours indicating the radio shell and
black contours for the significance of the VERITAS observations at the 3, 6, and 9 σ levels. Figure from
Humensky et al. (2015) under the CC BY license. Bottom: Locations of the gamma-ray sources:
EGRET centroid (blue up triangle); MAGIC centroid (red down triangle); VERITAS centroid (green
star) and Fermi-LAT centroid (black diamond). Best-fit spatial extensions of the Fermi (cross-hatched
band) and VERITAS (striped green band) sources are drawn as rings: the central sources are located
0.12◦ apart, corresponding to 1.5 times the VERITAS localization error (68% C.L.). The PWN location
is shown as a dot. Figure from Abdo al. (2010) ©AAS. Reproduced with permission.
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(a) (b)

(c) (d)

Figure 3.22: IC 443 Fermi-LAT counts map. Top Left: VERITAS significance contours overlaid. Top
right: Radio contours overlaid. Bottom left: CO contours overlaid. Bottom right: HCO+ contours
overlaid. Figures from Hewitt (2015), https://fermi.gsfc.nasa.gov/science/mtgs/symposia/
2015/program/wednesday/session9/JHewitt.pdf.
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gions. A third component is visible in the radio complex: the SNR W 51C (also
called G 49.2−0.7), appearing as a shell with ∼ 30′ radius in radio continuum, likely
located at a distance of 5.4 kpc§. Two 1720 MHz OH masers have been detected
towards the North of the SNR shell, proving that the remnant is interacting with the
GMC. The SNRW 51C has also been detected in X rays, where a composite structure
appears composed by: i) a thermal emission detected from most parts of the shell,
plus ii) a non-thermal component arising from the PWN CXO J192318.5 + 140505.
Gamma-ray emission from the same region was discovered by H.E.S.S. (> 1 TeV)
(Fiasson et al., 2009), with an integrated flux above 1 TeV equivalent to 3% of the
Crab Nebula. Subsequently it was also identified in Fermi-LAT data (between 0.2
and 50 GeV) (Abdo et al., 2009) and later on confirmed by MAGIC (between 50 GeV
and few TeV) (Aleksić et al., 2012). The VHE emissions are shown in Fig. 3.24 for
the H.E.S.S. detection and in Fig. 3.25 for the MAGIC one. The HE and VHE emis-
sion radially extends for about 0.2◦. Interestingly, the MAGIC flux map between
300 and 1000 GeV shows an overall shape which is elongated towards the south-east,
where the PWN is located, while the maximum of the emission coincides with the
region of the shocked gas. To date, it is not possible to exclude underlying structures,
namely to clearly discriminate between an extended source of excess or two individ-
ual sources. As a consequence, the following modeling the VHE emission takes into
account the whole emission as connected to a unique source: as estimated in Aleksić
et al. (2012), the maximum contribution of the PWN to the VHE emission would
amount to about 20%.

The spectral index measured by MAGIC in the VHE domain amounts to Γ =
2.58± 0.07 (Aleksić et al., 2012). On the other hand, data from Fermi-LAT show an
energy break at Eb ≃ 2.7 GeV, with a spectral slope above the break of Γ = 2.52±
0.07 (Jogler and Funk, 2016). The very steep spectrum at multi-GeV requires an
acceleration spectrum as ∝ p−(4+1/3). A scenario with escaping CRs from a remnant
as old as TSNR = 3 × 104 yr, and interacting with a target numerical density of
nup = 10 cm−3, well reproduces the HE and VHE data: the remnant radial extension
at this age would amount to 0.2◦. The spectral modeling can either be realized within
the power-law like maximum momentum time-dependence parametrization or within
the Cardillo et al. (2015) scenario. The first case is shown in Fig. 3.26: it is possible to
reproduce the data by setting δ = 2 either coupled with i) α = 4, pM = 100 TeV/c and
D0 = 1×1027 cm2 s−1, resulting into ξCR = 20%; or ii) α = 4+1/3, pM = 100 TeV/c
(or 1 PeV/c) and D0 = 3 × 1026 cm2 s−1, resulting into ξCR = 15% (or ξCR = 12%).
The second case is illustrated in Fig. 3.27: here a diffusion coefficient normalization
equal to D0 = 1× 1026 cm2 s−1 is rather required, with α = 4+ 1/3 and ξCR = 11%.
All the aforementioned values for the CR acceleration efficiency result well consistent
with the standard assumptions in the context of the SNR paradigm for the origin of
CRs.

§http://tevcat.uchicago.edu/?mode=1;id=178
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3.5.3 The case of W 28N

W 28 (G 6.4−0.1) is a mixed-morphology SNR, composed by a radio shell enclosing
a center-filled thermal X-ray emission, located within a complex star-forming region
in the Galactic Plane, towards large HII regions (M 8 and M 20) and young clusters
(NGC 6530), at a distance of ∼ 2 kpc¶. The overall shape of the SNR is elliptical
with dimensions 50′ × 45′. The high concentration of 1720 MHz OH masers and the
high density (nH > 103 cm−3) shocked gas reveal the interactions of the SNR with
molecular clouds along its northern and northeastern boundaries. The estimated age
of the system is largely uncertain, likely ranging between 3 × 104 and 1.5 × 105 yr,
where the upper limit is set by its enhanced optical emission, suggesting that the SNR
has entered its radiative phase of evolution (Lozinskaya, 1992). Nonetheless, since
pronounced Balmer lines have been observed only in some parts of the remnant, and
given the intrinsic complexity of the non uniform SNR dynamical evolution (whose
modeling is beyond the scope of this work), W 28 will be considered in the following
as if it were completely evolving through its adiabatic phase.

H.E.S.S. observations of the W 28 field have revealed four TeV gamma-ray sources
positionally coincident with molecular clouds (Aharonian et al., 2008): HESS J1801−
233, located along the northeastern boundary of W 28, and a complex of sources,
HESS J1800 − 240A, B and C, located ∼ 30′ south of SNR W 28. GeV data from
Fermi-LAT (Abdo et al., 2010) have revealed the presence of two sources in the vicin-
ity of W 28, as visible from Fig. 3.28: 1FGL J1801.3-2322c (also called Source N,
a disc-like source of radial extension 0.39◦ coincident with HESS J1801 − 233) and
1FGL J1800.5− 2359c (also called Source S, a point-like source spatially coinciding
with HESS J1800 − 240B). On the other hand, no significant GeV counterpart was
found at the positions of HESS J1800 − 230A and HESS J1800 − 230C. The spec-
trum of Source N smoothly connects with the TeV spectrum, suggesting a physical
relationship between the two. In particular, the measured spectral index by Fermi-
LAT above the energy break at Eb = 1 GeV amounts to Γ = 2.74 ± 0.06 (Abdo
et al., 2010); consistently, H.E.S.S. data indicate Γ = 2.66± 0.27 (Aharonian et al.,
2008). A modeling of the GeV-TeV emission of Source N is here attempted. Several
scenarios reproduce the data: in the context of a maximum momentum power-law
time-dependence, both a standard p−4 acceleration spectrum and a steeper p−(4+1/3)

can reproduce the spectral shape and intensity of the gamma-ray data, as shown in
Figs. 3.30 and 3.31. Here, the remnant age was set to TSNR = 4 × 104 yr with a
target density of nup = 10 cm−3, implying a radial extension of 0.42◦. In the former
case, a reasonable data description is achieved when assuming a Kolmogorov-like
diffusion coefficient normalized to D0 = 1×1027 cm2 s−1, pM = 100 TeV/c and δ = 2,
implying a CR acceleration efficiency of ξCR = 4%. Alternatively, normalizing the
diffusion coefficient to D0 = 3 × 1027 cm2 s−1, data can also by pM = 1 PeV/c
and δ = 3, coupled with ξCR = 15%. In the latter case, when a steeper accelera-

¶http://tevcat.uchicago.edu/?mode=1;id=162
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tion spectrum is set, the diffusion coefficient that allows to reproduce the data is
D0 = 1 × 1027 cm2 s−1 together with δ = 4 and either pM = 100 TeV/c (imply-
ing ξCR = 20%) or pM = 1 PeV/c (implying ξCR = 15%). On the other hand, in
the pmax(t) formulation by Cardillo et al. (2015), only an acceleration spectrum as
steep as p−(4+1/3) can describe the data, as shown in Fig. 3.32. In this case, either
D0 = 1 × 1026 cm2 s−1 or D0 = 3 × 1026 cm2 s−1, the CR acceleration efficiency
amounts to ξCR = 2%. Note that the suppression of the diffusion coefficient in the
source region is consistent with previous estimates (Gabici et al., 2010).
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Figure 3.23: Modeling of the GeV-TeV emission of IC 443 for confined and non-confined protons
interacting with the target gas. The remnant age is set to TSNR = 1.5 × 104 yr, and the target
numerical density is assumed equal to nup = 10 cm−3. Top: The escape model assumed here features
a maximum momentum time-dependence in the form of Eq. (3.8) with δ and pM as indicated in the
legend, an acceleration spectrum is set to p−4, a Kolmogorov-like diffusion coefficient within the remnant
normalized to D0 = 1×1027 cm2 s−1, resulting into a CR acceleration efficiency of ξCR = 2%. Bottom:
The escape model assumed here follows the description by Cardillo et al. (2015) with pM as indicated in
the legend, an acceleration spectrum is set to p−(4+1/3), a Kolmogorov-like diffusion coefficient within
the remnant normalized to D0 = 3× 1026 cm2 s−1, resulting into a CR acceleration efficiency results of
ξCR = 2%. Spectral data points in both panels from Albert et al. (2007), Acciari et al. (2009), Tavani
et al. (2010), Ackermann et al. (2013).
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Figure 3.24: W51 H.E.S.S. VHE gamma-ray excess map: the green contours indicate the 3 to 6 σ
significance level of the excess, the white contours show CO emission, the cyan circle indicates W 51C,
the black triangle and the open black cross indicate respectively the position of the 1720 MHz OH
masers and the PWN CXO J192318.5+140305. Figure reproduced from Fiasson et al. (2009) with
permission by the Local Organizing Committee of ICRC 2009.

(a) (b)

Figure 3.25: W 51 MAGIC flux map: the blue diamond represents the position of CXO
J192318.5+140305, the black cross the position of the OH maser emission, the red dashed ellipse
represents the region of shocked atomic and molecular gas, while pink contour displays counts above
1 GeV determined by Fermi-LAT. Left: Energies from 300 GeV to 1 TeV, the green contours represent
the 21 cm radio continuum emission. Right: Energies above 1 TeV, the green contours represent the
13CO (J= 1− 0) intensity map. Credit Aleksić et al. (2012) reproduced with permission ©ESO.
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Figure 3.26: Modeling the GeV-TeV emission of W 51C for confined and non-confined protons inter-
acting with target gas. The remnant age is set to TSNR = 3 × 104 yr. The target numerical density
is assumed equal to nup = 10 cm−3. Top: The escape model assumed here features a maximum
momentum time-dependence in the form of Eq. (3.8) with δ = 2 and pM = 100 TeV/c (green dashed),
a Kolmogorov-like diffusion coefficient normalized to D0 = 1 × 1027 cm2 s−1, an acceleration spec-
trum with slope α = 4 and a CR acceleration efficiency of ξCR = 20%. Bottom: The escape model
assumed here features a maximum momentum time-dependence in the form of Eq. (3.8) with δ = 2
and either i) pM = 100 TeV/c (green dashed) and ξCR = 15% or ii) pM = 1 PeV/c and ξCR = 12%.
A Kolmogorov-like diffusion coefficient normalized to D0 = 3 × 1026 cm2 s−1 was set, as well as an
acceleration spectrum with slope α = 4 + 1/3. Spectral data points in both panels from Aleksić et al.
(2012), Jogler and Funk (2016).
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Figure 3.27: Modeling the GeV-TeV emission of W 51C for confined and non-confined protons in-
teracting with target gas. The acceleration spectrum is set ∝ p−(4+1/3). The remnant age is set to
TSNR = 3 × 104 yr. The target numerical density is assumed equal to nup = 10 cm−3. The escape
model assumed here follows the description by Cardillo et al. (2015), with either pM = 1 PeV/c (or-
ange solid) or pM = 100 TeV/c (orange dashed), a Kolmogorov-like diffusion coefficient normalized to
D0 = 1 × 1026 cm2 s−1 and ξCR = 11%. Spectral data points from Aleksić et al. (2012), Jogler and
Funk (2016).

(a) (b) (c)

Figure 3.28: W 28. Fermi-LAT 2− 10 GeV count map: the green circle indicates size of Source N, the
green cross indicates the position of Source S, white diamonds indicate HII regions (W 28A2, G 6.1−0.6
and G6.225− 0.569), the diamond on the right is W 28A2. Left: Black contours represent the H.E.S.S.
significance map for TeV gamma rays at 20, 40, 60 and 80% of the peak value, while bright TeV spots
in the south are HESS J1800−240A, B and C. Middle: Black contours give CO (J= 1−0) line intensity
taken by NANTEN at 25, 50, 75% levels. Right: Black contours indicate the VLA 90cm image at 25,
50, 75% of the peak intensity. Outer boundaries of the SNR, as determined by the radio images, are
drawn as white dashed circles. Figures from Abdo et al. (2010) ©AAS. Reproduced with permission.
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Figure 3.29: W 28. VHE gamma-ray excess counts as revealed by H.E.S.S.: the thin-dashed circle
depicts the approximate radio boundary of the SNR W 28, guided predominantly by the bright northern
emission. Identified here are VHE source regions HESS J1801 − 233 to the northeast, and a complex
of sources HESS J1800− 240 (A, B & C) to the south of W 28. Also indicated are: HII regions (black
stars); W 28A2, G 6.1− 0.6, G 6.225− 0.569, the 68% and 95% location contours (thick-dashed yellow
lines) of the E > 100 MeV EGRET source GRO J1801− 2320, and the pulsar PSR J1801− 23 (white
triangle). Credit: Aharonian et al. (2008) reproduced with permission ©ESO.
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Figure 3.30: Modeling of the GeV-TeV emission of W 28N for confined and non-confined protons
interacting with target gas. The escape model assumed here features a maximum momentum time-
dependence in the form of Eq. (3.8). The remnant age is set to TSNR = 4 × 104 yr, while the target
numerical density is assumed equal to nup = 10 cm−3 and the acceleration spectrum is set ∝ p−4. Top:
The pmax(t) is defined by δ = 2 and pM = 100 TeV/c (green dashed), the Kolmogorov-like diffusion
coefficient around the remnant is normalized toD0 = 1×1027 cm2 s−1 and the CR acceleration efficiency
results in ξCR = 4%. Bottom: The pmax(t) is defined by δ = 3 and pM = 1 PeV/c (pink solid), the
Kolmogorov-like diffusion coefficient is normalized to D0 = 3 × 1027 cm2 s−1, while ξCR = 15%. In
both panels, Fermi-LAT data points from Abdo et al. (2010), black diamonds for HESS J1801 − 233
from Aharonian et al. (2008).
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Figure 3.31: Modeling of the GeV-TeV emission of W 28N for confined and non-confined protons
interacting with target gas. The escape model assumed here features a maximum momentum time-
dependence in the form of Eq. (3.8). The remnant age is set to TSNR = 4 × 104 yr, while the target
numerical density is assumed equal to nup = 10 cm−3 and the acceleration spectrum is set ∝ p−(4+1/3).
The Kolmogorov-like diffusion coefficient around the remnant is normalized to D0 = 1× 1027 cm2 s−1.
The pmax(t) is defined by δ = 4 and either i) pM = 100 TeV/c (cyan dashed), implying ξCR = 20%, or
ii) pM = 1 PeV/c (cyan dashed), implying ξCR = 15%. Fermi-LAT data points from Abdo et al. (2010),
black diamonds for HESS J1801− 233 from Aharonian et al. (2008).
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Figure 3.32: Modeling of the GeV-TeV emission of W 28N for confined and non-confined protons
interacting with target gas. The escape model assumed here follows the description by Cardillo et al.
(2015). The acceleration spectrum is set ∝ p−(4+1/3). The remnant age is set to TSNR = 4 × 104 yr.
The target numerical density is assumed equal to nup = 10 cm−3. Top: The Kolmogorov-like diffusion
coefficient is normalized to D0 = 1× 1026 cm2 s−1. Both lines refer to a CR acceleration efficiency of
ξCR = 2%. Bottom: The Kolmogorov-like diffusion coefficient is normalized to D0 = 3× 1026 cm2 s−1.
Both lines refer to a CR acceleration efficiency of ξCR = 2%. In both panels Fermi-LAT data points
from Abdo et al. (2010), black diamonds for HESS J1801− 233 from Aharonian et al. (2008).

142



Part of this chapter has already been published
in Celli S., Palladino A. & Vissani F., ‘Neutrinos
and γ-rays from the Galactic Center Region af-
ter H.E.S.S. multi-TeV measurements’, European
Physics Journal C 77 (2017) 66.

4
The Galactic Center region

The supermassive black-hole in the center of the Milky Way, located in the radio
source Sgr A*, is one of the most interesting astronomical objects (see Genzel et al.
(2010) for an extensive review). It is now in a state of relative inactivity (Ponti et al.,
2013) but it might well be a non-stationary source. For instance, there are interesting
hints of a much stronger emission few hundreds years ago (Koyama et al., 2008); on
the timescale of 4× 104 years, major variability episodes are expected (Freitag et al.,
2006) and the Fermi bubbles (Su et al., 2010) could be the visible manifestations
(Crocker and Aharonian, 2011) of such intense activity. Therefore, it is reasonable
to expect that a past emission from the Galactic Center might lead to observable
effects, as it was recently considered in Fujita et al. (2015).

The recent observations by the H.E.S.S. observatory (Abramowski et al., 2016)
show that various regions around Sgr A* emit gamma rays up to many tens of
TeV, offering new reasons to investigate this object. In particular, the gamma-ray
spectrum from the region in the closest vicinity of Sgr A* is different from the one
coming from its outskirts, the latter extending up to very high energies (∼ 35 TeV)
without a perceivable cut-off. Most likely, the gamma rays seen by H.E.S.S. can be
attributed to CR collisions (Abramowski et al., 2016), even though a conclusive proof
of this statement requires neutrino telescopes. Hence, it is essential to derive reliable
predictions concerning the neutrino signal expected from Sgr A* and its surroundings.
In this regard, H.E.S.S. measurements constitute very valuable information, in that
these refer to an energy range similar to that where neutrino telescopes operate.
Remarkably, the possibility that the Galactic Centre is a significant neutrino source
is discussed since the first works (Zheleznykh, 2006): in fact, Sgr A* is one of the
main targets in the point-like source search of current neutrino observatories, namely
ANTARES (Adrian-Martinez et al., 2014) and IceCube (Aartsen et al., 2016). In
few words, the hypothesis of a PeVatron in the Galactic Center motivates the search
for neutrinos.
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In this chapter, the implications of the H.E.S.S. results are discussed: a brief review
of the known VHE sources within the inner Galactic Center region is provided in
Sec. 4.1. Then, in Sec. 4.2, the very central sources are considered in order to
study the effect of gamma-ray absorption. At the currently probed energies, the
known background radiation fields have a minor impact, whereas it is not possible
to exclude larger effects due to an additional infrared radiation field near the very
Center, as examined in details in Sec. 4.3. The expected signal in neutrino telescopes,
evaluated at the best of the present knowledge, is obtained in Sec. 4.4, while precise
upper limits on neutrino fluxes are quantified in Sec. 4.4.1, where the underlying
hypotheses are discussed. The expected number of events for ANTARES, IceCube
and KM3NeT, based on the H.E.S.S. measurements, are calculated. It is shown that
km3-class telescopes in the Northern Hemisphere have the potential of observing
high-energy neutrinos from this important astronomical object and can hence prove
the existence of a hadronic PeV Galactic accelerator. It is thus argued that the
PeVatron hypothesis makes the case for a cubic kilometer class neutrino telescope,
located in the Northern Hemisphere, more compelling than ever.

4.1 The morphology of the inner Galactic Center region

Detailed morphological and spectroscopic studies of the VHE gamma-ray emission in
the central 200 pc of the Galaxy, the so-called Galactic Ridge, have been conducted
with the H.E.S.S. observatory (Abdalla et al., 2018a). Several spatial components
have been identified as contributors to its total emission. After accounting for the
estimated charged particle background in the region, the Galactic large scale unre-
solved emission and the CR induced gamma-ray emission in the Ridge, two bright
sources can be distinguished, as shown in the top panel of Fig. 4.1: HESS J1745-290
(Aharonian et al., 2009), coincident with Sgr A*, and G 0.9+0.1, a composite SNR
whose gamma-ray emission appears to originate in its plerionic core (Aharonian et
al., 2005). Investigating the residual map, a fainter diffuse emission is visible, where
the massive molecular complexes Sgr B2, Sgr C and Sgr D are clearly resolved (see
the bottom panel of Fig. 4.1). Moreover, the extended source HESS J1745-303 and
the recently identified source HESS J1746-285, at the edge of the so-called GC radio
Arch, are visible. A schematic table of all the observed emission components is given
in Tab. 4.1. In the context of hadronic models for the interpretation of this VHE
radiation, the massive cloud systems provide an adequate target for pp interactions.
It is natural hence to expect also VHE neutrinos from the same spatial regions and
it appears timely to investigate the potential of current and future generation large-
volume neutrino telescopes. A focus on the very central part of the Galactic Ridge is
provided in this chapter, while the following chapter will present a study dedicated
to the whole extended region of the Ridge.
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Figure 4.1: VHE gamma-ray images of the GC region in Galactic coordinates, smoothed with the
H.E.S.S. PSF. Top panel: Gamma-ray significance map. Bottom panel: Residual significance map
after subtraction of the two point-like sources G 0.9 + 0.1 and HESS J1745− 290. The cyan contours
indicate the density of molecular gas as traced by the Cesium, while the black cross marks the position
of HESS J1746 − 285, coincident with the GC radio arch. Credit: Abdalla et al. (2018a) reproduced
with permission ©ESO.

145



Table 4.1: VHE gamma-ray emission components identified by H.E.S.S. in the inner 200 pc of the
Galactic Ridge. Credit: Abdalla et al. (2018a) reproduced with permission ©ESO.

Component Position Extension Flux
(Galactic coordinates) (◦) (10−12 TeV−1 cm−2 s−1)

G0.9+0.1 l = 0.86◦ - 0.88± 0.04stat ± 0.25sys
b = 0.069◦

HESS J1745-290 l = 359.94◦ - 2.9± 0.4stat ± 0.8sys
b = −0.05◦

Dense gas l = 0◦ σ = 1.11◦ ± 0.17◦stat ± 0.17◦sys 4.3± 0.9stat ± 1.5sys
b = 0◦

Central l = 0◦ σ = 0.11◦ ± 0.01◦stat ± 0.02◦sys 1.03± 0.05stat ± 0.25sys
b = 0◦

Large scale l = 0◦ σx = 0.97◦+0.04◦

−0.02◦ ± 0.13◦sys 2.68± 0.6stat ± 1.3sys
b = 0◦ σy = 0.22◦ ± 0.06◦stat ± 0.07◦sys

HESS J1746-285 l = 0.14◦ σx = 0.03◦ ± 0.03◦stat ± 0.03◦sys 0.24± 0.03stat ± 0.07sys
b = −0.11◦ σy = 0.02◦ ± 0.02◦stat ± 0.03◦sys

4.2 The gamma-ray spectra from the Galactic Center region

The excess of VHE gamma rays recently reported by the H.E.S.S. Collaboration
(Abramowski et al., 2016) can be ascribed to two regions around the Galactic Center,
as represented in Fig. 4.2:
i) the point-like source HESS J 1745 − 290, identified by a circular region centered
on the radio source Sgr A* with a radius of 0.1◦;
ii) a diffuse emission, coming from an annular region located between 0.15◦ and 0.45◦
(corresponding to 20− 63 pc) from the very center.
The observed spectrum from the point-like source is described by an exponentially
suppressed power-law distribution, as

ϕγ(E) = ϕ0

(
E

1TeV

)−Γ

exp

(
− E

Eγ
cut

)
(4.1)

while in the case of diffuse emission an unbroken power law is preferred. The H.E.S.S.
Collaboration has summarized its observations by means of the following parameter
sets:

• Best fit of the Point-like Source (PS) region:
Γ = 2.14± 0.10

ϕ0 = (2.55± 0.37)× 10−12 TeV−1 cm−2 s−1

Eγ
cut = 10.7± 2.9TeV

(4.2)
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• Best fit of the Diffuse (D) region:{
Γ = 2.32± 0.12

ϕ0 = (1.92± 0.29)× 10−12 TeV−1 cm−2 s−1
(4.3)

These fits are shown in Fig. 4.3. In the diffuse case, however, also exponentially
suppressed power-law fits are compatible with H.E.S.S. data: in particular, assum-
ing a cut-off in the parent proton spectrum from the diffuse region, the resulting
secondary gamma-ray spectrum would deviate from the H.E.S.S. data at 68%, 90%
and 95% confidence levels respectively for cut-off energies located at 2.9 PeV, 0.6 PeV
and 0.4 PeV.

Figure 4.2: VHE gamma-ray image of the Galactic Centre region. Left panel: The black lines outline
the regions used to calculate the CR energy density throughout the CMZ, as shown in Fig. 1.3. White
contour lines trace the density distribution of molecular gas, as defined by its Cesium line emission. Right
panel: Zoomed view of the inner ∼ 70 pc and the contour of the region used to extract the spectrum
of the diffuse emission. Figure from Abramowski et al. (2016), reprinted by permission from Springer
Nature.

These functional forms correspond to the gamma-ray spectrum observed at Earth.
However, in the case of a significant absorption of gamma rays in their travel towards
the Earth, the observed spectrum does not coincide with the emission spectrum,
namely the spectrum at the source. On the other hand, as neutrinos are not affected
by the same absorption processes involving photons, in order to correctly predict
the neutrino spectrum at Earth, the gamma-ray spectrum at the source is needed.
In this section, the implications of the following assumptions are discussed, namely
whether:
i) the emitted gamma-ray spectra coincide with the observed gamma-ray spectra, as
described by the functional forms reported in Eqs. (4.2) and (4.3);
ii) the gamma-ray emission at the source is described by different functional forms
or model parameters than those observed.
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Figure 4.3: VHE gamma-ray spectra of the diffuse emission and HESS J1745 − 290. Vertical and
horizontal error bars show the 1σ statistical error and bin size, respectively. Arrows represent 2σ flux
upper limits. The 1σ confidence bands of the best-fit spectra of the diffuse and HESS J1745− 290 are
shown in red and blue shaded areas, respectively. The red lines are the results of numerical computations
assuming hadronic gamma-ray production. The fluxes of the diffuse emission spectrum and models are
multiplied by 10. Figure from Abramowski et al. (2016), reprinted by permission from Springer Nature.
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In regards to the last issue, the following models will also be considered for the
emitted gamma-ray spectrum:

• Point Source emission with a larger value of the cut-off energy (PS*):
Γ = 2.14

ϕ0 = 2.55× 10−12 TeV−1 cm−2 s−1

Eγ
cut = 100TeV

(4.4)

• Diffuse emission in the form of an exponentially suppressed power law (DC)
with: 

Γ = 2.32

ϕ0 = 1.92× 10−12 TeV−1 cm−2 s−1

Eγ
cut = 0.4PeV, 0.6PeVor 2.9PeV

(4.5)

The interest in considering an increased value of the cut-off energy in the point-like
source spectrum, as given in Eq. (4.4), is motivated in the next section. Instead, the
inclusion of an exponential suppression in the emission from the diffuse region, as
indicated in Eq. (4.5), agrees with the observations of H.E.S.S. and it is motivated
by the fact that a maximum energy is expected to be achieved during the particle
acceleration process.

As the energy range relevant for neutrino observations extends up to ∼ 100 TeV
(as clear e.g. from Figs. 2 and 3 of Costantini and Vissani (2005) and Fig. 1 of Vissani
et al. (2011)) while the H.E.S.S. observations extend up to 20− 40 TeV, the gamma-
ray data currently available only cover the lower energy interval where the number
of neutrinos is expected to be significant. In other words, it should be kept in mind
that until gamma-ray observations up to few 100 TeV will become available, thanks
to future measurements by HAWC (Springer, 2016) and CTA (Vercellone, 2014), the
expectations for neutrinos will rely in part on extrapolation and/or on theoretical
modeling. In this work, unless otherwise stated, the ‘minimal extrapolation’ is con-
sidered, namely the assumption that the functional forms in Eqs. (4.2)-(4.5) of the
gamma-ray spectrum are valid for the emission spectrum.

A precise upper limit on the expected neutrino flux can be determined from the
H.E.S.S. measurement, by assuming a hadronic origin of the observed gamma rays.
Note that the presence of a significant leptonic component in the measured gamma
rays would imply a smaller neutrino flux. On the other hand, several effects might in
principle increase the expected flux of neutrinos. For instance, hadronic interactions
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in other regions close the the Galactic Center, but not probed by H.E.S.S., could
produce high-energy gamma rays and neutrino radiation, leading to an interesting
signal. In relation to this, the annulus reported in the H.E.S.S. analysis resembles
more a region selected for observational purposes rather than an object with an
evident physical meaning†. Another reason to expect an increased neutrino flux is
that the ice-based neutrino telescope IceCube integrates on an angular extension of
about 1◦, which is 5 times larger than the angular region covered in Abramowski et
al. (2016). In view of these motivations, the theoretical upper limit on the neutrino
flux that will be derived represents the minimum that is justified by the current
gamma-ray data. Moreover, another specific phenomenon that potentially increases
the expected neutrino flux, as derived from the gamma-ray flux currently measured
by H.E.S.S, is the absorption of gamma rays from non-standard radiation fields, as
discussed in the next section.

4.3 Absorption of gamma rays

During their propagation within the background radiation fields of the Milky Way,
high-energy photons are subject to absorption due to the pair production process. If
absorption is effective, the observed gamma-ray spectrum would be suppressed with
respect to the emitted one. However, the neutrino spectrum would not suffer any
significant absorption, as it reflects the emission spectrum, and thus it would result
larger than the one obtained by converting the observed gamma-ray spectrum. In
order to derive the source emission spectrum, hence, it is necessary to model and
then to remove the effect of the absorption (de-absorption) from the observed spec-
trum. Note that the idea that gamma rays could suffer significant absorption in the
energy range probed by H.E.S.S. was put forward in Abramowski et al. (2016); in
the following, this idea is examined in details.

The existence of the Cosmic Microwave Background, that uniformly pervades the
whole space, leads to absorption of gamma rays of very high energies, around PeV.
In addition, the model by Porter et al. (2008), adopted e.g. in the GALPROP
simulation program*, can be conveniently used to describe gamma-ray absorption due
to other background radiation fields that populate the Galaxy, as the infrared (IR)
and starlight (SL) (see e.g., Moskalenko et al. (2006), Lee (1998), Cirelli and Panci
(2009), Esmaili and Serpico (2015)), whose absorption effect is relevant for lower
energy photons. It is convenient to group these three radiation fields (CMB, IR and
SL) as ‘known’ radiation fields. However, it is not possible to exclude that additional,
and possibly more intense, radiation fields exist in the vicinity of the Galactic Center.
The formal description of the absorption effects can be simplified without significant

†Because of this consideration, and also in view of the fact that the angular resolution of the
next-generation water-based neutrino telescopes matches the physical size of the two regions, the
predictions for the point-like source and the diffuse region will be presented separately.

*http://galprop.stanford.edu/
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loss of accuracy if the background radiation field is effectively parameterized as the
combination of thermal and quasi-thermal distributions, where the latter ones are
just proportional to a thermal distribution with the same temperature. In fact,
for a perfect blackbody (BB) of temperature T emitting photons of energy ϵ, the
differential number density of emitted photons is given by

nBB(ϵ, T ) =
ϵ2

π2

[
1

expϵ/T −1

]
(4.6)

where natural units (c = k = 1) have been set. On the other hand, a grey body (GB)
of the same temperature is simply rescaled as nGB(ϵ, T ) = ξnBB(ϵ, T ), where the non-
thermal parameter ξ has been introduced. As the total radiation field is generally
composed by several components, the i-th one is defined by two parameters: the
temperature Ti and its coefficient of proportionality to the thermal distribution ξi.
In the following, the formalism adopted for the computation of the optical depth due
to the total radiation field is presented.

Formalism A photon with energy Eγ emitted from an astrophysical source can
interact during its travel to the Earth with ambient photons, producing electron-
positron pairs. The probability that it will reach the Earth is

P (Eγ) = exp [−τ(Eγ)] (4.7)

where τ is the opacity. For a uniform ambient radiation field with density n (as the
CMB for instance), the optical depth for photons of energy Eγ coming from a source
at a distance L can be calculated as

τ(Eγ) = L

∫ ∫
σγγ(Eγ, ϵ)n(ϵ)

[
1− cosθ

2

]
sin θdϵdθ (4.8)

where θ is the angle between the momenta of the two interacting photons and σγγ is
the pair production cross-section. For non uniform radiation fields, the optical depth
due to pair production can be computed similarly to Eq. (4.8), with the additional
complication regarding the integration along the line of sight, since the field density
depends on the position in the space.

In the ISM, different radiation fields can offer a target to astrophysical photons,
causing their absorption: the total opacity is therefore the sum of various contribu-
tions, namely

τ =
∑
i

τi (4.9)

where the index i indicates the components of the background radiation field that
contributes to the absorption process. These include the CMB, as well as the IR and
SL backgrounds, and possibly additional ones, present near the region of the Galac-
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tic Center. For the i-th component of a thermal distribution (or of a distribution
proportional to it), the integrals in Eq. (4.8) provide an optical depth simply given
by

τi(Eγ) = 1.315× Li

L0

× nγ,i

nγ,CMB
× f

(
Ei

Eγ

)
(4.10)

where the quantities chosen for the normalization are L0 = 10 kpc (a typical Galac-
tic distance) and nγ,CMB = 410.7 cm−3. The multiplicative factor in Eq. (4.10) is
obtained by combining several constants (gathered from the CMB density, the inter-
action cross-section and L0) into

π

2 ζ(3)
× L0 r

2
e × nγ,CMB = 1.315 (4.11)

where re = e2/(mec
2) ≈ 2.818× 10−13 cm is the classical electron radius and ζ(3) ≈

1.20206 the Riemann’s zeta function. The various quantities appearing in Eq. (4.10)
are now discussed.
i) The parameter Li is the effective size of the region where the background radiation
field is present. In the case of the CMB, this is just the distance between the
Galactic Center and the detector (i.e., 8.3 kpc), as the CMB is uniformly distributed
throughout the ISM. On the other hand, the density of IR and SL photons follows
an approximate exponential distribution, peaked in the Galactic Center (Moskalenko
et al., 2006), namely the density of photon is nγ,i(L) = nγ,i e

−L/Li . Thus, the product
nγ,i × Li represents the column density of photons. The values of the scales Li are
given in Tab. 4.2: these are introduced in order to avoid the spatial integration in
the computation of the optical depth at the expenses of schematically considering
the i-th radiation field as uniform over the length scale Li.
ii) nγ,i is the total density of photons of the considered background radiation field.
In the case of IR and SL fields, the total density of photons is given by the following
expression:

nγ,i(ξi, Ti) = ξi × nγ,CMB ×
(

Ti
TCMB

)3

(4.12)

where ξi ≤ 1 is the non-thermal parameter, chosen to reproduce the observed distri-
bution of ambient photons (the case ξi = 1 is the thermal one).
iii) The energy Ei is connected to the energy threshold for pair production, or in
other words to the blackbody (or quasi-blackbody for IR and SL fields) temperature
Ti, through the relation

Ei(Ti) =
m2

e

Ti
(4.13)

where the assumed distribution is proportional to a thermal distribution with tem-
perature Ti.
iv) The adimensional function f(x), where x = Ei/Eγ, describes how the absorp-
tion varies with the energy of the gamma ray. This function was first obtained in
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Table 4.2: Values of the parameters adopted for modeling the background radiation fields during
the computation of the absorption factor of gamma rays from the Galactic Center: the black body
temperature Ti; the non-thermal parameter ξi, defined in Eq. (4.12); the typical length Li, namely the
distance from the Galactic Center for the CMB and the exponential scales for the IR and SL radiation
fields (Moskalenko et al., 2006); the total density of photons nγ,i, as obtained from Eq. (4.12); the
typical energy Ei, as obtained from Eq. (4.13). Table reproduced from Celli et al. (2017), under the
CC BY license.

Rad. field Ti ξi Li nγ,i Ei

(eV) (kpc) (cm−3) (TeV)
CMB 2.35× 10−4 1 8.3 410.7 1111
IR 3.10× 10−3 1.55× 10−4 4.1 146.0 84.23
SL 3.44× 10−1 1.47× 10−11 2.4 19.0 0.26

Moskalenko et al. (2006) by using the results of Breit and Wheeler (1934). As it
encloses the integral presented in Eq. (4.8), the precise values obtained by numerical
integration are provided in Sec. 4.3.1, where furthermore an approximate expression
for such a function is discussed, reading as

f(x) ≃ −a x log[1− exp(−b xc)],


a = 3.68
b = 1.52
c = 0.89

(4.14)

which is very easy to use and accurate to within 3%.

The values of Ti, ξi and Li for the known components of the radiation field are
found by fitting the energy spectra of radiation as reported in GALPROP: results
for the CMB, IR and SL fields are summarized in Tab. 4.2. The parameters nγ,i

and Ei are also given in table Tab. 4.2, to allow one to use directly Eq. (4.10) in the
computation of the optical depth, by just replacing the appropriate numerical values.
As the characteristic temperatures of the IR and SL fields are larger than that of
the CMB, their contributions is expected to affect the survival probability of gamma
rays at energies smaller than those due to the CMB photons. In this formalism, a
population of quasi-thermal background photons is characterized by the parameters
Ti, ξi, Li, and it will yield the opacity factor τi = τ(Eγ, Ti, ξi × Li). Note that ξi
and Li appear in Eq. (4.10) only through their product, so that, for each component
of the background radiation field (known or hypothetical), the photon absorption is
described by two parameters.

The reliability of this procedure for the description of the Galactic absorption was
already tested in Lee (1998), Cirelli and Panci (2009). The formalism can be simpli-
fied even further without significant loss of accuracy thanks to the fully analytical
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(albeit approximate) formula provided in Eq. (4.14), which will be derived and dis-
cussed in details in Sec. 4.3.1. The consistency with the other approach–based on
Porter et al. (2008)– was checked by comparing these results with Fig. 3 of Esmaili
and Serpico (2015).

A few advantages of this procedure are:
1) the results are exact in the case of the CMB distribution, that is a thermal one;
2) such procedure allows one to easily vary the parameters of the radiation field,
discussing the effect of errors and uncertainties;
3) the very same formalism allows to model the effect of new hypothetical radiation
background fields.

4.3.1 Study of the function f(x)

The evaluation of the effects of absorption via Eq. (4.10) rests on the estimation of
the properties of the background radiation field and on the calculation of the function
f(x). Note that, even if the interest here is in the gamma rays emitted from the
Galactic Center, the results concerning gamma-ray absorption can be applied to a
very large variety of cases and situations.

In this section, a detailed study of f(x) is provided, together with a table of
numerical values for this function, and the bases of the approximation given in
Eq. (4.14) are discussed. The following material is useful to validate the results
and to compare them with what has been obtained in the literature.

The pair creation process (Breit and Wheeler, 1934)

γ + γbkg −→ e+ + e−

in the background of thermal photons with temperature Ti gives the opacity factor
(Moskalenko et al., 2006),

τi =
r2e
π
Li T

3
i f

(
m2

e

Ti Eγ

)
that can be rewritten introducing the thermal photon density nγ,i = 2ζ(3)T 3

i /π
2.

The function f(x) is defined as,

f(x) = x2
∫ 1

0

dβ R(β) ψ

(
x

1− β2

)
(4.15)

Here β is the velocity of the outgoing electron in the center of mass frame, while the
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Table 4.3: The values of the function f(x) as given in Eq. (4.15). In bold, the value of x in which
the function reaches the maximum and half of the maximum. Table reproduced from Celli et al. (2017),
under the CC BY license.

x f(x) x f(x)
10−10 7.32× 10−9 10−1 6.32× 10−1

10−9 6.57× 10−8 0.503 1.076
10−8 5.81× 10−7 1 9.07× 10−1

10−7 5.05× 10−6 1.77 0.538
10−6 4.29× 10−5 5 3.27× 10−2

10−5 3.54× 10−4 10 2.92× 10−4

10−4 2.78× 10−3 20 1.78× 10−8

10−3 2.04× 10−2 30 9.65× 10−13

10−2 1.31× 10−1 50 ≃ 0
0.0756 0.538

two auxiliary functions are

R(β) =
2β

(1− β2)2

[
(3− β4) log

(
1 + β

1− β

)
− 2β(2− β2)

]
ψ
(

x
1−β2

)
= − log

(
1− e

− x
1−β2

)
By solving numerically the integral in Eq. (4.15), the values reported in Tab. 4.3 are
obtained.

Firstly, the behavior of the integrand function in β is examined.
The function R(β) ∼ 4β2 if β → 0; on the contrary, when β → 1, it diverges like
R(β) ∼ − log(1 − β)/(1 − β2)2. The divergence is compensated by the behavior of
the function ψ, that follows from

ψ

(
x

1− β2

)
=

∞∑
n=1

1

n
e
−n

(
x

1−β2

)

at high values of x/(1− β2). Finally,

ψ

(
x

1− β2

)
≈ − log

(
x

1− β2

)
at small values of x/(1− β2).

At this point, the behavior of f(x) in x is studied:
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• For high x, only the first term of the expansion of ψ is relevant, and hence the
function f(x) is well approximated by:

f(x) ≈ x2 ×
∫ 1

0

dβ R(β) exp

(
− x

1− β2

)
within an accuracy of 1% for x > 3.

• For small x, the most important contribution to the integral is produced when
R diverges and ψ is not exponentially suppressed. This condition is realized
when β <

√
1− x ≈ 1− x/2 and in this region

ψ

(
x

1− β2

)
≈ − log

(
x

1− β2

)
Concerning R(β), its asymptotic expression can be used, i.e.

R(β) ≃ 4

(1− β2)2
log

(
2

1− β

)
The approximation of the function f(x) is thus given by:

f(x) ≈ −4x2
∫ 1−x/2

0

dβ
log
(

2
1−β

)
log
(

x
1−β2

)
(1− β2)2

This implies the behavior f(x) ≈ −3.076 x log(x) to within an accuracy of
about 3% in the interval 10−10 ≤ x ≤ 10−5.

A global analytical approximation of the f(x), that respects the behavior for small
and large values of x, is given by Eq. (4.14). Its accuracy is ∼ 3% into the interval
10−10 ≤ x ≤ 10. When x > 10 the function rapidly decreases, as can be seen
from Tab. 4.3, where the values obtained by numerical integrations (without any
approximation) are provided.

4.3.2 Results

The effects of absorption due to the known radiation fields of Tab. 4.2, that concern
the gamma rays propagating from the Galactic Center to the Earth, are illustrated
in the left panel of Fig. 4.4. They become relevant at some hundreds of TeV, thus
the gamma rays presently observed by H.E.S.S. from the diffuse region (namely the
models D and DC introduced in Eqs. (4.3) and (4.5)) are not significantly influenced
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by this phenomenon, when considering only the standard radiation fields adopted for
instance in GALPROP (Porter et al., 2008). Therefore, it is possible to use directly
the observed diffuse gamma-ray flux in order to obtain the gamma-ray flux at the
source, modulo the caveats concerning the extrapolation at high energy, as explained
in Sec. 4.2.

On the other hand, the flux from the point-like source could be affected by the
absorption due to a new, non-standard and intense radiation field close to the central
black-hole. In fact, the physical conditions in the close vicinity of the supermassive
black-hole are very uncertain and in particular the local radiation field is not directly
measured. Recall that the gamma-ray spectrum from the point-like source observed
by H.E.S.S. deviates from a power-law distribution at the highest energies currently
probed (see Eq. (4.2)): in the presence of a new radiation field, the observed spec-
trum would naturally differ from the emitted gamma-ray spectrum. In such a case,
while the cut-off in the observed spectrum would probe the features of the absorb-
ing radiation field, the cut-off in the emitted spectrum would be connected to the
acceleration process, and located at higher energies.†
In such a scenario, namely when the absorption by an additional radiation field
would be responsible for the observed cut-off in the point-like source at the Galactic
Center, the VHE data provide valuable information concerning the intensity and the
characteristic energy of such background photons. In fact, the energy where the cut-
off is measured is connected to the characteristic energy of the absorbing photons,
while the amount of the attenuation is determined by the column density of the field
along the line of sight. As a result, in order to reproduce the H.E.S.S. observations
concerning the high-energy attenuation in the spectrum of the point-like source, as
shown in Fig. 4.4(b), the background radiation field that would be responsible for the
absorption is found to be characterized by a temperature T = 1.3×10−2 eV= 155 K:
the photon wavelength corresponding to the peak of the emission can be derived
through the Wein law as λmax = b/T ≃ 20µm (where b ≃ 2900µmK) and would thus
be located in the far infrared (FIR) spectral band, corresponding to a frequency of
νmax = 15 THz. For a blackbody field, the corresponding column density as extracted
by the absorption dip would amount to Lmin×nγ ≃ 5000 kpc cm−3 = 1.5×1025 cm−2.
In order to match the characteristic length scale of the central source observed by
H.E.S.S., one should assume Lmin = LPS = 22 pc, which implies a photon density of
the novel radiation field of nγ = 2.3 × 105 cm−3. With such a value, the deviation
from the perfect blackbody would amount to ξ = 0.003 (see Eq. (4.12)). This is
illustrated in Fig. 4.4(b): the curve called ‘PS fit with non standard abs.’ represents
a power-law spectrum with the same spectral index and normalization of the PS
model given in Eq. (4.2), modified by taking into account the above scenario for
gamma-ray absorption.

†Note incidentally that the position of the cut-off in the spectrum of CRs accelerated near the
supermassive black-hole is to date unknown.
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(a)

(b)

Figure 4.4: Top: Absorption of gamma rays from the Galactic Center at different energies, due to
the interaction with CMB, IR and SL. Bottom: Fits of the H.E.S.S. data. D is the Diffuse flux, PS
is the Point-like Source flux. For D, absorption due to CMB, IR and SL is considered. For PS, an
increased absorption, due to a non-standard radiation field, is considered. As visual aid, the central
values measured by H.E.S.S. (Abramowski et al., 2016) in the case of the Diffuse and the Point-like
Source are shown by red and blue dots respectively. Figure reproduced from Celli et al. (2017), under
the CC BY license.
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Given the expected intensity of the speculative IR field, it appears extremely
relevant to compare it to the sensitivity of current generation instruments. In the
thermal case, a maximum radiance of BBB(νmax, T ) = 4×10−10 erg cm−2 s−1 sr−1Hz−1

is expected. However, in the more realistic situation of a grey body with the afore-
mentioned non-thermal parameter ξ = 0.3%, one derives a maximum radiance of
BGB(νmax, T ) = ξBBB(νmax, T ) ≃ 1.3 × 1011 Jy/sr. This value is well within the
sensitivity of IR instruments, as IRAS‡, the most recent sky survey operating in
the FIR domain (at 12, 25, 60 and 100µm wavelengths). The telescope has recorded
some enhanced activity in the GC region, as illustrated in Fig. 4.5: in particular,
the Galactic Nucleus appears extremely bright in the 12µm map (νobs = 25 THz).
The detected map, with a few arcmin resolution, shows a flux intensity ranging from
∼ 5 × 106 Jy/sr up to ∼ 2 × 1010 Jy/sr (Cox and Laureijs, 1989), which has been
attributed to the presence of dust grains with typical temperature of 27 K. The strik-
ing similarity between the size of the emission region in the FIR domain and that
of the gamma-ray central source might indicate a physical connection among the two.

Some remarks to this scenario are in order:
1) The non-standard IR radiation field could be produced in the reprocessing of the
radiation from the central source, due to collision with CircumNuclear Disc clumps,
as reported in Genzel et al. (2010). The Galactic Center region is indeed very active
in star formation processes and it is also populated with abundant dust grains.
2) Evidently, the Diffuse component would not be affected by this new IR radiation,
because it is far enough from the Galactic Center.
3) As one understands from Fig. 4.4, in order to observationally determine whether
the exponential suppression measured in the point-like source spectrum is intrinsic
to the source or is an absorption feature, measurements of gamma rays at energies
above tens of TeV are required: indeed, the absorption results in a peculiar distor-
tion of the power-law spectrum, that is expected to be different from the effect of
an exponential cut-off above ∼50 TeV. This discrimination might be achieved with
CTA (Actis et al., 2011) or with other future instruments.

Note that, in the hypothesis that the gamma rays close to the black-hole are
significantly absorbed, the flux emitted from the point-like source is still compatible
with a power-law distribution at the energies observed by H.E.S.S. and above, just
as the one due to the diffuse gamma-ray component. This speculative scenario
allows to estimate in a reasonable way the maximum effect of absorption due to yet
unknown radiation fields. This has a direct implication on the neutrino signal, that
is quantified in the next section.

‡https://lambda.gsfc.nasa.gov/product/iras/
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Figure 4.5: IRAS contour plots of the surface brightness distribution of the Galactic Center over a region
6◦ × 3◦ at 12, 25, 60 and 100µm from top to bottom. The maps have been corrected for the zodiacal
emission and for the diffuse emission associated with the Galactic Disc. Stripping effects appearing at
100µm are artifacts due to the instrument calibration process. Figure from Cox and Laureijs (1989),
reprinted by permission from Springer Nature.
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4.4 High-energy neutrinos from the Galactic Center region

If the Galactic Center region hosts a PeVatron (or more than one), neutrinos could
be produced in hadronic interactions of PeV protons with the ambient gas: since
each neutrino carries about 5% of the energy of the parent proton, they have to be
expected in the multi-TeV range, in angular correlation with the high-energy gamma
rays emitted in the same region. This scenario is supported by the observed corre-
lation between the gamma-ray emission and the molecular clouds of the CMZ, as
described in Abramowski et al. (2016).

To date, IceCube has set the best 90% C.L. upper limit on the νµ+ν̄µ flux expected
from Sgr A* (Aartsen et al., 2016), assuming an unbroken E−2 spectrum. This limit
reads as

ϕνµ + ϕν̄µ = 7.6× 10−12

(
E

TeV

)−2

TeV−1 cm−2 s−1 (4.16)

It corresponds to the absence of a significant event excess over the known background,
that in the IceCube analysis (Aartsen et al., 2013b) amounts to 25.2 background
events within 1◦ from Sgr A*. This limit has been obtained by means of downward-
going track-type events, as discussed in Sec. 4.4.1. Presumably, this is the most
reliable information currently available on the neutrino emission from Sgr A*, even
if it is based on an unrealistic neutrino emitted spectrum. In principle, the assump-
tion of an E−2 differential energy spectrum for neutrinos would follow from the first
order Fermi acceleration mechanism, though there is no observational evidence that
this is a reliable assumption, and moreover, this is not supported by the H.E.S.S.
observations of the gamma-ray spectrum.

The model predictions derived in the following are based instead on the current
gamma-ray observations and on the assumption that such emission is fully hadronic.
In this scenario, assuming a gamma-ray emission spectrum ϕγ(E), the muon neutrino
and antineutrino spectrum can be calculated through the precise relations based on
the assumption of CR-gas collisions as (Villante and Vissani, 2008)

ϕ(−)
ν µ

(E) = απ ϕγ

(
E

1− rπ

)
+ αK ϕγ

(
E

1− rK

)
+

∫ 1

0

dx

x
K(−)

ν µ

(x) ϕγ

(
E

x

)
(4.17)

where x = E/Eπ. The multiplicative factors read as: απ = 0.380 (0.278) and
αK = 0.013 (0.009) for νµ and ν̄µ respectively, rπ = (mµ/mπ±)2 = 0.573 and rK =
(mµ/mK)

2 = 0.0458. In this expression, the first two contributions describe neutrinos
from the two-body decay by pions and kaons, while the third term accounts for
neutrinos from muon decay. The kernels for muon neutrinos Kνµ(x) and for muon
antineutrinos Kν̄µ(x), which also account for all flavor oscillations from the source
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to the Earth (in the full pion decay chain hypothesis), are

Kνµ(x)=


x2(15.34− 28.93x) 0 < x ≤ rK
0.0165 + 0.1193x+ 3.747x2 − 3.981x3 rK < x < rπ
(1− x)2(−0.6698 + 6.588x) rπ ≤ x < 1

Kν̄µ(x)=


x2(18.48− 25.33x) 0 < x ≤ rK
0.0251 + 0.0826x+ 3.697x2 − 3.548x3 rK < x < rπ
(1− x)2(0.0351 + 5.864x) rπ ≤ x < 1

By applying such procedure, the expected (upper limits on the) neutrino spectra are
obtained from the gamma-ray spectrum.

Fig. 4.6 shows the sum of the muon neutrino and antineutrino fluxes: they are
derived using alternatively the four models of ϕγ(E) introduced in Sec. 4.2, respec-
tively Eqs. (4.2), (4.3), (4.4) and (4.5) (the latter with Eγ = 600 TeV). The resulting
neutrino fluxes represent the most precise information within a model-independent
approach, as they only rely on the hypothesis that the gamma rays observed by
H.E.S.S. are fully hadronic. In this respect, the model prediction derived can also
be regarded as a theoretical upper bound. As can be deduced from Fig. 4.6, the
expected fluxes are compatible with the IceCube non-detection. In fact, the mini-
mum flux that IceCube would be able to measure (see Eq. (4.16)) is much larger
and harder than the upper limit on the neutrino flux derived from the gamma-ray
observations. It is very important however to clearly distinguish the experimental
upper limit of Eq. (4.16) from the theoretical upper limit on the expected neutrino
signal, as derived through the observed gamma rays. The latter is more realistic
and also much more stringent, but, just as the former, it depends on various theo-
retical assumptions. In fact, the experimental upper limit showed in Eq. (4.16) is
based on the assumption that the neutrino differential energy distribution follows
an E−2 power law: this is not confirmed by the data measured by H.E.S.S., as the
spectral trend appears steeper (see Eqs. (4.2) and (4.3)), though these data cannot
exclude a hardening of the νµ + ν̄µ spectrum to E−2 above 20 − 40 TeV. However,
the normalization of this component has to be ∼ 5 times smaller than Eq. (4.16), if
the spectrum is a smooth distribution (a continuous function) linked to the observed
gamma-ray spectrum. This kind of very speculative scenario, along with other sce-
narios mentioned in Sec. 4.2, might increase the expected neutrino signal. On the
other hand, a conservative approach is provided in this work through the minimal
scenario, as defined in Sec. 4.2 and motivated by H.E.S.S. measurements. It will be
shown that the theoretical limit on the neutrino flux is smaller than the minimum
measurable flux for the current experiments, whereas it could be within the reach of
future detectors.

Our results compare reasonably well with the fluxes given in the Extended Data
Figure 3 of Abramowski et al. (2016), that however concern the total flux of neutrinos
(i.e., all three flavors). The conclusion stated in Abramowski et al. (2016), based on

162



��������

0.1 1 10 100 1000 104
10-16

10-15

10-14

10-13

10-12

10-11

Eν [TeV]

E ν
2 Φ

(E
ν)

[T
eV

cm
-2
s-
1 ]

PS Eγ
cut = 10.7 TeV

PS* Eγ
cut = 100 TeV

D no cut-off
DC Eγ

cut = 600 TeV
Sum PS+D

IC upper limit

Figure 4.6: Sum of the muon neutrino and antineutrino fluxes predicted from the Point-like Source best-
fit with a cut-off at Eγ

cut = 10.7 TeV, for the Point-like Source with an arbitrary cut-off at Eγ
cut = 100 TeV,

for the Diffuse gamma-ray best-fit without a cut-off and with a cut-off at Eγ
cut = 600 TeV. The sum

of the total neutrino flux expected in the inner 0.45◦, coinciding with the whole region of the H.E.S.S.
observations, is indicated by the black solid line (PS + D emissions). The red dot-dashed line represents
the 90% C.L. IceCube upper limit, as in Eq. (4.16), in the energy range of the measurement. Figure
reproduced from Celli et al. (2017), under the CC BY license.

the observed gamma-ray fluxes and on the criterion stated in Vissani et al. (2011), is
that these fluxes are potentially observable. In the next section, a thorough analysis
is provided to the reader in order to clarify the condition for the detectability in the
existing detectors and quantify the expected number of signal events that can be
detected. Moreover, the dependence of such conclusions upon the detector features
is discussed.

4.4.1 Expected signal in neutrino telescopes

The operating neutrino telescopes, like ANTARES (Ageron et al., 2011), IceCube
(Aartsen et al., 2015) and those under construction, as KM3NeT (Adrian-Martinez
et al., 2016a) and Baikal-GVD (Avrorin et al., 2016), could be able to detect the
neutrinos from the Galactic Center region by looking for track-like events from the
direction of this source.

The use of track-like events for the search of point-like sources is desirable because
of the relatively good angular resolution, of the order of 1◦ in ice and several times
better in water. This allows the detectors to operate with a manageable rate of
background events, due to atmospheric muons and neutrinos. The atmospheric neu-
trinos are an irreducible source of background events for all detectors. They can be
discriminated from the signal of a point-like source due to the fact that they do not
have a preferential direction, and moreover they have a softer energy spectrum than
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the one expected from the Galactic Center region. Part of the atmospheric neutrinos
from above can be identified and excluded thanks to the accompanying muons, for
neutrino energies above 10 TeV and zenith angles smaller than 60◦ (Schonert et al.,
2009). This rejection method works in the search for high-energy starting events
above 30 TeV in IceCube, since it removes 70% of atmospheric neutrinos from the
Southern Hemisphere (Aartsen et al., 2013a). Its application in the specific case of
the GC region is less effective. The first reason is obvious: Sgr A* is observed at a
large zenith angle from the South Pole, θZ = 90◦ − 29◦ = 61◦. The second reason
is that an important fraction of the signal is expected below 10 TeV, as discussed
later in this section. For what concerns atmospheric muons, one should distinguish,
broadly speaking, the cases when the track-type events of interest for the search of
the signal are upward-going or downward-going:
1) The first class of events is not subject to the contamination of atmospheric muons:
due to the position of Sgr A*, this kind of events can be observed by detectors lo-
cated in the Northern Hemisphere.
2) The second class of events is subject to the contamination of atmospheric muons:
due to the position of Sgr A*, this is relevant event class for IceCube.
IceCube has successfully exploited a subset of downward-going track events with the
purpose of investigating neutrino emission from Sgr A* (Aartsen et al., 2014), by
requiring the additional condition that the production vertex of the downward-going
tracks is contained in the detector. The fraction of time when the source is below the
horizon is given by the expression fbelow = 1−Re[arccos(− tan δ tanφ)]/π (Costantini
and Vissani, 2005). Its value is

fbelow = 0%, 64%, 68%, 76% (4.18)

for IceCube, KM3NeT-ARCA, ANTARES and GVD respectively, where the declina-
tion of the Galactic Center is equal to δSgr A* = −29.01◦ and where the latitudes of the
various detectors are φ = 90◦ S, 36.27◦ N, 42.79◦ N, 51.83◦ N for IceCube, KM3NeT-
ARCA, ANTARES and GVD respectively. In this fraction of time, the atmospheric
muon background is suppressed and the search for a signal is more favorable. The
search for a signal with upward-going tracks allows to increase the effective volume
of neutrino detection to the surrounding region, whenever the muon range allows to
reach the detector with sufficient energy to be detected. Moreover, the condition
that the vertex is contained in the detector fiducial volume reduces the atmospheric
muon background greatly, even in the low-energy region where it is more abundant.
The containment condition required by down-going searches, however, does not allow
to use the full volume of the detector but only a part of it, which hinders the search
for a signal, especially a weak signal as the one here discussed. Another specific
circumstance favors the Cherenkov telescopes operated in water, in comparison to
those operated in ice, in the search for a neutrino signal at low energies. This is
due to the angular resolution δθ, that is better in water than in ice. The number of
background events Nb, contained in a given search window, decreases as δθ2; the ob-
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servable signal Ns depends upon Ns/
√
Nb, that scales as 1/δθ. In any detector, there

is a minimum energy below which the search for a signal becomes very challenging,
since the number of background events tends to be excessively large. In water-based
detectors, this energy is smaller than in the case of ice-based detectors, because the
number of background events decreases with angular resolution. For this reason, the
neutrino telescopes operated in water are more sensitive than the telescopes operated
in ice, as they can afford to use a smaller energy threshold for data taking.

The IceCube upper limit mentioned in Sec. 4.4 is based on downgoing tracks and of
course this telescope is operated in ice. As will be shown in the next paragraph, the
use of a water-based telescope in the Northern Hemisphere, capable of achieving good
performances at low energies, can provide significantly better results and has even
the potential to probe the predictions of the gamma-ray absorption model presented
here. In principle, IceCube can also look at the Southern sky by exploiting the HESE
sample (Aartsen et al., 2015), namely high-energy events whose vertex is contained
inside the detector. The HESE sample was obtained by adopting a very high energy
threshold (∼ 30 TeV): this warrants a sufficiently clean sample, but requires a rather
intense flux to produce an observable signal. However, in the case of Sgr A*, the
interest moves to a point-like source at lower energy, so that a high precision on
the reconstructed event direction and an energy threshold much lower than 30 TeV
are needed. The importance of these considerations is showed in the following by a
direct quantitative evaluation of the HESE event rate.

Effective areas The angular resolution for neutrino telescopes is such that both
the PS and D regions are seen as point-like regions. In the case of water-based
detector, the current generation of telescopes has been able to achieve an angular
resolution for track-like events of E ≥ 10 TeV lower than 0.3◦ (and it is expected to
further decrease with the adoption of a larger instrumentation), hence it is potentially
able to distinguish the PS from the D region. On the other hand, ice-based detectors
suffer from a larger uncertainty in the track reconstruction, because of the scattering
properties of the ice, thus they rather see the total emission from the GC as the sum
among the PS and the D emissions. In the following, the effective areas considered
for ANTARES (Adrián-Martínez et al., 2012) and IceCube (Aartsen et al., 2014)
are those adopted in the search of point-like sources within the declination range
that includes the Galactic Center. Likewise, the effective area of KM3NeT-ARCA§

refers to the point-like source search, though it is an average over the whole sky: it
is applied to the next configuration including two building blocks. These effective
areas, used for the following calculation of the event rates, are shown in Fig. 4.7.

The number of events that a detector is able to measure, assuming a certain
angular search region, is given by the convolution of the expected flux from the

§http://www.ecap.nat.uni-erlangen.de/members/schmid/Doktorarbeit/
JuliaSchmidDissertation.pdf
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Figure 4.7: Muon neutrino effective areas for the search of point-like sources. The one adopted for
ANTARES is that in the declination band −45◦ < δ < 0◦, the one for IceCube is for −30◦ < δ < 0◦,
the one for KM3NeT-ARCA is a declination-average value. See the text for references and for discussion.
Figure reproduced from Celli et al. (2017), under the CC BY license.

source, ϕνµ(E)+ϕν̄µ(E), and the detector effective area, Aeff(E), through the relation

N = T

∫
[ϕνµ(E) + ϕν̄µ(E)]Aeff(E) dE (4.19)

where T is the observation time. The integrand in this formula, namely the product
among the neutrino flux and the effective area, is referred to as the parent distri-
bution. Therefore, using the neutrino fluxes of Fig. 4.6, it is possible to evaluate
the neutrino energies that mostly contribute to the point-like source (PS) signal in
IceCube, ANTARES and KM3NeT-ARCA. The results are reported in Fig. 4.8 and
in Tab. 4.4, proving that the signal expected from Sgr A* is at relatively low ener-
gies. As discussed above, KM3NeT and ANTARES can look at the Galactic Center
using upward-going muons, while IceCube has to use downward-going muons subject
to the condition that their vertex is contained in the detector. Moreover, the first
type of telescopes has a much better angular resolution, which allows them to reduce
the background considered in the analysis, thus increasing the signal to noise ratio.
Despite the fact that the dimensions of KM3NeT-ARCA and IceCube are compara-
ble, the effective areas differ significantly at low energies, as can be ascertained from
Fig. 4.7. Note, however, that the two effective areas become very similar around PeV
energies, as expected from the similar physical sizes of these two neutrino telescopes.
The different effective areas lead to a substantial difference in the number of events
expected in IceCube and KM3NeT, which amounts to about one order of magnitude,
as shown in Tab. 4.5.
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(a)

(b)

(c)

Figure 4.8: Parental distributions of the neutrino signal, in arbitrary units. From top to bottom: the
Point-like Source case (PS), the Diffuse case without any cut-off (D) and the Diffuse with a cut-off at
Eγ

cut = 600 TeV (DC). See also Tab. 4.4. Figure reproduced from Celli et al. (2017), under the CC BY
license.
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Table 4.4: Median energy E50% of the parental signal distribution and energy interval [E16%−E84%]
where 68% of the signal is expected to be detected for the same models considered in Fig. 4.8, namely
the Point-like Source flux (PS), the Diffuse flux (D) and the Diffuse flux with Cut-off at Eγ

cut = 600 TeV
(DC). All energies are given in TeV. Table reproduced from Celli et al. (2017), under the CC BY
license.

ANTARES ARCA IceCube
E50% E16% E84% E50% E16% E84% E50% E16% E84%

PS 3.3 1.0 9.2 3.4 1.1 9.2 1.9 0.5 6.3
D 21.9 2.8 179.1 15.0 2.6 89.2 4.8 0.8 34.4
DC 14.8 2.3 88.5 12.1 2.3 60.1 4.3 0.8 26.3

Remarks One cautionary remark on the KM3NeT-ARCA effective area is in or-
der. At the time of the publication, Schmid (2014) was the only public source of an
effective area for point-like source searches with the KM3NeT-ARCA neutrino tele-
scope. Such an effective area was used here to evaluate the expected signal from the
Galactic Center region, being the best information available at present. However, the
experimental cuts adopted in future releases by the Collaboration and consequently
the effective area will likely change. The existing effective area is quite large, e.g., in
comparison to the one of IceCube, but as will be demonstrated below, it corresponds
to a signal of only a few events per year. Thus, it will be important to know whether
the experimental cuts, that will be eventually implemented by the KM3NeT Collab-
oration for the search of the signal from the GC, will be compatible with similarly
large effective area or will imply its revision.

Finally, the reason why IceCube cannot usefully exploit the data set at lower
energies is discussed. Since the atmospheric neutrino background has a steeper
spectrum with respect to the cosmic neutrino spectrum, at low energies it dominates
over the signal, and therefore a very stringent selection on data has to be implemented
in order to reject such background. This can be realized, for example, through a tag:
the atmospheric neutrino tag based on the accompanying muons works if the muons
reach the detector with sufficient high energy. The accompanying muons should have
enough energy in the production point to be revealed, which in turn means that the
neutrino should have high energy, too. In the specific case under exam, however, a
significant part of the signal is below the lower value of 10 TeV indicated in Schonert
et al. (2009) required to effectively adopt this tag, as it is shown in Tab. 4.4. This
implies that the efficiency of the atmospheric neutrino tag is smaller compared with
that exploited in the search of HESE above 30 TeV (Aartsen et al., 2013a). Note
also that Sgr A* is observed at a zenith angle larger than the lower value of 60◦
indicated in Schonert et al. (2009), and therefore, the accompanying muons lose a
significant amount of energy before reaching IceCube.¶ These considerations limit

¶IceCube is at a depth of 1.45 km < h < 2.82 km; thus, muons traverse a relatively large amount
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Table 4.5: First 4 columns: Spectral parameters assumed for the gamma-ray fluxes, consistent with the
H.E.S.S. observations as explained in the text: the search region (PS=Point-like Source or D=Diffuse),
the spectral index Γ, the flux normalization ϕ0 in units of 10−12 TeV−1 cm−2 s−1 and the energy cut-off
Ecut in TeV (see Eq. (4.1)). For the PS and the D models, also the maximum and minimum expected
values are shown. For the PS* model, a scenario with an increased non-standard gamma-ray absorption
is assumed. Last 4 columns: Expected number of νµ + ν̄µ events per year: downward-going tracks and
HESE events in IceCube, upward-going tracks in ANTARES and ARCA. The significant increase of the
event rate passing from the PS (1st row) to the PS* (4th one) model is linked to the non-standard
gamma-ray absorption. Table reproduced from Celli et al. (2017), under the CC BY license.

γ rays νµ + ν̄µ
Γ ϕ0 Ecut NANTARES NARCA NIC NIC

HESE

PS 2.14 2.55 10.7 6.2 · 10−3 1.1 5.2 · 10−2 1.4 · 10−6

” 2.04 2.92 13.6 9.5 · 10−3 1.5 8.2 · 10−2 6.1 · 10−6

” 2.24 2.18 7.8 3.9 · 10−3 0.7 3.2 · 10−2 1.9 · 10−7

PS* 2.14 2.55 100 1.7 · 10−2 2.1 1.5 · 10−1 5.0 · 10−4

D 2.32 1.92 - 1.2 · 10−2 1.4 1.3 · 10−1 2.2 · 10−3

” 2.20 2.21 - 2.1 · 10−2 2.2 2.6 · 10−1 5.5 · 10−3

” 2.44 1.63 - 7.5 · 10−3 1.0 7.4 · 10−2 8.8 · 10−4

DC 2.32 1.92 400 1.0 · 10−2 1.3 9.7 · 10−2 6.8 · 10−4

DC 2.32 1.92 600 1.1 · 10−2 1.3 1.0 · 10−1 8.8 · 10−4

DC 2.32 1.92 2900 1.2 · 10−2 1.4 1.2 · 10−1 1.6 · 10−3

the region where IceCube may conveniently search for a point-like emission from
Sgr A* to relatively high energies, as quantified by the effective area produced by
the IceCube Collaboration.

Expected signal The number of events expected in one year in ANTARES,
KM3NeT-ARCA and IceCube are given in Tab. 4.5 with the names NANTARES, NARCA

and NIC respectively. Here, the different spectral models of gamma-ray data pre-
sented above are considered, and both the contributions from muon neutrinos and
antineutrinos are accounted for, as expressed in Eq. (4.17). Baikal-GVD will have
a threshold of few TeV and a volume similar to KM3NeT-ARCA, so the results are
expected to be similar, though a precise evaluation of the signal cannot be provided
since its effective area is not available yet. As it can be seen from Tab. 4.5, the
detectors located in the Northern Hemisphere are better suited for neutrino searches
from Sgr A*. In fact, when the source is below the horizon, they can observe the
Galactic Center region through upward-going track events, that are not polluted by
atmospheric muons. Such detectors are ANTARES, Baikal-GVD and KM3NeT. As
visible from the Table, the expected yearly rates in ANTARES are just one order
of magnitude smaller than those expected in IceCube with downward-going events:

of ice, h/ cos θZ ≈ 2× h.
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this result is well in agreement with the estimates presented in Spurio (2014).

For completeness, the yearly rate of the expected HESE track events are also
given in Tab. 4.5. It is indicated with the name of NIC

HESE and it was obtained
by using the effective areas reported in http://icecube.wisc.edu/science/data.
The counting rates are, in the best case, few times 10−3 HESE per year. Therefore,
this approach does not allow IceCube to search for neutrinos from the Galactic
Center. As a comparison, the expected rate corresponding to Eq. (4.16) (namely
assuming a E−2 distribution) in IceCube amounts to 3.8 per year, namely, more
than one order of magnitude above the values of Tab. 4.5. The difference in the
rate of neutrinos expected by assuming either the theoretical or the experimental
upper bound illustrates the great importance of investigating the gamma-ray spectral
energy distribution at higher energies than those currently observed, such that more
stringent constraints are possibly derived in the VHE domain.

Discussion Among the gamma-ray models presented in this table, the most plau-
sible ones are those described by a power law with a cut-off. In the diffuse case, even
considering the less favorable case (the one with the lowest energy cut-off, which
implies a cut-off in the primary spectrum of protons at about 4 PeV, where the
knee of the Earth-observed CR spectrum is located), the predictions are such that
the upcoming km3-class detectors in the Northern Hemisphere as KM3NeT-ARCA
could measure these neutrinos with a rate of few events per year. Several years of
data-taking will be in any case needed in order to establish the presence of a pro-
ton Galactic accelerator up to PeV energies. In the case of non-detection, however,
strong constraints will be derived concerning the proton acceleration efficiency of
this poorly-understood source. A similar conclusion holds for the point-like source
case. Within the assumption that the cut-off measured by H.E.S.S. is due to the
absorption by a non-standard background radiation field, the muon neutrino signal
increases. For instance, by comparing the first row (PS case) and the fourth one
(PS*) of Tab. 4.5, an increase by 40 − 50% is realized: note that the exponential
cut-off has been moved from Eγ = 10.7 TeV in the PS case to Eγ = 100 TeV in
the PS* case. Remarkably, in the latter case, the protons accelerated in the source
would reach energies up to the PeV scale. Unfortunately, these predictions cannot
be tested yet with current neutrino telescopes. Anyway, since most of the signal is
expected in the 1− 100 TeV energy band, the Northern Hemisphere telescopes have
to deal with a large background of atmospheric neutrino events.
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Part of this chapter has already been published
in Ambrogi L., Celli S. & Aharonian F., ‘On
the potential of Cherenkov Telescope Arrays and
KM3 Neutrino Telescopes for the detection of
extended sources’, Astroparticle Physics Journal
100 (2018) 69A, and it is here reprinted with per-
mission from Elsevier. 5

Sensitivity studies for gamma-ray and
neutrino telescopes

The progress made in ground-based gamma-ray astronomy over the last two decades
has lead to the detection of more than 200 VHE (E ≥ 200 GeV) sources reported
by the H.E.S.S. (Chalmé-Calvet et al., 2015), MAGIC (Aleksić et al., 2016), VERI-
TAS (Holder, 2017) and HAWC (Abeysekara et al., 2013) Collaborations. Recently,
success has been reported also in neutrino astronomy by the detection of a diffuse
flux of multi-TeV neutrinos of ‘extra-terrestrial origin’ by the IceCube Collaboration
(Aartsen et al., 2013a). In the feasible future, the upgraded IceCube and the under
construction KM3NeT neutrino telescopes will serve as the major tools of VHE neu-
trinos. Apparently, the identification of objects contributing to the reported diffuse
neutrino flux, as well as the discovery of discrete sources of VHE neutrinos is the
major objective of neutrino astronomy for the coming years. Despite the broad class
of potential neutrino sources and the different possible scenarios of neutrino produc-
tion in astrophysical environments, the production mechanisms of VHE neutrinos
are connected to the hadronic interactions of ultra-relativistic protons with the am-
bient gas and radiation. Since these processes are accompanied by the production
and decay of π0-mesons, the VHE gamma rays and neutrinos are produced at com-
parable rates. Consequently, one would expect similar fluxes of gamma rays and
neutrinos. On the other hand, the ground-based gamma-ray detectors, in particular
the current arrays of IACTs, namely H.E.S.S., MAGIC and VERITAS, provide lower
flux sensitivities for point-like sources around 1 TeV, compared to the sensitivities of
the present IceCube and the forthcoming KM3NeT neutrino detectors. This circum-
stance reduces the chances of detection of discrete VHE neutrino sources, except for
compact objects or sources located at cosmological distances. TeV gamma-ray fluxes
from these objects are indeed expected to be suppressed because of both internal
and intergalactic absorption, through photon-photon pair production interactions
(see Sec. 4.3). In this regard, hidden sources constitute an interesting possibility for
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the explanation of the measured IceCube neutrino flux: these cosmic-ray accelera-
tors, being surrounded by very dense environments, cannot be probed by gamma
rays, while transparent to neutrinos. Among them, choked GRBs and supermassive
black-hole cores have widely been discussed in literature (Berezinskii and Ginzburg,
1981, Murase et al., 2016, Senno et al., 2016). In these cases, neutrinos constitute
crucial probes to shed light on the central engine activity. Otherwise, the VHE
gamma-ray fluxes should be taken as a robust criterion regarding the expectations
of discovery of discrete VHE neutrino sources. Given the difference in the TeV flux
sensitivities of IACT arrays and km3-scale neutrino detectors, the gamma-ray fluxes
are especially constraining for point-like sources. In this chapter, a point-like source
is called an astronomical object with angular extension less than the typical angular
resolution of IACT arrays (∼ 0.1◦). For mildly-extended sources with an angular
size ∼ 1◦, which is one order of magnitude larger than the point spread function of
IACTs but still comparable to the PSF of VHE neutrino detectors, the gamma-ray
flux sensitivity degrades, while the flux sensitivity of neutrino detectors does not
change significantly. Presently, this leaves room for the discovery of extended neu-
trino sources in our Galaxy, given also the fact that the Galactic Disc has not been
homogeneously covered by the current IACT arrays. On the other hand, in-depth
surveys of the Galactic Disc in coming years by CTA could significantly improve
this situation. Alternatively, in a more optimistic scenario, CTA could reveal on
the sky bright extended regions of multi-TeV gamma rays, and thus indicate the
sites of potential detectable sources of VHE neutrinos. Here, this question is studied
based on the comparative analysis of the sensitivities of CTA and KM3NeT towards
extended sources: for this purpose, a common approach has been developed for calcu-
lations of sensitivities of the two instruments. The method is based on the analytical
parametrization of the main quantities (as functions of energy) characterizing the
process of detection of gamma rays and neutrinos: the effective detection area, the
point spread function, the energy resolution and the background rates. The functions
related to CTA have been provided in a previous work (Ambrogi et al., 2016) using
the results of the publicly available simulations performed by the CTA Consortium.
Here, similar parametrizations are presented for the neutrino detector based on the
simulation results published by the KM3NeT Collaboration (Adrian-Martinez et al.,
2016a). Similar results are expected to hold for the IceCube-Gen2 detector (Aartsen
et al., 2017c), whose performances however are not yet publicly available. Hence, a
focus on KM3NeT only is provided here.
The chapter is structured as follows: in Secs. 5.1 and 5.2 the performances of CTA
and KM3NeT are discussed, in particular their angular resolution, effective area and
expected background rates. Then, in Sec. 5.3 the procedure defined to compute the
instrument sensitivity is described, considering different sizes of the sources and an-
alyzing the different impact they have on the sensitivity of these instruments. As an
application of this study, in Sec. 5.4 the case of two Galactic objects, for which the
gamma-ray and neutrino connection has been widely discussed in literature (Kappes
et al., 2007, Vissani, 2006, Aharonian et al., 2008, Vissani and Aharonian, 2012) is

172



considered. The young SNR RX J1713-3946 is presented in Sec. 5.4.1, while the
region of the Galactic Center Ridge is investigated in Sec. 5.4.2, being both realistic
candidate neutrino sources (Adrian-Martinez et al., 2016b, Costantini and Vissani,
2005, Alvarez-Muniz and Halzen, 2002, Abramowski et al., 2016). In addition to
these scenarios, the second HAWC catalog of TeV sources is considered in Sec. 5.5,
where potential sources for a neutrino detection are highlighted.

In the following, the sensitivities of CTA and KM3NeT are discussed. Both in-
struments are based on the Cherenkov technique, detecting the light induced by the
passage of an ultra-relativistic charged particle in a given medium: the air in the
case of IACTs and the water or the ice in the case of neutrino detectors. While the
direction of the radiated photons is ∼ 42 degrees away from the direction of the
charged particle in water, the same angle is reduced to ∼ 1 degree when in the air.
Although the same physical principle is applied, the reconstruction of the signal pa-
rameters and the background rejection are quite different. Both telescopes operate
in the TeV domain, reaching the best performance between 1 and 10 TeV in the case
of CTA and 10 to 100 TeV in the case of KM3NeT. It is worthwhile to mention here
that, within this study, different possible improvements of the sensitivities of both
detectors are not explored. They could however be achieved by applying dedicated
tools for the background rejection and for the reconstruction of the gamma-ray and
neutrino induced events from extended sources. Further details on these dedicated
tools are given in Sec. 5.3. Therefore, some deviations are expected among these
results and the upcoming, more detailed and sophisticated studies by the CTA and
KM3NeT Consortia. In this regard, the results presented here can be considered as
conservative estimates of sensitivities of both CTA and KM3NeT.

5.1 The Cherenkov Telescope Array

As introduced in Ch. 1, the CTA Southern array is aimed at studying the major
fraction of the Galactic Plane, including the Galactic Center. One of the proposed
layouts for the Southern observatory, the so-called 2-Q layout, will consist of (Hassan
et al., 2016):
i) 4 large size telescopes (LSTs), 23 meter class, field of view (FoV) of the order of
4.5 deg, optimized for detections below 100 GeV;
ii) 24 medium size telescopes (MSTs), 12 meter class, FoV of 7 deg, covering the core
energy of CTA, i.e. 100 GeV to 10 TeV;
iii) 72 small size telescopes (SSTs), 4 meter class, FoV ranging from 9.1 to 9.6 deg,
sensitive to energies above 10 TeV.
For this configuration, publicly available instrument response functions (IRFs) have
been released by the CTA Consortium*, obtained through detailed Monte Carlo
simulations of a point-like object placed at the center of the FoV and observed

*The publicly available CTA performance files can be accessed at https://www.
cta-observatory.org/science/cta-performance/.
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at a zenith angle of 20 deg (averaged between north/south-wise in azimuth). In
Ambrogi et al. (2016) these IRFs were parametrized by simple analytical functions
of energy. The results are presented in Tab. 5.1 and Fig. 5.1. It should be noted that
the IRFs released by the CTA Collaboration, and here considered, are the derived
best responses which maximize at each energy bin the CTA differential sensitivity
to point-like sources. Therefore, an improvement of the instrument performance is
expected when using analysis cuts aimed at maximizing the telescope potential to
extended objects, which are the main topic of this chapter.

5.2 The KM3-Neutrino Telescope

In order to identify neutrino cosmic sources, including those responsible for the
extra-terrestrial flux of neutrinos detected by IceCube Aartsen et al. (2013a), a
good angular resolution is a necessary requirement. Next-generation water-based
telescopes, as KM3NeT, will be able to reach an angular resolution as low as 0.2◦ at 10
TeV in the track channel, as shown in Fig. 5.1 (top left). However, for very extended
sources (more than 2◦ in radius), also cascade events could be used in principle for
astronomy: the atmospheric background for shower events is significantly smaller
than that for muon neutrinos, allowing for a clearer signal detection. Finally, the
energy resolution is a very important goal as well: in neutrino telescopes, the energy
of the muon is reconstructed through the energy deposited in the detector, therefore
it is only a lower limit to the true neutrino energy. The energy resolution obtained
for muon events fully contained in the detector is 0.27 units in log10(Eµ) for 10 TeV
≤ Eµ ≤ 10 PeV (Adrian-Martinez et al., 2016a). The case of cascade events provides
a better energy resolution, given that they develop entirely near the interaction point.

The effective area of the detector to up-going events is given in Fig. 5.1 (top
right): it refers to the 6 building block configuration of the KM3NeT detector. This
will correspond to an effective area of ∼ 1000 m2 at high energies, where the long
muon range extends the volume within which neutrino interactions can be detected.
An analytical representation of this effective area is given in Tab. 5.2, valid for
Eν ≥ 1 TeV; similarly, an analytical representation of the track angular resolution
is provided in the same table. Some words of caution are mandatory here: the
effective area strongly depends on the source position and on the background con-
ditions, which crucially affect the selection of events. Moreover, optimized selection
is usually dependent on the specific analysis: in order to properly evaluate the de-
tector performances, detailed simulations of such features are necessary, which are
performed by the Collaboration itself. Such a tailored selection might result into a
relevant improvement of the instrument sensitivity. The effective area used in the
following refers to triggered events, reconstructed with a zenith angle greater than
80◦, as presented in Fig. (32) of Adrian-Martinez et al. (2016a).

For the sensitivity estimation, the conservative approach of considering sources
below the horizon is adopted here, since this is the cleanest procedure to identify a
signal, providing a high suppression of the background atmospheric muon flux. The
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Figure 5.1: Energy-dependent performance of the CTA (blue dot-dashed lines) and KM3NeT (red
dashed lines) telescopes. Top left: Angular resolution. Top right: Effective area. Bottom: Background
rates per unit of solid angle. For both the two telescopes, the black lines corresponds to the publicly
available instrument responses, respectively for CTA Southern array (https://www.cta-observatory.
org/science/cta-performance/) and KM3NeT (Adrian-Martinez et al., 2016a). Dotted curves are
the best fit, valid in the energy range E ∈ [0.05 − 100] TeV for CTA and above 1 TeV for KM3NeT.
The corresponding analytical parameterizations are reported in Tab. 5.1 and in Tab. 5.2 for CTA and
KM3NeT, respectively. The KM3NeT angular resolution is for νµ charged current events and the muon
neutrino effective area (six blocks) corresponds to triggered events with a zenith angle greater than
80◦, averaged over both νµ and ν̄µ. The same trigger conditions are exploited for the background rate
computation. The atmospheric muon neutrino background here considered accounts for the conventional
component from light meson decay (Honda, 2016) and for contribution from heavy hadrons (Enberg
et al., 2008). For the details on the CTA IRFs and their parameterizations, the reader is referred to
Ambrogi et al. (2016). Reprinted from Ambrogi et al. (2018) with permission from Elsevier.
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Table 5.1: Energy-dependent analytical parameterizations for the angular resolution (σPSF ), the ef-
fective area (Aeff ) and the background rate per solid angle after the rejection cuts (BgRate) of CTA,
as reported in Ambrogi et al. (2016). These formula have been obtained as best-fit to the publicly
available IRFs for a possible layout of the CTA Southern array (https://www.cta-observatory.org/
science/cta-performance/). The energy range of validity of the parametrization is from 50 GeV to
100 TeV. For the details of the IRFs as obtained by the CTA Collaboration, the reader is referred to
Bernlöhr et al. (2013), Hassan et al. (2016). Reprinted from Ambrogi et al. (2018) with permission
from Elsevier.

CTA response parameterization, with x = log10(E/1 TeV)

σPSF [deg] σPSF (x) = A ·
[
1 + exp

(
− x

B

)]
A = 2.71 · 10−2 deg
B = 7.90 · 10−1

Aeff [m2] Aeff (x) = A ·
[
1 + B · exp

(
− x

C

)]−1

A = 4.36 · 106 m2

B = 6.05
C = 3.99 · 10−1

BgRate [Hz/deg2] BgRate(x) = A1 · exp
(
−(x− µ1)

2

2 · σ2
1

)
+ A2 · exp

(
−(x− µ2)

2

2σ2
2

)
+ C

A1 = 3.87 · 10−1 Hz/deg2
µ1 = −1.25
σ1 = 2.26 · 10−1

A2 = 27.4 Hz/deg2
µ2 = −3.90
σ2 = 9.98 · 10−1

C = 3.78 · 10−6 Hz/deg2
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Table 5.2: Energy-dependent analytical parameterizations for the angular resolution (σPSF ), the ef-
fective area (Aeff ) and the background rate per solid angle (BgRate) to track-like events for the six
building block configuration of KM3NeT. The effective area and background refer to the event selec-
tion after the cut on the zenith angle: only reconstructed upward-going muons are considered. See
Adrian-Martinez et al. (2016a) for the details. The energy range of validity of the parametrization is
Eν ≥ 1 TeV. Reprinted from Ambrogi et al. (2018) with permission from Elsevier.

KM3NeT response parameterization, with x = log10(E/1 TeV)

σPSF [deg] σPSF (x) = A · exp
(
− x

B

)
+ C

A = 5.88 · 10−1 deg
B = 7.19 · 10−1

C = 6.95 · 10−2 deg

Aeff [m2] Aeff (x) = A · (1 + x)B

A = 0.43 m2

B = 5.51

BgRate [Hz/deg2] BgRate(x) = A1 · exp
(
−(x− µ1)

2

2 · σ2
1

)
+ A2 · exp

(
−(x− µ2)

2

2σ2
2

)
+ C

A1 = 6.76 · 10−10 Hz/deg2
µ1 = 2.89 · 10−1

σ1 = 7.55 · 10−1

A2 = 4.58 · 10−8 Hz/deg2
µ2 = −2.37 · 10−1

σ2 = 6.61 · 10−1

C = 3.53 · 10−15 Hz/deg2
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remaining atmospheric neutrino flux is composed of two contributions: a conven-
tional component, due to the decay of light mesons from atmospheric air showers,
and a prompt component, due to the decay of charmed hadrons. The atmospheric
neutrino background is evaluated following Adrian-Martinez et al. (2016a), with the
conventional model from Honda (2016) and the prompt model from Enberg et al.
(2008), which becomes dominant over the conventional flux at Eν > 1 PeV: the ex-
pected up-going neutrino background rate is shown in Fig. 5.1 (bottom), while the
corresponding analytical parameterization is provided in Tab. 5.2.

5.3 Sensitivity to extended sources

A common procedure for gamma-ray and neutrino telescopes is here introduced for
the computation of the sensitivity curves: the same analytical approach is applied to
the two detectors in order to calculate their sensitivities and facilitate their compari-
son. For calculations of the minimum detectable fluxes of gamma rays and neutrinos,
the relevant functions provided in Tabs. 5.1 and 5.2 are used. Note that the curves
shown in Figs. 5.2-5.7 correspond to the differential sensitivities: the per bin sensi-
tivity allows not only the identification of a source but also its spectroscopic analysis.
Since the sensitivity curves have to be compared point by point, the same energy
binning is used for both the gamma-ray and the neutrino sensitivities. Three bins
per logarithmic decade are set, so that the energy resolution of both instruments is
covered in each bin.
The minimum detectable flux is defined as the flux that gives in each energy bin:

1) a minimum number of signal events, Nmin
s ;

2) a minimum significance level of background rejection, σmin;

3) a minimum signal excess over the background uncertainty level.

Therefore, the instrument sensitivity is fixed by the one condition among the three
listed above which dominates over the other two. The number of signal events, Ns,
is obtained by folding an E−2 power-law spectrum with the instrument response.
Nmin

s = 10 is set for CTA and Nmin
s = 1 for KM3NeT. The significance level of the

detection is expressed by the standard deviation σ, defined as:

σ =
Ns√
Nb

(5.1)

where Nb is the number of background events in the energy bin. The threshold on
the minimum number of σ is set to σmin = 5 for the gamma-ray telescope and to
σmin = 3 for the neutrino telescope. The values of Nmin

s and σmin are reduced in the
case of neutrino telescopes in order to investigate the limits of the source detection
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capability, given that neutrino astronomy is not properly yet at its dawn. However,
one has to keep in mind that each energy bin is satisfying all the above criteria:
therefore, for instance, a differential 3σ requirement corresponds to an actual higher
significance in the energy bins where this is not the dominant condition.
Concerning the condition on the background uncertainty, in the case of CTA a 1%
systematic uncertainty is assumed on the modeling of the background and a signal
of at least five times this background accuracy level is required, i.e. Ns/Nb ≥ 0.05,
following the approach adopted by CTA (Bernlöhr et al., 2013). In the case of neu-
trinos, instead, the approach adopted by KM3NeT in Adrian-Martinez et al. (2016a)
is followed and a 25% background systematic uncertainty is assumed, mainly related
to uncertainty in the theoretical modeling of the atmospheric neutrino background.
This uncertainty might be reduced in the future, adopting a data-based evaluation
of the background. Therefore, in the neutrino case, a signal at least three times
higher than the background accuracy is assumed: this converts into requiring a sig-
nal to background ratio of at least Ns/Nb ≥ 0.75. Moreover, to account for the
statistical fluctuations of the background, the number Nb is randomized according
to a Poissonian distribution, with the results being averaged over 1000 realizations
of the sensitivity estimation. An observation time of 50 hours is assumed for the
gamma-ray telescope, while 10 years are assumed for the neutrino telescope.

Note that the sensitivities are calculated without any optimization of the tools
for the reconstruction of the primary particle characteristics and without exploring
different dedicated background-rejection methods. A precise estimation of the CTA
capabilities for the detection of extended sources would require a complete 3D analy-
sis and the study of sub-structures on arcminute scales, as the arcminute PSF of CTA
would permit to resolve the morphological details of many extended sources beyond
the disc-like structure here considered. To our knowledge, such studies are currently
being conducted by the CTA Consortium. However, morphological studies are not
an easy task for neutrino astronomy, because of the fainter flux when only a reduced
part of the source is considered. As from the neutrino side, tailored background re-
jection techniques targeted to the suppression of atmospheric muons and neutrinos
might be included at the analysis level: for instance, vetoing few external layers of
the detector has been demonstrated to be effective in rejecting background muons
(Aartsen et al., 2013a). Furthermore, the same technique constitutes a powerful
method to reject also downward-going atmospheric neutrinos, through the identifi-
cation of the accompanying muon, as proposed in Schonert et al. (2009). However,
since a comparison between gamma-ray and neutrino telescopes is here proposed,
estimations of the instrument potentials will be limited to the analysis technique
previously described.
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5.3.1 Source angular extension

The radial dimension of the extended source strongly affects the sensitivity for their
detection. In the following, eight different source sizes are considered, i.e.

Rsrc = [0.1, 0.2, 0.5, 0.8, 1.0, 1.2, 1.5, 2.0] deg.

The largest size has been fixed as a conservative threshold value for which the degra-
dation of the CTA response with the off-axis angle does not play a significant effect
and therefore the IRFs meant for sources located close to the center of the FoV are
still valid (see e.g. Szanecki et al. (2015) for a study on the expected CTA off-axis
performance). Publicly available IRFs for objets placed off-axis have not been re-
leased by the CTA Consortium yet. However, an estimation of the worsening of
the CTA sensitivity due to the off-axis pointing of point-like sources is presented
in https://www.cta-observatory.org/science/cta-performance/. On the ba-
sis of this result, is it possible to evaluate a correction factor to the flux sensitivity
for objects with an extension of up to 2 deg. As presented in Sec. 5.3.3, in those
energy bins where the CTA results are available, the sensitivity worsening always
results lower than a factor of two, even for sources as large as 2 deg.
In the sensitivity computation, the angular resolution σPSF affects the actual size of
the observed region of interest (ROI). The radius of the ROI is defined as:

RROI =
√
σ2
PSF +R2

src (5.2)

Spherical sources placed at the center of the FoV are considered, covering a solid an-
gle Ω = πR2

ROI for the background computation. The resulting sensitivity curves are
shown in Fig. 5.2(a) for the gamma-ray telescope and in Fig. 5.2(b) for the neutrino
detector. Previous works on the potential of current neutrino telescopes towards the
observation of extended sources (Adrian-Martinez et al., 2014, Aartsen et al., 2014)
show that the next-generation neutrino telescope will push sensitivity limits down
by more than an order of magnitude with respect to current instrument sensitivities.

5.3.2 Discussion on sensitivity curves

Figs. 5.2(a) and 5.2(b) demonstrate that the deterioration of the sensitivity with
the source size shows for both instruments a dependence on energy. In principle, a
simple re-scaling of the point-like source sensitivity according to the actual exten-
sion of the source (i.e. through an energy-dependent scaling-factor proportional to
RROI/σPSF), would predict a stronger deterioration of the sensitivity for extended
objects at energies at which the angular resolution is smaller. Thus, since the an-
gular resolution improves with energy, one would expect a stronger effect at higher
energies. Nevertheless, Fig. 5.2 does not show such a tendency for both telescopes.
The reason being that at very high energies the detection of the signal proceeds at
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the very low background rate, thus the detection condition is determined by the
signal statistics rather than by the background, i.e. by condition 1) listed in Sec. 5.3.
Indeed, it is seen from Fig. 5.2 that the sensitivities become almost independent of
the source extension at a few tens of TeV for both gamma rays and neutrinos.
According to the same arguments, one would expect a reduced dependence on the
object size at low energies, where the angular resolution worsens. Nevertheless, at
these energies, the maximum deviation between different sizes is realized. This is
because at lower energies, the sensitivity depends on the background as Ns/

√
Nb ∝

Ns/RROI when the condition 2) holds (at intermediate energies), while it follows
a Ns/Nb ∝ Ns/R

2
ROI dependence when the background systematics are mainly af-

fecting the signal identification, such that condition 3) dominates (at the lowest
energies). Consequently, the increase of degradation with source size is maximized
at the lowest energy, as the sensitivity deteriorates as ∝ R2

ROI. This is especially
evident in the case of CTA, while a less significant degradation with the source size
takes play in the case of KM3NeT. The reason for this difference lies in the fact that,
contrary to CTA, the ROI that defines the KM3NeT angular search window at the
lowest energies is dominated by the instrument PSF. Consequently, the KM3NeT
angular resolution affects the minimum detectable flux as long as Rsrc < σPSF, with
σPSF ≃ 0.7 deg around 1 TeV.
In summary, a deviation with increasing extension of the source size is observed,
which is maximum at low energies, reduces towards higher energies, and eventually
disappears at the highest energies.

5.3.3 CTA off-axis sensitivity

The sensitivity study presented in the previous section assumes that the source is
located in the center of the CTA FoV. However, in the case of extended sources, a
degradation of the telescope performances should be accounted for, since part of the
source would result displaced from the FoV center.
In this section, a correction factor to be applied to the CTA sensitivity curves shown
in Sec. 5.3 is estimated, in order to take into account the degradation of the in-
strument response due to the offset of the source. The publicly available results of
the CTA Southern array are considered for what concerns the point-like source de-
tectability off-axis, as reported in https://www.cta-observatory.org/science/
cta-performance/. Here, the instrument point-source off-axis sensitivity relative
to the one at the center of the FoV is presented in four different energy bins (i.e.
50−80 GeV, 0.5−0.8 TeV, 5−8 TeV and 50−80 TeV). In the same energy intervals,
the correction factor ⟨F ⟩ is defined as the average value of the CTA expectations over
the total extension of the objects. The objects with total radius RROI (see Eq. (5.2))
are treated as composed by concentric annuluses with size 2σPSF , where σPSF is the
mean value of the angular resolution in each of the four energy bins. Opting for
a conservative approach, a set of N annuluses is considered, with N the smallest
integer such that the radius of the source can be expressed as a finite multiple of
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Figure 5.2: Minimum detectable flux computed according to the procedure described in Sec. 5.3 in
the case of extended sources for: (a) CTA (50 hours observation time) and (b) KM3NeT (10 years
observation time). Reprinted from Ambrogi et al. (2018) with permission from Elsevier.
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the instrument angular resolution, so that N · (2σPSF ) ≥ RROI . The contribution of
each annulus to ⟨F ⟩ is then weighted according to the area of the ring Aring itself,
yielding to the definition of ⟨F ⟩ as:

⟨F ⟩ =
∑N

i=1 fi · Aring,i∑N
i=1Aring,i

(5.3)

where fi is the value of relative worsening at a fixed distance from the camera center,
as inferred from https://www.cta-observatory.org/science/cta-performance/.
The estimated correction factor ⟨F ⟩ is shown in Fig. 5.3 for sources with an exten-
sion ≥ 0.5 deg, as for smaller distances to the camera center the telescope sensitivity
does not suffer any significant worsening (i.e. ⟨F ⟩ = 1). The worsening of sensitivity
is less than a factor of two, even for the largest source extension considered in this
work, i.e. 2 deg, in the lowest energy interval.
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Figure 5.3: CTA-South correction factor ⟨F ⟩ to account for the off-axis degradation of the instrument
sensitivity to extended sources. See the text for a detailed description of the factor ⟨F ⟩, as defined in
Eq. (5.3). The widths of the energy bins correspond to the intervals for which the CTA point-like source
off-axis estimations are available. Reprinted from Ambrogi et al. (2018) with permission from Elsevier.

5.4 The case of RX J1713.7-3946 and the Galactic Center Ridge

As the origin of the CR flux measured at Earth is still a matter of debate, it is
mandatory to investigate sources which might be responsible for it. Galactic sources
are believed to contribute up to energies of about 1 PeV, in correspondence of the
knee. Among them, young SNRs represent promising candidates, given that the
strong shocks produced during the supernova explosion might be able to accelerate
particles. However, the lack of observational evidence for the presence of PeV protons
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in such objects does not permit yet to firmly establish the SNR paradigm for the
origin of Galactic cosmic rays, and future gamma-ray and neutrino observations are
needed to further constrain theoretical models. In this regard, the recent claim of
a PeVatron in the center of our own Galaxy (Abramowski et al., 2016) opens a
new possibility to explain the flux of CRs below the knee and it deserves a deeper
investigation, both from the gamma-ray and the neutrino side. For these reasons,
in this section, the case of two bright extended gamma-ray sources is discussed:
the young SNR RX J1713.7-3946 and the Galactic Center Ridge. In the following,
the muon neutrino fluxes expected from these sources are computed according to
the model in Villante and Vissani (2008), as presented in Ch. 4, assuming a 100%
hadronic origin of the measured gamma-ray flux and no internal absorption of the
photon flux. Both the measured gamma-ray and expected neutrino fluxes are shown
together with the detector sensitivity curves. Fluxes are reported in a binned form,
such that it is directly possible to compare the expected source flux in a given energy
range with the detector sensitivity in the same band. These binned fluxes are defined
as:

ϕ(E) =
1

∆E

∫ Emax

Emin

dN

dE
dE

where ∆E = Emax−Emin represents the amplitude of the logarithmic bins used in the
sensitivity computation. The fluxes are reported together with the associated error
bands. In the case of gamma rays, the statistical errors of the estimated spectral
parameters are considered and then, for each energy bin, the upper/lower band
are computed as the curve defined by the combination of parameters (± statistical
errors) for which the flux is maximized/minimized. The same approach is adopted
also for the neutrino flux error bands: a scanning of the neutrino fluxes resulting
from all the different combinations of gamma-ray parameters is performed and the
maximum/minimum neutrino flux are computed.

5.4.1 RX J1713.7-3946

The case of this source is of great interest for neutrino telescopes, given that it is
the brightest SNR observed until now in the TeV sky. Moreover, its location in the
sky makes it observable with up-going events at the latitude of KM3NeT for 70% of
the time. The recent data from the H.E.S.S. Collaboration (Abdalla et al., 2018b)
suggest a spectrum in the form of an exponentially-suppressed power law with:

dNγ

dE
(E) = ϕ0

(
E

E0

)−α

exp

[
− E

Ecut

]
(5.4)

with E0 = 1 TeV, ϕ0 = 2.3×10−11 TeV−1 cm−2 s−1, α = 2.06 and Ecut = 12.9 TeV for
the best-fit model. Note that the best-fit flux of the source, published in the previous
paper (Aharonian et al., 2007) of the H.E.S.S. Collaboration, with the parameters
ϕ0 = 2.13 × 10−11 TeV−1 cm−2 s−1, α = 2.04 and Ecut = 17.9 TeV, predicts a
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noticeably higher flux of neutrinos at the most relevant energies for the detection of
neutrinos, Eγ ≥ 10 TeV. This is visible in Fig. 5.4(a), where the expected neutrino
fluxes from both H.E.S.S. measurements are shown together with the flux sensitivities
of the two instruments for an extended source with a radius of 0.6 deg. High quality
spectroscopic measurements of gamma rays at the highest energies are still missing,
due to the limited sensitivity of current instruments. The uncertainty on the gamma-
ray flux above ∼ 10 TeV is expected to be substantially diminished through CTA
observations on the source, in a rather short time. Remarkably, even for the lowest
predicted neutrino flux, a statistically significant detection of the latter by KM3NeT
seems realistic for timescales of 10 years. This is well in agreement with the lack
of events from RX J1713.7-3946 by the current generation of neutrino telescopes,
whose upper limits on its neutrino flux amounts to 6.7 × 10−12 TeV cm−1 s−1 in
the case of ANTARES (Albert et al., 2017b), and to 9.2 × 10−12 TeV cm−1 s−1 for
the IceCube detector (Aartsen et al., 2017a). In the following, the possibility of a
neutrino detection from the SNR with the KM3NeT/ARCA detector is investigated,
since it represents a timely study given that its completion is planned within 2020,
as reported in Adrian-Martinez et al. (2016a).

The ARCA sensitivity A less stringent requirement for the source detection is
derived when demanding for the achievement of a given significance level by integrat-
ing over the whole energy range, rather than on individual bins. This approach is
usually adopted when statistics is not large enough for spectroscopic studies. The low
rate of events connected to neutrino interaction properties makes the case for inte-
grated sensitivity analyses, even though one should carefully evaluate the instrument
performances in those specific energy intervals where most of the signal is expected.
Thus, in the following, the specific ARCA effective area released by the KM3NeT
Collaboration towards the location of the source is considered, with the experimental
cuts reported in Fig. (40) of Adrian-Martinez et al. (2016a) (either the one labeled
as Λ or the Boosted Decision Tree (BDT)). These cuts refer to different stages of
the analysis: Λ is an estimator for the quality of track reconstruction, while the
BDT represents a more stringent event selection, being the result of a multivariate
technique including the Λ parameter as well as other estimators (as the energy, the
vertex position, etc.). The resulting effective area for ARCA is shown in Fig. 5.5(a).
Concerning the signal neutrino flux expected from the SNR, the best-fit gamma-ray
modeling of the source emission is considered, as described in Sec. 2.6 with the pa-
rameter Bc = 10µG, and the muon neutrino flux is derived according to the model in
Villante and Vissani (2008). The parent energy distribution, obtained by convolving
the signal flux and the instrument effective area, is shown in Fig. 5.5(b): as visible,
the maximum of the function is expected within 10 and 20 TeV. The evaluation of the
background follows the approach described in Sec. 5.2, with both a conventional and
a prompt component for the atmospheric contribution. Fig. 5.5(c) shows the parent
energy distribution for the background flux, which is also shown to be maximum in
the same energy region of the signal parent function, highlighting the importance of

185



E (TeV)
1−10 1 10 210 310

)
-1

 s
-2

(E
) 

 (
T

eV
 c

m
φ 2

E

13−10

12−10

11−10

10−10
RX J1713.7-3946

CTA 50 hours
KM3NeT 10 years

 HESS 2016
γ

φ
 HESS 2007

γ
φ

 based on HESS 2016
ν

φ
 based on HESS 2007

ν
φ

 

(a)

E (TeV)
1−10 1 10 210 310

)
-1

 s
-2

(E
) 

 (
T

eV
 c

m
φ 2

E

13−10

12−10

11−10

10−10

Galactic Center Ridge

CTA 50 hours

KM3NeT 10 years

 HESS 2017 PL
γ

φ

 HESS 2017 PL with EXP CUTOFF at 100 TeV
γ

φ

 HESS 2017 PL with EXP CUTOFF at 1 PeV
γ

φ

 based on HESS 2017 PL
ν

φ

 based on HESS 2017 PL with EXP CUTOFF at 100 TeV
ν

φ

 based on HESS 2017 PL with EXP CUTOFF at 1 PeV
ν

φ

 

(b)

Figure 5.4: Minimum detectable flux computed according to the procedure described in Sec. 5.3 for
CTA and KM3NeT to: (a) the extended SNR RX J1713.7-3946 (spherical source with radius of 0.6 deg)
and (b) the diffuse emission from the Galactic Center Ridge (rectangular box with longitudinal size of
2.0 deg and latitudinal size of 0.6 deg). The binned gamma-ray fluxes are shown as colored solid lines.
The dashed curves are the binned muon neutrino fluxes computed according to the model in Villante
and Vissani (2008) in the hypothesis of 100% hadronic gamma rays. Reprinted from Ambrogi et al.
(2018) with permission from Elsevier.
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Table 5.3: Number of muon neutrino (and antineutrino) events expected from the SNR RX J1713.7-
3946 in the KM3NeT-ARCA detector during 5 years of operation. Different analyses cuts are considered
(Λ and BDT, see text): Ns is the number of signal events, Nb is the number of background events and
σ = Ns/

√
Nb is the significance level.

cut Ns Nb σ
Λ 9.2 8.3 3.2

BDT 5.9 3.9 3.0

accessing this low-energy range with a clean event sample. The number of signal and
background events expected in 5 years of observation is given in Tab. 5.3, where the
source extension is assumed to be Rsrc = 0.6◦: as visible, a 3σ detection is foreseen
in about 5 years of operation of KM3NeT-ARCA. If no signal will be found during
this time, the hadronic fraction of the gamma-ray flux can be constrained to be lower
than 50% (Aiello et al., 2018).

5.4.2 The Galactic Center Ridge

Another promising object from the point of view of multi-TeV neutrino detection is
the Galactic Center Ridge. The observations with the H.E.S.S. telescope revealed the
presence of a diffuse emission component from a 200 pc region around the Galactic
Center (Aharonian et al., 2006, Abramowski et al., 2016). The hard energy spectrum
of the emission extends well above 10 TeV without any indication of a spectral break
or cut-off (Abramowski et al., 2016). If such emission has a hadronic origin, neutrinos
are expected as well and this source is another candidate to be detected by KM3NeT,
as introduced in Ch. 4. The H.E.S.S. measurements of the Galactic Center Ridge
spectrum, as recently reported in Abdalla et al. (2018a), point toward an unbroken
power law of the form:

dNγ

dE
(E) = ϕ0

(
E

E0

)−α

(5.5)

with E0 = 1 TeV, ϕ0 = 1.2 × 10−8 TeV−1 cm−2 sr−1 s−1, α = 2.28. This spec-
trum corresponds to the region |l| ≤ 1.0 deg, |b| ≤ 0.3 deg. The estimation of the
sensitivities is done for the same sky region, namely a rectangular box with lon-
gitudinal size of 2.0 deg and latitudinal size of 0.6 deg. The results are shown in
Fig. 5.4(b), where three neutrino spectra are calculated: the unattenuated power law
that directly follows the gamma-ray measurements and two more spectra obtained
assuming an exponential cut-off in gamma rays respectively at 100 TeV and 1 PeV.
One can see that only in the case for which the location of the gamma-ray cut-off
energy is beyond 100 TeV, does the gamma-ray data guarantee a statistically signifi-
cant detection of the counterpart neutrinos by KM3NeT. The gamma-ray flux above
100 TeV is too weak to be detected by the H.E.S.S. telescopes, even after a decade of
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Figure 5.5: Neutrino analysis tailored at the SNR RX J1713.7-3946. (a) KM3NeT-ARCA effective
area, for the specific source declination and different analysis cuts (Λ and BDT, see text). (b) Parent
energy distribution of the signal for muon tracks in KM3NeT-ARCA. (c) Parent energy distribution of
the atmospheric background (both conventional and prompt neutrinos included).
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continuous monitoring of this region. The exploration of this energy domain requires
a more powerful gamma-ray instrument such as CTA. This can be seen in Fig. 5.4(b).
Note that, even in the case of effective gamma-ray production above 100 TeV, these
photons could hardly escape the Ridge because of the absorption in the interactions
with the enhanced far infrared radiation fields in the central 200 pc region. Thus,
it is likely that the neutrinos remain the only messengers of information about the
CR protons with energies larger than 1 PeV. This opens a unique opportunity for
KM3NeT to provide a major contribution to the exploration of the CR PeVatron in
the Galactic Center.

5.5 The second HAWC catalog

Beyond the search for neutrino emission from individual sources, population studies
are expected to provide a deep comprehension of the acceleration mechanism acting
at the source. In this section, the recently published second High Altitude Water
Cherenkov (HAWC) catalog of TeV sources, namely the 2HWC catalog reported in
Abeysekara et al. (2017), is considered and the capability for neutrino telescopes
to investigate such fluxes are discussed. A total of 39 VHE gamma-ray sources
are reported in the catalog, both Galactic and extra-galactic ones: of these, two
are associated with blazars, two with SNRs, seven with PWNe. Of the rest, 14 have
possible associations with SNRs, PWNe and molecular clouds, while the remaining 14
are still unidentified. With respect to other TeV catalogs from IACT arrays, a HAWC
extended source is actually a sky region where more sources might be overlapping,
given the limited angular resolution with respect to IACTs. In the following, all
the emission coming from such a region is considered as a single source, given that
neutrino telescopes have a quite similar angular resolution to water-based Cherenkov
gamma-ray instruments. Several among the sources reported in Abeysekara et al.
(2017) are tested under different angular extension hypotheses, leading to different
spectral fits: the spectral fit corresponding to the more extended source assumption
is considered here. Furthermore, Geminga is flagged twice in the 2HWC catalog
(both as a point-like and as a 2 deg extended object): therefore, the final list counts
a total of 40 gamma-ray emitters. In the view of a neutrino detection, the sensitivity
of the KM3NeT detector to upward-going track events from the 2HWC sources has
been studied. Although this is not the best source sample to be investigated with
KM3NeT through upgoing muons, given their sky position, nonetheless they are here
considered since it is interesting to exploit sources not previously detected in the TeV
energy region. The sensitivity of KM3NeT is reported in Figs. 5.6 and 5.7, together
with the expected neutrino fluxes. The case of point-like sources with fluxes in the
reach of KM3NeT is reported as well. In particular Fig. 5.6 shows the neutrino
expectations for: Fig. 5.6(a) 2HWC point-like sources, Fig. 5.6(b) for source with an
extension of 0.5 deg, Fig. 5.6(c) for 0.6 deg sources, Fig. 5.6(d) for 0.7 deg sources.
Analogously 5.7(a) shows the results for 0.8 deg sources, Fig. 5.7(b) for 0.9 deg
sources, Fig. 5.7(c) for 1.0 deg and Fig. 5.7(d) for 2.0 deg sources. The computation of
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neutrino spectra is realized without accounting for possible absorption of the gamma
rays, which might be relevant for extra-galactic sources: in this case, neutrino fluxes
would increase since neutrinos do not suffer of absorption. As visible in Figs. 5.6 and
5.7, promising sources for a neutrino detection are represented by 2HWC J1809-190,
2HWC J1819-150, Crab, Mrk 421, 2HWC J1844-032, 2HWC J2019+367, 2HWC
J1908+063, 2HWC J1825-134, 2HWC J1814-173 and 2HWC J1837-065. Since only
sources below the horizon are considered, the source visibility needs to be taken
into account. The sources with more than 50% visibility at the KM3NeT latitude
are constituted by 2HWC J1809-190, 2HWC J1819-150, 2HWC J1814-173, 2HWC
J1825-134, 2HWC J1844-032 and 2HWC J1837-065. The inclusion of down-going
events, with specific analysis features allowing the reduction of the atmospheric muon
background, will permit to include in the analysis the whole data-taking period:
in this case, however, the selection efficiency would further reduce the triggered
sample by a factor of a few. Finally, in the case of two degree extended sources, the
cascade channel might be added, given that the source dimensions are comparable
to the shower angular resolution at high energies (for KM3NeT, about 2◦ above
Eν = 70 TeV). A combined track and cascade analysis is thus the most effective
strategy to pursue the goal of identifying neutrino sources in the case of very extended
objects.

As a conclusive remark, here it is worth to emphasize that the instrument perfor-
mances presented come as an original study done by the author: more sophisticated
analysis approaches tailored to the detection of extended objects might be developed
by the CTA and KM3NeT Collaborations, leading to improved sensitivities with
respect to that found in this work. However, in the energy domain relevant for a
multi-messenger observation of extended sources (i.e. above 10 TeV), the differences
with the results here reported are not expected to be significant. This is due to the
signal detection being determined by the limited statistics, with the main uncertainty
residing in the knowledge of the instrument collection area.
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Figure 5.6: Muon neutrino (and antineutrino) fluxes (solid lines) of the sources reported in the second
HAWC catalog (Abeysekara et al., 2017) and KM3NeT minimum detectable flux (dashed line), as
computed according to the procedure described in Sec. 5.3, towards: (a) point-like sources, (b) 0.5 deg
extended sources, (c) 0.6 deg extended sources and (d) 0.7 deg extended sources. The error bands
on neutrino fluxes are computed as described in the text, accounting for the statistical error on the
gamma-ray observation. Reprinted from Ambrogi et al. (2018) with permission from Elsevier.
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Figure 5.7: Muon neutrino (and antineutrino) fluxes (solid lines) of the sources reported in the second
HAWC catalog (Abeysekara et al., 2017) and KM3NeT minimum detectable flux (dashed line), as
computed according to the procedure described in Sec. 5.3, towards: (a) 0.8 deg extended sources, (b)
0.9 deg extended sources, (c) 1.0 deg extended sources and (d) 2.0 deg extended sources. The error
bands on neutrino fluxes are computed as described in the text, accounting for the statistical error on
the gamma-ray observation. Reprinted from Ambrogi et al. (2018) with permission from Elsevier.
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6
Summary and Conclusions

This thesis concerns the study of Galactic CRs through their gamma-ray and neu-
trino signatures: in fact, a solid connection exists between CR physics and VHE
gamma-ray and neutrino astronomy. This association is a result of the fact that the
sources of CRs are also expected to be bright VHE gamma-ray and neutrino emitters,
due to the decay of neutral and charged pions produced in the interactions between
the accelerated particles and the gas surrounding the acceleration site. SNRs are
believed to be the main contributors to the Galactic CR flux, though so far their
role in the production of PeV particles has not yet been observationally established.
In fact, even the brightest TeV SNR detected so far does not seem to act as a PeVa-
tron, namely a CR accelerator producing a hard spectrum of protons extending to
PeV energies without any break or cut-off. Hence, a first issue arising in the SNR
paradigm for the origin of Galactic CRs is connected with the maximum energy
that these accelerators are able to achieve. A second concern refers to the shape
of the VHE spectra observed in SNRs, as they systematically show a differential
energy spectrum different from the E−2 power law expected from particle accelera-
tion within the test-particle DSA theory. In particular, very young SNRs (∼ 300 yr
old) have generally steeper spectra than young SNRs (∼ 103 yr old). On the other
hand, middle-aged SNRs (∼ 104 yr old) show even steeper spectra. Such a variety
is not easily explained by the DSA theory, even when non-linear effects are taken
into account. Furthermore, the origin of the VHE radiation observed in SNRs, either
leptonic or hadronic, is practically under debate for all sources, as the broad-band
spectrum is not easily accomodated by simplified one-zone models. Possibly, the
solution to these inconsistencies might reside in the fact that the current accelera-
tion theory does not account for realistic environments where SN explosions happen.
Moreover, a complete theory, able to describe the full process of particle accelera-
tion, propagation around the sources and escape from these is still nowadays missing.

A major limitation of the phenomenological description of particle acceleration and
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propagation at SNR shocks is connected with the assumption that the remnants are
expanding into a uniform ISM. A more realistic situation is instead represented by a
multi-phase medium, composed by dense structures surrounded by a more homoge-
nous plasma. In Ch. 2, I investigated the effects of a shock propagating through
dense inhomogeneities, by numerically solving the MHD equations describing the
evolution of the background plasma. On top of this, the numerical solution of the
particle diffusive transport equation was obtained in order to describe the accelerated
particle distribution. The presence of dense molecular clumps in shock environments
strongly affects the plasma properties, in that the large scale magnetic field results
amplified around them, due to both field compression and the shear motion. As a
consequence, the propagation of particles accelerated at the shock proceeds in such
a way that low-energy particles need more time to penetrate the clumps compared
to high-energy ones. The resulting energy spectrum of particles contained inside the
clump is significantly harder than the spectrum accelerated at the shock through
DSA. Given that clumps contain most of the target mass, the gamma-ray spectrum
produced in hadronic collisions of accelerated particles appears to be much harder
than the parent spectrum. It is hence necessary to account for the inhomogeneous
CSM to correctly predict the gamma-ray spectrum. Such a scenario is very common
in the case of type II SNe, which due to the short life of their progenitor, typically ex-
pand in a region where the molecular clouds responsible for the progenitor formation
still exist. I demonstrated that this effect might be relevant for the brightest SNR
observed in TeV gamma rays, RX J1713.7-3946. The cumulative contribution of
clumps embedded between the contact discontinuity and the current shock position
is able to reproduce the observed GeV hardening. Remarkably, for the gas density
assumed here inside the clumps (nc = 103 cm−3) the evaporation time is much longer
than the SNR age. As a consequence, the clumps crossed by the forward shock do not
produce significant thermal X-ray emission, in agreement with observations. Addi-
tionally, the proposed scenario can naturally account for the fast variability observed
in the non-thermal X-ray emission of several hot-spots inside RX J1713.7-3946, as
due to the electron synchrotron losses in the amplified magnetic field around the
clumps. The detection of such small structures by means of molecular transition
lines is within the reach of the ALMA telescope, and it appears extremely relevant
to confirm the hadronic origin of the VHE radiation. An independent signature of
the ‘clumpy’ origin of the gamma-ray emission could be revealed from a morpho-
logical study performed with the next-generation gamma-ray telescope, CTA. The
superb sensitivity and the high angular resolution of CTA could allow to resolve
regions small enough that they contain only few clumps, possibly revealing large
spectral fluctuations in the gamma-ray spatial profile, unlike a scenario where the
SNR is expanding into a uniform medium.

The deviation observed in the HE and VHE gamma-ray spectra of SNRs, partic-
ularly in middle-aged ones, with respect to the simple spectral shape predicted by
the DSA theory, might possibly be connected to the particle escape process from the
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shock region. The escaping process of particles accelerated at SNR shocks remains
one of the less understood piece of the shock acceleration theory. As a consequence,
this aspect is often neglected, though it represents a fundamental part of the pro-
cess, needed to explain the CR spectrum observed at Earth. In Ch. 3, I developed
a phenomenological model for the description of particle escape from an SNR shock,
aimed at evaluating the effects produced by the escape process on the gamma rays
emitted by the source. In particular, when particles are not confined any more by
the shock, they start to freely diffuse in the CSM, eventually escaping the accelera-
tor. The streaming of CRs is able to excite the resonant instability, thus amplifying
the turbulence necessary to confine the accelerated particles around the SNR for
long time (D’Angelo et al., 2018). Since the escape process is not instantaneous, a
relevant fraction of high-energy particles can still be located inside the SNR or close
to it even once they are not confined anymore by the shock turbulence, producing
diffuse TeV halos around the remnant. This process has at least two important con-
sequences on gamma rays: i) the spectrum from the SNR interior observed at a fixed
time presents a steepening above the maximum energy of particles accelerated at
that time, and ii) the spectrum emitted from the halo around the remnant shows a
low-energy cut-off in correspondence of the minimum energy of the escaping particles
at the observation time. While the second aspect could be tested with future gamma-
ray telescopes (for instance CTA), the former could have already been detected. I
showed that accounting for both the contribution from confined particles, which are
still undergoing the acceleration process, and non-confined ones, which are diffusing
close to the source, it is possible to reproduce the spectra of some interesting middle-
aged SNRs. A description of the observed VHE radiation has been achieved in the
case of IC 443, W 51C and W 28N through the assumption of a diffusion coefficient
reduced by a factor 10−100 with respect to the average Galactic value. Furthermore,
all of these SNRs require an acceleration spectrum steeper than what is predicted
by the test-particle DSA theory, in order to reproduce the HE gamma-ray data. In
addition to the effects produced on the gamma-ray spectrum, I calculated the total
CR spectrum injected in the Galaxy by an individual SNR, evolving in the ST phase.
For an acceleration spectrum ∝ p−α, under the assumption that a fixed fraction of
the shock kinetic energy is converted into accelerated particles at every time, the
spectrum injected into the Galaxy by a single SNR turns out to be: i) at p ≫ mpc,
finj(p) ∝ p−4 if α < 4 or finj(p) ∝ p−α if α > 4, and ii) at p ≪ mpc, finj(p) ∝ p−5 if
α < 5 and finj(p) ∝ p−α if α > 5. This result is independent of the temporal behavior
of the maximum energy at the shock, but it strongly depends on the assumption that
the particles are released entirely while the SNR is in its ST stage.

The lack of an observational proof of the SNR paradigm for the origin of GCRs pro-
vides a hint for considering among the responsible sources other objects than SNRs,
for instance the black-hole at the center of the Galaxy or massive stellar clusters. To
this extent, the recent claim by the H.E.S.S. Collaboration concerning the presence of
a proton PeVatron in the center of our Galaxy (Abramowski et al., 2016) is critically

195



considered in view of a neutrino counterpart, that would unambiguously identify the
presence of hadronic emitters. The Galactic Center region contains indeed several
possible high-energy emitters, including the closest super-massive black-hole, strong
star-forming regions, massive and dense molecular clouds, numerous supernova rem-
nants and pulsar wind nebulae, arc-like radio filaments, as well as the bottom part
of what might be associated to large-scale Galactic outflows, i.e. the so-called Fermi
bubbles. The detection of neutrinos from the Galactic Center region is crucial to
confirm or discard the hadronic origin of gamma rays. In case of non-detection, how-
ever, neutrino telescope will be able to put severe constraints on the efficiency of
hadronic acceleration in this region. In order to predict the expected neutrino flux,
it is necessary to know the flux of gamma rays at the source, and for this reason
it is crucial to evaluate correctly the effect of the absorption due to the interaction
between the gamma rays and the background radiation fields. As I demonstrated in
Ch. 4, the diffuse high-energy gamma-ray flux measured by H.E.S.S. is not affected
by the absorption on standard known radiation fields, namely the CMB and the
optical and IR radiation backgrounds. On the contrary, the gamma-ray flux from
the central point-like source could be affected by an intense infrared radiation field,
possibly located in the close vicinity of the Galactic Center. The absorption effect
is compatible with an unbroken power-law distribution of the emitted gamma rays
from the central point-like source, and it would increase the observable neutrino
signal by 40-50% with respect to current estimates. This new hypothesis motivates
further studies with IR telescopes and with 100 TeV gamma-ray instruments, as
CTA. I obtained a precise upper limit on the expected neutrino flux from the regions
close to the Galactic Center, by assuming that the gamma rays recently observed
by H.E.S.S. are produced in CR collisions. The corresponding maximum signal is
of few track (muon signal) events per year in the upcoming KM3NeT detector. In
view of these results, I concluded that the KM3NeT detector has the best chances
to observe neutrinos from Sgr A*, even if, in order to accumulate a large sample of
signal events, several years of exposure will be necessary. Besides the analyses of the
track-like events, also the analyses of shower-like events will contribute to advance
the study of Sgr A*, thanks to the favorable location of the KM3NeT detector and
to its good angular resolution. On the contrary, the expected signal in IceCube is
smaller and unlikely to be observed in view of the larger background rate caused by
the atmospheric muons. I examined the reasons of uncertainties in the expectations
for the high-energy neutrinos. While a leptonic contribution in the observed gamma
rays would decrease the observable signal, several other reasons could increase it,
including: i) the possibility of gamma-ray absorption, ii) an extended angular re-
gion, with respect to that observed by H.E.S.S. around the Galactic Center, where
the emission is sizeable, and iii) a speculative E−2 behavior of the spectra at higher
energies than presently measured with gamma rays, as often assumed in standard
data analysis of neutrino observatories. These considerations emphasize the impor-
tance of extending the programs for the search and study of VHE gamma rays and
neutrinos.
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A very relevant aspect for the identification of CR sources in terms of gamma-ray
and neutrino signatures concerns the potentials of future instruments. Both CTA
and KM3NeT are expected to achieve significant performance improvements with
respect to existing instruments, because of their larger effective areas and better
angular and energy resolution. In particular, in Ch. 5, I explored the discovery po-
tential of the future KM3NeT, in relation to the constraining power of CTA, for the
detection of extended sources, as they are particularly relevant in the case of Galactic
studies. In fact, unless multi-TeV photons are absorbed inside the sources or during
their propagation through the interstellar or intergalactic radiation fields, gamma-
ray observations can safely be considered a powerful tool to explore the potential
for finding astronomical neutrino sources. The synergy of the two observatories is
highlighted in that they will investigate the processes operating the non-thermal Uni-
verse through a complementary energy range. This comparative study is based on
simple analytical representations of the basic telescope characteristics, as publicly
available for both CTA and KM3NeT. I derived the following conclusions: (i) the
sensitivity to extended sources shows a degradation with increasing source angular
size such that it is maximum at low energies, it reduces at intermediate energies and
it tends to disappear at very high energies; (ii) the most important energy region
for the detection of neutrino sources is above 10 TeV, though the access to this low-
energy threshold is crucial, in that most of the VHE Galactic sources appear to have
a spectrum with a cut-off around an energy of 10 − 50 TeV. In this energy region,
the CTA minimum detectable gamma-ray flux does not show a strong dependence
with the source size, while a comparison of the performances of the two instruments
shows that above this energy a joint exploration of the VHE sky in gamma rays and
neutrinos will be possible. Nowadays, gamma-ray observations above 10 TeV are
available, as the surveys of the Galactic Plane realized by the current ground-based
telescopes, HAWC and H.E.S.S.: these observations are already constraining from
the point of view of their counterpart neutrino detection. However, some room is
still available for the presence of Galactic neutrino emitters. In the near future, CTA
will explore the entire Galactic Plane in the 10− 100 TeV energy domain. Therefore,
CTA will significantly reduce the limits on the neutrino source expectations, setting
conclusions on possible Galactic neutrino emitters through its extremely strong con-
straining power. My analysis showed that, by assuming a source emitting a ∝ E−2

differential energy spectrum in gamma rays through a fully hadronic mechanism, a
minimum gamma-ray flux of E2ϕγ(10 TeV) > 1 × 10−12 TeV cm−2 s−1 is necessary
in order for its neutrino counterpart to be detectable with a 3σ significance on a
timescale of 10 years with KM3NeT. This result assumes that the source has an
angular size of Rsrc = 0.1 deg. In the extreme case of a source with a radial extent of
Rsrc = 2.0 deg, only sources brighter than E2ϕγ(10 TeV) > 2× 10−11 TeV cm−2 s−1

will be within the reach of neutrino telescopes. These estimates are very weakly
dependent on the source spectral index and are consistent with previous evaluations
performed in Vissani et al. (2011) for the case of point-like sources. In particular,
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RX J1713.7-3946 and the Galactic Center Ridge remain potential sources for neutri-
nos. I found that a decade of observations is required for a 3σ (in each energy bin)
neutrino detection from the SNR and from the most optimistic set of parameters
considered for the Galactic Center Ridge (a cut-off in the gamma-ray spectrum at
energies above 100 TeV).
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A
MHD shock-clump simulations with

PLUTO

This appendix provides the reader with a brief review of the laws of physics governing
the motion of fluids. In Sec. A.1 the key aspects of hydrodynamics are presented, with
the aim of introducing the formation of shocks and the Rankine-Hugoniot conditions
regulating it. Subsequently, the effects of the presence of electromagnetic fields are
investigated, by moving towards the MHD equations for fluids: this is realized in
Sec. A.2. Here, an insight into the numerical code adopted for the evolution of
the system is discussed, namely the PLUTO code is presented. In particular, an
individual shock-clump interaction is simulated with different setups. Three distinct
magnetic field configurations have been considered: a magnetic field parallel to the
shock normal in Sec. A.2.2, perpendicular in Sec. A.2.3 and oblique in Sec. A.2.4.
Finally, several density contrasts among the clump and the CSM are explored in
Sec. A.2.5.

A.1 The hydrodynamics of shocks

Hydrodynamics considers a fluid as a macroscopic object, i.e. as a continuous
medium. Its local thermodynamical properties (namely pressure P , density ρ and
temperature T ) are required to describe the fluid in a state of rest: by assuming
an equation of state, it is necessary to provide only two of the three fundamental
thermodynamical quantities. Conversely, a generic fluid that is not in a state of rest
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will be also described by its instantaneous speed of motion (Vietri, 2008). In the fol-
lowing, all these quantities (P, ρ, T,v) are assumed as continuous functions of space
and time. Note that the velocity of the fluid refers to a fixed point in space and not
to specific particles of the fluid, which in the course of time will move through space
(Landau and Lifshitz, 1959). The same remark applies to pressure and density. The
fundamental laws of ideal fluids, namely fluids not subject to dissipative phenomena
(as friction and thermal conduction), express conservation of mass, momentum and
energy of a fluid volume, which read respectively as

dρ

dt
+∇ · (ρv) = 0

∂

∂t
(ρvi) +∇ · R̂ = 0

∂

∂t

(
ρ
v2

2
+

P

(γ − 1)

)
+∇ ·

(
ρ
v2

2
+

Pγ

(γ − 1)

)
v = 0

(A.1)

where the fluid politropic index γ was introduced as well as the Reynolds’s stress
tensor, defined as

Rik ≡ Pδik + ρvivk (A.2)

The first equation expresses mass conservation in differential form: mass can change
within a volume only if it is either added or removed by a mass flow (ρv) crossing
the surface of the given volume. The second equation is the Euler’s equation applied
to the i-th component of the momentum density vector ρv, where all external forces
have been neglected. The last equation represents the conservation of total energy,
kinetic plus internal, which applies to non-radiative cases. Note that if radiative
processes take place on definite timescales, this equation can still be valid if all phe-
nomena are taking place on shorter timescales, hence they are essentially adiabatic
(i.e. without heat loss).

One of the peculiarities of hydrodynamics is that it allows discontinuous solutions,
namely solutions such that all physical quantities are discontinuous on certain special
surfaces, called surfaces of discontinuity. In the mathematical sense, these solutions
are simply step functions, namely infinitely steep discontinuities. On the other hand,
from the physical point of view, the discontinuity is thin compared with respect to
all other physical dimensions, so that it is reasonable to assume the mathematical
limit of an infinitely steep discontinuity. Two different kinds of discontinuities exist.
The first one is called tangential discontinuity, that develops when two separate flu-
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ids lie one beside the other, and the surface between them is not crossed by a flux
of matter. This kind of discontinuity is unstable and hence short-lived. The second
kind of discontinuity, also called a shock wave or shock, is a surface of separation
between two fluids, where there is a flux of mass, momentum, and energy through
the surface. Shock waves are naturally produced within a wide range of phenomena:
they are practically unavoidable when the perturbations to which a hydrodynamic
system is exposed are not infinitesimal. In other words, when the perturbations to
which a system is exposed are small, sound waves are generated. If, on the other
hand, perturbations are finite (i.e., not infinitesimal), shocks form.

In order to derive a solution for the system of Eq. (A.1), a reference frame moving
with the surface of discontinuity is set in the following. Furthermore, plane sym-
metry (all quantities only depend on one coordinate, z, which is perpendicular to
the discontinuity surface) and stationarity are assumed. Thus, the hydrodynamic
equations presented in Eq. (A.1) can be written as

dJ

dz
= 0 (A.3)

where J is any kind of flux (mass, momentum or energy). As a consequence, these
equations require continuous fluxes. In other words, physical quantities can be
discontinuous, provided that fluxes are continuous: mass, momentum and energy
cannot be created inside the surface of discontinuity. More quantitatively, for a
one-dimensional (along z) stationary shock motion, the following set of equations
holds: 

∂

∂z
(ρv) = 0

∂

∂z
(ρv2 + P ) = 0

∂

∂z

(
1

2
ρv3 +

γ

γ − 1
Pv

)
= 0

(A.4)

Integrating these equations across the discontinuity surface, two solutions can be de-
rived, describing respectively tangential discontinuities and shock waves. By adopt-
ing the standard notation where the region 1 is the shock upstream, while the re-
gion 2 is the downstream as in Fig. 1.2), a solution of Eq. (A.4) is represented by
ρ1v1 = ρ2v2 = 0: since ρ1 ̸= 0 and ρ2 ̸= 0, then v1 = v2 = 0 is obtained. Conse-
quently, P1 = P2. Thus, the trivial solution reads as v1z = v2z = 0 and P1 = P2,
while all the other thermodynamic properties can be discontinuous. Hence, this kind
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of discontinuity is the tangential one: a contact discontinuity is a subclass of the
tangential discontinuities, where velocities are continuous but density is not (Landau
and Lifshitz, 1959). In the second kind of discontinuity, namely shock waves, the
mass flux does not vanish, therefore v1z and v2z cannot be vanishing. Now the tan-
gential velocity is continuous across the shock, and consequently through all space.
It holds that 

ρ1v1 = ρ2v2

ρ1v
2
1 + P1 = ρ2v

2
2 + P2

1

2
ρ1v

3
1 +

γ

γ − 1
P1v1 =

1

2
ρ2v

3
2 +

γ

γ − 1
P2v2

(A.5)

These conditions of continuity constitute what hydrodynamics imposes on shock
waves: they are called Rankine-Hugoniot (RH) conditions. The RH conditions allow
us to determine the thermodynamics properties of the fluid behind the shock, once
the conditions ahead of the shock are known. Defining the sonic Mach number of a
shock as M = v/cs, where cs is the sound speed, then Eq. (A.5) can be rewritten as

ρ2
ρ1

=
v1
v2

=
(γ + 1)M2

1

(γ − 1)M2
1 + 2

P2

P1

=
2γM2

1

γ + 1
− γ − 1

γ + 1

T2
T1

=
[2γM2

1 − (γ − 1)][(γ − 1)M2
1 + 2]

(γ + 1)2M2
1

(A.6)

where M1 = v1/cs,1 is the Mach number in the upstream. On the other hand, the
Mach number downstream reads as

M2
2 =

2 + (γ − 1)M2
1

2γM2
1 − γ + 1

(A.7)

In the limit M1 ≫ 1, the strong shock solution is obtained, which reads as

ρ2
ρ1

=
v1
v2

=
γ + 1

γ − 1

P2

P1

=
2γM2

1

γ + 1

T2
T1

=
2γ(γ − 1)

(γ + 1)2
M2

1

M2
2 =

γ − 1

2γ

(A.8)
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Strong shocks compress moderately the unperturbed gas: for a monoatomic gas with
γ = 5/3, a maximum factor of ρ2/ρ1 = 4 is achieved. However, they can heat the
gas to a high temperature, since T2/T1 ∝ M2

1 . Obviously, the source of energy for
this heating must be the bulk kinetic energy of the incoming fluid. In fact, the speed
of the fluid after the shock is smaller than the one before the shock, by the same
factor by which density increases. In summary, a shock appears as a discontinuity
in the thermal properties of a plasma. Two main effects of the presence of a shock
are influencing the plasma, namely:

• The plasma behind the shock is compressed and slowed down;

• The plasma behind the shock is heated (T > 108 K), which typically leads to
an intense X-ray emission.

Therefore, the shock transforms bulk kinetic energy into internal (thermal) energy
of the outgoing fluid, with creation of entropy. The generation of entropy is due
to collisions between atoms or molecules of the fluid in question. As an order of
magnitude estimate, the thickness of the shock is given by the mean free path λ of a
particle, since the speed of atoms (or molecules) is changed by 90◦ on a scale length
of that order of magnitude. In astrophysical systems, matter is mostly ionized, and
electrons and atomic nuclei are subject to accelerations and deflections due to electric
and magnetic fields. Thus, a mixture of disordered and partly transient electric and
magnetic fields is responsible for making the nuclei’s momenta isotropic. The shock
thickness must therefore be comparable with the Larmor radius of a proton, since
the proton, which carries most of the energy and momentum of incoming matter, is
deflected by the typical magnetic field over a distance of this order of magnitude.
Therefore one gets

λ ≃ rL,th = 1010 cm
(

v

104 km/s

)(
µG
B

)
(A.9)

where standard values are used for the speed of a proton emitted by a supernova,
and for a typical Galactic magnetic field. This thickness is such that the idealization
of an infinitely thin discontinuity results acceptable. If the agents responsible for the
isotropization of the bulk kinetic energy are electromagnetic fields, shocks are called
non-collisional. The best known example is the shock between the solar wind and
the Earth magnetosphere, at about 105 km from the Earth.
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A.2 The MHD of shocks and the PLUTO code

In the previous section, the equations of hydrodynamics have been introduced, ne-
glecting all electromagnetic phenomena related to the fluids in question. In fact, in
high-energy astrophysics, the fluid temperatures are very high, and most atoms are
completely ionized: in this situation, electric fields are irrelevant, thanks to matter
charge neutrality and to the abundance of free charges. However, if the fluid is im-
mersed in a magnetic field, its motion relative to B generates an electric field, and this
in turn generates currents. These currents are affected by magnetic fields and gen-
erate new magnetic fields, thus creating a complex and interesting physical situation.

MHD describes the behavior of fluids, which are at least partly ionized, in the
presence of electromagnetic fields. This description holds in the limit of mean free
paths short with respect to all macroscopic lengths of the problem. By mean free
path it is meant not only that between collisions among particles of various species,
but also the Larmor radius for particles in the magnetic field. With respect to the
hydrodynamics equations, the equation expressing mass conservation continues to
hold without any change. On the other hand, the equation expressing the conserva-
tion of momentum needs a correction: indeed a current J immersed in a magnetic
field is subject to a force per unit volume (which is actually the Lorentz force per
unit volume, in the absence of a net charge density) J × B/c. The equation of
energy conservation must be modified too, since the presence of currents implies a
resistance, and resistance implies dissipation and therefore heating. Furthermore,
Maxwell equations ∇ · B = 0 and ∇ × B = 4πJ/c should be included to close the
system.

The MHD equations discussed so far have been already introduced in Eq. (2.6).
They are implemented in the PLUTO code (Mignone et al., 2007), including some
additional terms, as external forces (the gravitational one). Thus, the time evolution
of the thermodynamics variables defining the status of the background plasma are
given, in case of a magnetized plasma, as solution of the of the following equations

∂

∂t


ρ

m

E + ρϕ

B

+∇ ·


ρv

mv −BB+ IPt

(E + Pt + ρϕ)v −B(v ·B)

vB−Bv


T

=


0

−ρ∇ϕ+ ρg

m · g
0
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where ρ is the mass density, m = ρv is the momentum density, v is the velocity,
Pt = P +B2/2 is the total pressure (thermal and magnetic), B is the magnetic field
and E is the total energy density

E = ρe+
m2

2ρ
+

B2

2

where an additional equation of state ρe = ρe(P, ρ) provides the closure. The source
term on the right hand side is written in terms of the time-independent gravitational
potential ϕ and the acceleration vector g.

A particular package of PLUTO implements the interaction among a shock and a
ionized clump, providing the user with the time evolution of all the thermodynamics
variables of interest. The interaction between the shock and a dense clump is di-
vided into two phases: 1) the collapse stage, where the front of the clump is strongly
compressed and two fast shocks are generated, and 2) the re-expansion phase, which
begins when the transmitted fast shock overtakes the back of the clump. In the
following simulations, nc = 103 cm−3 is assumed for the clump density (unless a
different value is specified, as in Sec. A.2.5).

A.2.1 Simulation setup

The MHD simulations here performed are mainly aimed at answering two main ques-
tions, whose answers determine the propagation of CRs through a clumpy medium:
1) whether the clump evaporates on a timescale longer than the time it takes to be
completely engulfed by the contact discontinuity; 2) under which conditions efficient
magnetic field amplification around the clump is realized. To this purpose, sev-
eral MHD simulations of a shock interacting with a clump have been performed, in
3D cartesian coordinates, aiming at exploring different magnetic field configurations.
The simulations are performed within a uniform grid with x, y and z all ranging from
0 to 2 pc. The system evolution is followed in the clump reference system, with the
clump located in x0 = y0 = z0 = 1 pc. A third order Runge-Kutta method is selected
for the temporal integration of Eq. (2.6), with a Courant condition of Ca = 0.4. The
shock moves along the z-direction with a velocity vs = 4.4 × 108 cm s−1, the tem-
perature upstream is fixed to T = 106 K, so that a sonic Mach number of M1 ≃ 37

characterizes the motion and conditions for strong shocks apply (see Eq. (A.8)).
Thus, fixing a low-density medium in the upstream with nup = 10−2 cm−3, the down-
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stream numerical density results ndown = 4 × 10−2 cm−3. Boundary conditions are
such that an outflow is present at all boundaries, except in the downstream of the
grid, where an incoming flux is set. Within this setup, three different situations
for the magnetic field configuration are shown in the following: i) the parallel case
(B ∥ vs), where B = (0, 0, B); ii) the perpendicular configuration (B ⊥ vs), where
B = (Bx, By, 0); iii) the oblique configuration, to represent the most generic case,
where B = (Bx, 0, Bz). The initial conditions for all the configurations are reported
in Tabs. A.1, A.2 and A.3 respectively: they reflect the jump conditions reported in
Eq. (A.8), when the magnetic field is dynamically negligible. Such conditions derive
from the RH equations, as presented in Sec. A.1.

A.2.2 Parallel shock

In the parallel configuration, the magnetic field is fully directed along the direction
of motion of the shock: no field compression is therefore realized at the shock surface.
The temporal evolution of the mass density is reported in Figs. A.1(a)-A.1(f): the
clump maintains its density, even when the shock passes all around it, without any
visible mass loss, at least during the timescale that is relevant for the simulation
(τage ≤ 300 yr, as discussed in Ch. 2). The time behavior of the modulus of the
velocity is shown in Figs. A.2(a)-A.2(f): here it is quite visible that the shock is not
crossing the clump at initial times, due to the very high density contrast. Moreover,
a long halo is visible as soon as the shock has passed the clump, as a result of the
Kelvin-Helhmotz instability. The magnetic energy density, defined as UB = B2/(8π)

is represented in Figs. A.3(a)-A.3(f): magnetic field amplification by a factor of few
is realized only along the direction of motion of the shock, right in front of the clump.
Finally, pressure conditions are shown in Figs. A.4(a)-A.4(f): here, the reflected bow
shock generated at the time of the shock-clump contact is visible, as well as another
transient shock in front of the clump.

A.2.3 Perpendicular shock

In this case, the magnetic field is set in both the directions orthogonal to the shock
speed: hence, compression is realized in both the components, with a compression
factor r = 4 in each perpendicular direction. The time evolution of mass density is
reported in Figs. A.5(a)-A.5(f). The main difference with respect to the parallel case
is that a much stronger amplification in the magnetic field is realized around the
clump: a sort of layer appears, whose typical dimensions are half of the clump size,
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Table A.1: Parallel shock configuration, initial conditions for the simulation (Tup = 106 K, vs =
4.4× 108 cm s−1).

upstream downstream
ρ (mp/g)(g/cm3) 0.01 0.04
P ρup/Tup 2ρupv

2
s /(γ + 1)

vx 0 0
vy 0 0
vz 0 3vs/4
Bx (µG) 0 0
By (µG) 0 0
Bz (µG) 5 5

Table A.2: Perpendicular shock configuration, initial conditions for the simulation (Tup = 106 K,
vs = 4.4× 108 cm s−1).

upstream downstream
ρ (mp/g)(g/cm3) 0.01 0.04
P ρup/Tup 2ρupv

2
s /(γ + 1)

vx 0 0
vy 0 0
vz 0 3vs/4

Bx (µG) 5
√
2/2 10

√
2

By (µG) 5
√
2/2 10

√
2

Bz (µG) 0 0

Table A.3: Oblique shock configuration, initial conditions for the simulation (Tup = 106 K, vs =
4.4× 108 cm s−1).

upstream downstream
ρ (mp/g)(g/cm3) 0.01 0.04
P ρup/Tup 2ρupv

2
s /(γ + 1)

vx 0 0
vy 0 0
vz 0 3vs/4

Bx (µG) 5
√
2/2 10

√
2

By (µG) 0 0

Bz (µG) 5
√
2/2 5

√
2/2
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as shown in Figs. A.6(a)-A.6(f) and further discussed in Sec. 2.3. The same figures
show that, in the clump vicinity, the magnetic field lines appear mostly directed in
the direction tangential to the clump surface.

A.2.4 Oblique shock

Finally, in the case of an oblique shock, the magnetic field is set with one component
along the direction of the shock motion and the other in the orthogonal direction:
however, only the orthogonal component results to be compressed at the shock. The
main difference with respect to the previous cases is that a much stronger amplifi-
cation in the magnetic field is realized around the clump, as shown in Figs. A.9(a)-
A.9(f). However, no large differences arise in the mass density, which is shown from
Figs. A.7(a)-A.7(f), neither in the modulus of the velocity, reported in Figs. A.8(a)-
A.8(f), or in the pressure.
It is interesting at this point to study how the magnetic field amplification changes
as a function of the clump density, investigating in particular cases of lower den-
sity clouds. This is the case for instance of diffuse clouds, whose typical densities
are around 100 cm−3. Thus, in the following, the oblique shock configuration is
investigated with χ = 104, χ = 103 and χ = 102.

A.2.5 Effect of density contrast χ on oblique shocks

In this section, different density contrasts among the clump and the CSM are simu-
lated. To this purpose, the clump density is modified in order to reduce the density
contrast, aiming at quantifying the magnetic field amplification and the evaporation
timescale in different situations. The density maps are instead reported respectively
in Figs. A.10(a) and A.10(d) for the case χ = 104, in Figs. A.10(e) and A.10(h)
for the case χ = 103 and finally in Figs. A.10(i) and A.10(l) for the case χ = 102.
The energy density of magnetic field for the case χ = 104 is shown in Figs. A.11(a)-
A.11(d), while for the case χ = 103 it is shown in Figs. A.11(e)-A.11(h) and finally
for the case χ = 102 in Figs. A.11(i)-A.11(l). It is quite visible that a factor 10 in
magnetic field strength amplification can be easily obtained. However, for less dense
clumps, the evaporation time is very much reduced: already with a density contrast
of χ = 103, the shock can easily penetrate the clump, whose spherical shape gets
quickly destroyed. This implies that magnetic field lines penetrates the clump, where
particle acceleration can be achieved, regardless of their energy. In such a situation,
gamma rays would be uniformly produced within the clouds and no break would
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appear in their spectrum.

(a) (b) (c)

(d) (e) (f)

Figure A.1: Parallel shock case, with density contrast χ = 105: mass density in a 2D section
along y = 1 pc, passing through the centre of the clump, at different times with respect to the first
shock-clump interaction, occurring at t = tc.
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(a) (b) (c)

(d) (e) (f)

Figure A.2: Parallel shock case, with density contrast χ = 105: modulus of the velocity (color
scale) in a 2D section along y = 1 pc, passing through the centre of the clump, at different times with
respect to the first shock-clump interaction, occurring at t = tc. Stream lines show the direction of the
velocity field in the corresponding plane.
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(a) (b) (c)

(d) (e) (f)

Figure A.3: Parallel shock case, with density contrast χ = 105: energy density of magnetic field
(color scale) in a 2D section along y = 1 pc, passing through the centre of the clump, at different times
with respect to the first shock-clump interaction, occurring at t = tc. Stream lines show the direction
of the regular magnetic field in the corresponding plane.
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(a) (b) (c)

(d) (e) (f)

Figure A.4: Parallel shock case, with density contrast χ = 105: pressure in a 2D section along
y = 1 pc, passing through the centre of the clump, at different times with respect to the first shock-
clump interaction, occurring at t = tc.
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(a) (b) (c)

(d) (e) (f)

Figure A.5: Perpendicular shock case, with density contrast χ = 105: mass density in a 2D section
along y = 1 pc, passing through the centre of the clump, at different times with respect to the first
shock-clump interaction, occurring at t = tc.
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(a) (b) (c)

(d) (e) (f)

Figure A.6: Perpendicular shock case, with density contrast χ = 105: energy density of magnetic
field (color scale) in a 2D section along y = 1 pc, passing through the centre of the clump, at different
times with respect to the first shock-clump interaction, occurring at t = tc. Stream lines show the
direction of the regular magnetic field in the corresponding plane.
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(a) (b) (c)

(d) (e) (f)

Figure A.7: Oblique shock case, with density contrast χ = 105: mass density in a 2D section
along y = 1 pc, passing through the centre of the clump, at different times with respect to the first
shock-clump interaction, occurring at t = tc.
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(a) (b) (c)

(d) (e) (f)

Figure A.8: Oblique shock case, with density contrast χ = 105: modulus of the velocity (color
scale) in a 2D section along y = 1 pc, passing through the centre of the clump, at different times with
respect to the first shock-clump interaction, occurring at t = tc. Stream lines show the direction of the
velocity field in the corresponding plane
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(a) (b) (c)

(d) (e) (f)

Figure A.9: Oblique shock case, with density contrast χ = 105: energy density of magnetic field
(color scale) in a 2D section along y = 1 pc, passing through the centre of the clump, at different times
with respect to the first shock-clump interaction, occurring at t = tc.
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure A.10: Oblique shock case: mass density in a 2D section along y = 1 pc, passing through the
centre of the clump, at different times with respect to the first shock-clump interaction, occurring at
t = tc. Panels refer to different density contrasts. Top: χ = 104. Middle: χ = 103. Bottom: χ = 102.
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure A.11: Oblique shock case: energy density of magnetic field (color scale) in a 2D section
along y = 1 pc, passing through the centre of the clump, at different times with respect to the first
shock-clump interaction, occurring at t = tc. Stream lines show the direction of the regular magnetic
field in the corresponding plane. Panels refer to different density contrasts. Top: χ = 104. Middle:
χ = 103. Bottom: χ = 102.
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B
Numerical algorithm for the solution of the

CR proton transport equation

The work contained in this appendix is an original work, entirely developed by the
author and here reported in order to facilitate the reproducibility of the results pre-
sented in Ch. 2. It concerns the numerical technique implemented in order to solve
the transport equation for CR protons in the presence of clumpy inhomogeneities of
the CSM, close to an astrophysical accelerator responsible for a shock wave.

Since the problem of a one-dimensional shock moving through a spherical clump
presents cylindrical symmetry, a coordinate system involving the variables r and z
(symmetric with respect to ϕ) is adopted for the description of the particle transport.
Assuming f to be the isotropic component of the particle density function in the
phase space, the transport equation reads as

∂f

∂t
+ v · ∇f = ∇ · [D∇f ] + 1

3
p
∂f

∂p
∇ · v (B.1)

including spatial diffusion, advection and adiabatic compression. In particular, the
last term describes the acceleration of CRs due to the fluid compression, as it might
be relevant, especially at low energies. Note that the source term has been omitted
here, as it only affects the normalization of f and hence it will be implemented sepa-
rately in Sec. B.4. The momentum p here is in the frame of the Alfvén waves, which
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move within the plasma. However, since the Alfvén speed vA is much lower than the
shock speed v, p also corresponds to momentum in the fluid frame.

In the following, since the partial differential Eq. (B.1) is a multi-dimensional one, I
will adopt the operator splitting technique for each term of the previous equation, in
the form of the Alternating Direction Implicit (ADI) implementation (Press et al.,
1992). It consists into dividing each time step ∆t into two steps of size ∆t/2: if
n defines the index for the temporal evolution, the so-called ‘half time step’ allows
to take the evolution from n to n + 1/2, while the so-called ‘integer time step’
moves the system from n + 1/2 to n + 1. In each sub-step, a different dimension is
treated implicitly, with the advantage that each sub-step requires only the solution
of a simple tridiagonal system. Through half time steps the radial dimension r

(index j) is treated implicitly while the axial dimension z (index l) is left explicit,
while the reverse holds in correspondence of integer time steps. The situation is
schematically illustrated in Fig. B.1. Moreover, since the plasma velocity field is
set with null divergence (as explained in Ch. 2), the adiabatic compression term
vanishes. This appendix is organized as follows: in Sec. B.1 the numerical method
for the discretization of the diffusive term is illustrated, then in Sec. B.2 the technique
concerning the advective term is presented, and finally in Sec. B.3 the final algorithm
is reported. The injection at the shock surface is discussed in Sec. B.4, while initial
and boundary conditions are exploited respectively in Secs. B.5 and B.6. Finally,
Secs. B.7 and B.8 concern the accuracy and stability of the algorithm.

Figure B.1: Schematic behavior of the ADI method: the index n refers to the temporal dimension, while
j and l are respectively for the radial and the axial coordinates. Red dots mark the implicit coordinate
at every half time step. Figure from Wikipedia under the CC BY-SA 3.0 license.
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B.1 Flux conservative diffusion equation

The diffusion term is written in a flux conservative way, applying the Chang-Cooper
method, such that the total number of particle remains constant on the grid. The
vectorial equation reads as

∂f

∂t
= ∇ · [D∇f ] ≡ ∇ · F (B.2)

where the diffusive flux vector F was introduced for simplicity. In cylindrical coor-
dinates, the equation reads as

∂f

∂t
=

1

r

∂

∂r
(rFr) +

∂

∂z
Fz (B.3)

where, in the case of isotropic diffusion, the component of F are

Fr = D
∂f

∂r
Fz = D

∂f

∂z
(B.4)

B.1.1 Half time step

By discretizing Eq. (B.3) in the half-time step, one gets

f
n+1/2
j,l − fn

j,l

∆t/2
=

1

r
n+1/2
j,l

[
(rFr)

n+1/2
j+1/2,l − (rFr)

n+1/2
j−1/2,l

∆r
n+1/2
j,l

]
+

[
(Fz)

n
j,l+1/2 − (Fz)

n
j,l−1/2

∆znj,l

]
(B.5)
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Introducing these relations in Eq. (B.5), one derives
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B.1.2 Integer time step

Similarly, the integer time step reads as
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(B.7)

B.2 Upwind advection equation

The vectorial advection equation is

∂f

∂t
= −v · ∇f (B.8)

which in cylindrical coordinates simply reads as

∂f

∂t
= −vr

∂f

∂r
− vz

∂f

∂z
(B.9)

The discretization here is implemented with an upwind method along the z direc-
tion, since vz = vs > 0. Along the r direction, instead, the method is set upwind
(downwind) if vr > 0 (vr < 0). If the clump were absent, then vr = 0 through all the
space. However, in the presence of a clump (whose central position along the shock
direction is z = zc), the velocity filed will have vr > 0 when z < zc and vr < 0 when
z > zc .

B.2.1 Half time step

The upwind method in both r and z reads, when vr ≥ 0 and vz ≥ 0, as
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while, when vr < 0 and still vz ≥ 0, it reads as
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B.2.2 Integer time step

The upwind method in both r and z reads as
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(B.12)

while the upwind method in z and the downwind method r is
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(B.13)

B.3 The advection-diffusion algorithm

By merging Eq. (B.6) with Eq. (B.10) (or with Eq. (B.11) if vr < 0), one obtains
the final algorithm for the half time step. Analogously, by merging Eq. (B.7) with
Eq. (B.12) (or with Eq. (B.13) if vr < 0), the final algorithm for the integer time
step is derived. It provides for every half time step a system of equations, which can
be inverted in order to obtain the distribution function at every time and position
on the grid. In particular, as the system can be described by a tridiagonal matrix
acting on the vector f , which contains the unknown distribution function at the
subsequent time step (either n+ 1/2 or n+ 1), it is possible to invert the matrix by
means of the Thomas algorithm (Thomas, 1949). In the following, the terms of the
tridiagonal matrix are indicated as: aj,l for the sub-diagonal terms, bj,l for for the
diagonal ones and cj,l for the super-diagonal ones. The constant terms of the system,
instead, are indicated with dj,l. Following the ADI method implemented so far, the
index l is left explicit when inverting the system of equations at the half time step,
while the index j is fixed during the integer time step system inversion. The two
complete algorithms are here provided to the interested reader.
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B.3.1 Half time step

If vr > 0 the algorithm is
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On the other hand, if vr < 0 the algorithm is
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B.3.2 Integer time step

If vr > 0 the algorithm is
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On the other hand, if vr < 0 the algorithm is
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B.4 Injection at the shock

The shock itself acts as a source injecting continuously particles towards the down-
stream. In order to derive the source term, the stationary transport equation is
considered along the z direction

vs
∂f

∂z
= D(p)

∂2f

∂z2
+QCR (B.18)

where the source term QCR is injected at the shock location. Thus, integrating such
equation around the shock, and taking into account that the distribution function is
constant across the shock, the left side vanishes, while on the right side one gets (1
standing for the upstream, 2 standing for the downstream)
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because the downstream distribution function is homogeneous. Now, the equilibrium
solution in the upstream is found through the integration of
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∂z2
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f
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between zs and z, yielding

=⇒ f(z) = f0(p) exp

[
−(z − zs)vs

D(p)

]
(B.20)

Then, its derivative looks like
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(B.21)

that computed at the shock is

∂f

∂z
(z = zs) = − vs

D(p)
f0(p) (B.22)

Finally, the source term in the shock frame amounts to

QCR = vsf0(p)δ(z − zs) (B.23)

This term should be injected at the shock position. However, the presence of a
sharp injection due to the δ−Dirac term might produce numerical instabilities: such
kind of difficulties are usually solved by injecting a tight Gaussian distribution. The
approach adopted here, on the other hand, is to simply set the condition f0 = finj

for every momentum p, so that the shock remains sharp through the evolution. This
is equivalent to impose, for every j in correspondence of l = ls, the solution of the
system of equations previously described (without solving for it).

B.5 CR precursor

The presence of a shock precursor upstream of the shock is introduced by setting an
initial particle distribution function equal to the expected precursor shape along the
z dimension. In fact, as derived in Eq. (B.20), the spatial distribution of particles
in the shock reference frame is provided by an exponential distribution along the
shock direction, centered on the shock position. Such a distribution represents the
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initial condition of the problem, since the microphysics of the acceleration will not be
exploited here. However, within the clump, no particles are set as initial conditions.

B.6 Boundary conditions

A non-square grid is set with 0 ≤ l < N and 0 ≤ j < T . The meshes are uniformly
spaced along l (∆z =const), but logarithmically spaced along j (with a spacing β
that depends on the particle momentum, as discussed later because of the accuracy
condition). The logarithmic step satisfies the condition

rj+1,l = rj,l +∆rj,l =⇒ log(rj+1,l) = log(rj,l +∆rj,l) = β log(rj,l)

Note that, since a logarithmic scale is set in r, it is not be possible to start from
r = 0 cm, but from some r0 > 0. Thus, j = −1 corresponds to the preceding step in
the log-scale with respect to r0,l, namely

log(r−1,l) = β−1 log(r0,l) (B.24)

while j = T corresponds to the step following rT−1,l.

log(rT,l) = β log(rT−1,l) (B.25)

The boundary conditions should respect the reflective property of the grid, namely
the fact that the particles, while diffusing, enter and exit the grid at the same rate.
On the other hand, there will be a net flux of particles due to advection, which comes
because of the injection rate. Such a condition is implemented in the form of a null
diffusive flux: it corresponds to the presence of a generally non-vanishing net flux,
due to advection. On the other hand, the axial upstream boundary should consider
the presence of a precursor located at z > zs, where the distribution function follows
Eq. (B.20). Lastly, the system in cylindrical coordinates will appear symmetric with
respect to the z-axis. In summary, the boundary conditions will read as:
i) null diffusive flux in l = −1/2;
ii) precursor shape in l = N ;
iii) symmetry in j = 0;
iv) null diffusive flux in j = T − 1/2.
In the rest of the section, these conditions are discussed in details. Note that the
lower boundary on z is defined by every j at l = −1/2 (the fractional element
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coming from the flux conservative algorithm) and it will be called z1, while the
upper boundary is defined by every j at l = N and it will be called z2. Analogously,
the lower boundary on r is defined by every l with j = 0 and it will be called r1,
while the upper boundary is defined by every l at j = T − 1/2 and it will be called
r2.

B.6.1 Null diffusive flux at z=z1

The diffusive flux on l = −1/2 is set to zero by imposing that, at every j, it holds

fj,−1 = fj,0 (B.26)

This condition will affect the constant term of the half mesh system as

dnj,0 = fn
j,0

[
1− ∆t

2

(Dn
j,1 +Dn

j,0)

(znj,1 − znj,0)(z
n
j,1 − znj,−1)

]
+ fn

j,1

[
∆t

2

(Dn
j,1 +Dn

j,0)

(znj,1 − znj,0)(z
n
j,1 − znj,−1)

]
(B.27)

On the other hand, for every j, the matrix terms with l = 0 of the integer mesh
system will be characterized by

aj,0 = 0

bj,0 = 1 +
∆t

2

(Dn+1
j,1 +Dn+1

j,0 )

(zn+1
j,1 − zn+1

j,0 )(zn+1
j,1 − zn+1

j,−1)

cj,0 = −∆t

2

(Dn+1
j,1 +Dn+1

j,0 )

(zn+1
j,1 − zn+1

j,0 )(zn+1
j,1 − zn+1

j,−1)

(B.28)

B.6.2 Precursor shape at z=z2

This condition simply reads as

fj,N = f(zs) exp

[
−(z(l = N)− zs)vs

D

]
= f(zs) exp

[
−(zN − zs)vs

D

]
(B.29)
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As a consequence, at every j, the constant term at l = N − 1 of the half time step
is affected as

dnj,N−1 =f
n
j,N−2

[
∆t

2

(Dn
j,N−1 +Dn

j,N−2)

(znj,N−1 − znj,N−2)(z
n
j,N − znj,N−2)

+
(vz)

n
j,N−1∆t

2(znj,N−1 − znj,N−2)

]
+

+ fn
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2

(Dn
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n
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−
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n
j,N−1∆t
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+

−∆t

2

(Dn
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n
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]
+

+ fn(zns ) exp

[
−(znN − zns )vs

Dn
j,N

][
∆t

2

(Dn
j,N +Dn

j,N−1)

(znj,N − znj,N−1)(z
n
j,N − znj,N−2)

]
(B.30)

as well as the constant term of the integer step, that becomes

d
n+1/2
j,N−1+ = fn+1(zs) exp

[
−(zn+1

N − zn+1
s )vs

Dn+1
j,N

][
∆t

2

(Dn+1
j,N +Dn+1

j,N−1)

(zn+1
j,N − zn+1

j,N−1)(z
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j,N − zn+1

j,N−2)

]
(B.31)

B.6.3 Symmetry at r=r1

Once r−1,l is defined as in Eq. (B.24), the symmetry with respect to the radial axis
holds if

f−1,l = f0,l (B.32)

This is equivalent to require that, at every fixed l, the distribution function is constant
across the r-axis (including the spatial region inside the clump). This condition
affects the matrix terms with j = 0 of the half time step as they become, if vr ≥ 0,

a0,l = 0

b0,l = 1 +
∆t

4r
n+1/2
0,l

(r
n+1/2
1,l + r
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0,l )(D
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0,l )
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0,l )(r
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4r
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1,l + r

n+1/2
0,l )(D

n+1/2
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0,l )

(r
n+1/2
1,l − r

n+1/2
0,l )(r

n+1/2
1,l − r

n+1/2
−1,l )

(B.33)
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as well as the constant term of the integer time step, that is, if vr ≥ 0,

d
n+1/2
0,l =f
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] (B.34)

On the other hand, if vr < 0, then the boundary on r1 affects the matrix terms
of the half time step as

a0,l = 0
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(B.35)
and the constant term of the integer time step as
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(B.36)

B.6.4 Null flux at r=r2

The diffusive flux FT−1/2,l vanishes when imposing that, at every fixed l, the following
equality holds

fT−1,l = fT,l (B.37)

It means that the surface at r = ∞ makes only the advective flux going out, while
the diffusive one is reflected back. The previous condition acts on the matrix terms
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at j = T − 1 of the half time step as these become, if vr ≥ 0,
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(B.38)
as well as on the constant term of the integer step that, if vr ≥ 0, is
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On the other hand, if vr < 0, then the boundary on r2 affects the matrix terms
of the half time step as
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and the constant term of the integer step as
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B.7 Accuracy of the algorithm

As previously introduced, a logarithmic grid is set along r and a linear one along
z. In order to have a detailed description of the clump magnetic skin, the radial
coordinate starts from r0 = 5 × 1016 cm and goes up to rT = 6 × 1018 cm, where
the number of mesh points depends on the particle momentum. Then, in order to
limit the boundary effects on z, a large value of points along it is set (N = 600 in
the following, yielding ∆z = 1× 1016 cm and thus covering the region from z = 0 to
z = 6× 1018 cm∼ 2 pc). The clump center is located in zc = 2× 1018 cm.
The logarithmic grid in r is set with a different spatial resolution (i.e. with a different
number of points T) according to the simulated particle momentum. This is due
to the fact that different length scales regulate the time-evolution of the particle
distribution function at the different energies: in fact, the evolution of the low-energy
particles is mainly regulated by advection, while that of high-energy particles is
regulated by diffusion. In order to achieve a high precision along the whole simulated
energy range, particularly on the resulting proton spectrum, different lengths have to
be resolved in order to follow both the high and the low energies. Therefore, the radial
step for an individual particle momentum is found by requiring convergence on the
spectrum of protons contained inside the clump, namely that the true solution does
not differ significantly from the numerical one. Here, the true solution is defined
as the solution that, by changing the resolution of the grid, does not change by
more than the given accuracy level. Convergence is achieved by performing, for
each particle momentum, different simulations with decreasing step in the radial
coordinate, and by subsequently computing the correspondent proton spectrum: the
final step ∆r is chosen as the one that provides at least a 5% accuracy on the proton
spectrum, with respect to the previous simulation (which is equivalent to say that the
same particle spectrum was obtained through the simulation with larger spatial step,
at a fixed proton momentum). This is shown in Fig. B.2, where the final resolution
adopted for each particle momentum is visible. The final setup is provided by:

• 1.0 ≤ log10 (p/GeVc−1) ≤ 1.6 −→ ∆rmin = 1.2× 1014 cm (T = 2000);

• 1.7 ≤ log10 (p/GeVc−1) ≤ 2.2 −→ ∆rmin = 1.6× 1014 cm (T = 1500);

• 2.3 ≤ log10 (p/GeVc−1) ≤ 3.1 −→ ∆rmin = 2.4× 1014 cm (T = 1000);

• 3.2 ≤ log10 (p/GeVc−1) ≤ 3.5 −→ ∆rmin = 4.8× 1014 cm (T = 500);

• 3.6 ≤ log10 (p/GeVc−1) ≤ 7.7 −→ ∆rmin = 9.7× 1014 cm (T = 250);
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• 4.8 ≤ log10 (p/GeVc−1) ≤ 6.0 −→ ∆rmin = 5.0× 1015 cm (T = 50).

Note that the spatial step here reported refers to the smallest r-step along the
grid (the so-called rmin), since the logarithmic scale adopted extends the width of
the radial bins when moving from j to j + 1.
Particles ranging from p = 10 GeV/c to p = 1 PeV/c are simulated. The spectrum
is then extended down to low-energies (down to 1 GeV) through a linear fitting
procedure.
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Figure B.2: Proton spectrum obtained from the simulations with different radial step sizes. Each
proton momentum is simulated with several ∆r, which is then chosen as the largest value among the
simulated ones reaching convergence on the proton spectrum within 5% accuracy. The colors here
represent the various regime exploited in the spatial resolution, namely the lowest energy particles have
been simulated with all the steps indicated in the legend. The total number of points included in the
grid of the final simulation is shown in the legend (for both dimensions), while the dashed line defines
the final spectrum.

B.8 Stability of the algorithm

The ADI method is a fully implicit method, and hence it results stable for whatever
choice of the spatial and temporal step. However, stability conditions have to be sat-
isfied in order to achieve convergence towards the correct solution. Thus, Courant
conditions apply. In particular, both the diffusive energy-dependent Courant condi-
tion and the advective one have to be satisfied at each half time step ∆t, which is
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therefore defined by the condition

∆t = αmin(τdiff, τadv) (B.42)

where the diffusion timescale is defined as

τdiff =
∆L2

D(p)
(B.43)

while the advection timescale is
τadv =

∆L

vs
(B.44)

being ∆L the generic coordinate step (either ∆r or ∆z). Considering all the above,
the time step is set by fixing α = 0.8. Therefore, different time steps are then
assigned to different energies, as reported in Tab. B.1.

238



Table B.1: Time step adopted for the different particle momenta, as compliant with the Courant
condition α = 0.8 of Eq. (B.42).

log10 (p/GeVc−1) ∆t (s) log10 (p/GeVc−1) ∆t (s)
1.0 3.5× 104 3.6 5.7× 103

1.1 2.7× 104 3.7 4.5× 103

1.2 2.2× 104 3.8 3.6× 103

1.3 1.7× 104 3.9 2.8× 103

1.4 1.4× 104 4.0 2.3× 103

1.5 1.1× 104 4.1 1.8× 103

1.6 8.7× 103 4.2 1.4× 103

1.7 1.2× 104 4.3 1.1× 103

1.8 9.7× 103 4.4 9.0× 102

1.9 7.7× 103 4.5 7.2× 102

2.0 6.2× 103 4.6 5.7× 102

2.1 4.9× 103 4.7 4.5× 102

2.2 3.9× 103 4.8 9.5× 103

2.3 6.9× 103 4.9 7.6× 103

2.4 5.5× 103 5.0 6.0× 103

2.5 4.4× 103 5.1 4.8× 103

2.6 3.5× 103 5.2 3.8× 103

2.7 2.8× 103 5.3 3.0× 103

2.8 2.2× 103 5.4 2.4× 103

2.9 1.7× 103 5.5 1.9× 103

3.0 1.4× 103 5.6 1.5× 103

3.1 1.1× 103 5.7 1.2× 103

3.2 3.5× 103 5.8 9.5× 102

3.3 2.8× 103 5.9 7.6× 102

3.4 2.2× 103 6.0 6.0× 102

3.5 1.8× 103
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C
The escaping particle distribution function

The aim of this appendix is to solve analytically the diffusion equation for non-
confined particles, as presented in Eq. (3.58) of Ch. 3. Its content is an original work
developed by the author, intended to guide the reader through the mathematical
steps which lead to Eqs. (3.59), (3.62) and (3.69). If fact, the diffusive solution
depends on the initial condition, which is provided by the density of confined parti-
cles at the escape time, which in turn depends on the acceleration spectrum. Thus
the cases of acceleration spectra ∝ p−4 and ∝ p−(4+1/3) are discussed respectively in
Secs. C.1 and C.2. Moreover, the contribution of escaping particles from the precur-
sor region is computed in Sec. C.3. It is worth to recall that the conclusions here
derived strongly depend on the assumption of a remnant evolving in the ST phase,
hence the formulas presented in this appendix only apply to middle-aged SNRs.

As non-confined particles are released by the shock after the escape time, the
following discussion will refer to particles with momentum p in the evolutionary stage
with t > tesc(p). However, in order to facilitate the reading, in the following the term
θ(t − tesc(p)) will be dropped. By adopting the auxiliary variable u(r, t) = rf(r, t),
Eq. (3.58) can be solved introducing the Laplace operator

ū(r, s) =

∫ ∞

0

u(r, t)e−stdt (C.1)

in order to get rid of the time variable. Then, the integral over time is solved by
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parts as ∫ ∞

0

∂u

∂t
e−stdt = −u0(r) + s

∫ ∞

0

ue−stdt = −u0(r) + sū (C.2)

where u0(r) = rfconf(r, tesc) represents the initial condition for diffusive escape,
matching the confinement solution given in Eq. (3.48). The right hand side of
Eq. (3.58) reads now as∫ ∞

0

∂2u

∂r2
e−stdt =

∂2

∂r2

∫ ∞

0

ue−stdt =
∂2ū

∂r2
(C.3)

Thus, eventually, one obtains

D
∂2ū

∂r2
= −u0(r) + sū (C.4)

which can be rewritten as

∂2

∂r2
ū(r, s)− s

D
ū(r, s) = −u0(r)

D
(C.5)

This is a non homogeneous second order partial differential equation: in order to
solve it, one has to first find the solution ūh(r, s) of the associated homogeneous
equation and then obtain the particular solution ūs(r, s), since

ū(r, s) = ūh(r, s) + ūs(r, s) (C.6)

The general solution of the characteristic equation associated to the homogeneous
partial differential equation is

ūh(r, s) = C1e
√

s
D
r + C2e

−
√

s
D
r (C.7)

where the constants C1 and C2 are found by imposing the boundary conditions: i)
since no particle can get to r = ∞, then C1 = 0; ii) when r = 0, u(r) = 0 so that
C2 = −C1 = 0, providing with a null characteristic solution ūh(r, s) = 0. Therefore,
moving to the particular solution of Eq. (C.5), the second order differential equation
is split into a system of two first order differential equations, which applies to ūs(r, s)
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(though in the following the subscript s will be dropped), and it reads as
dū

dr
= −ωū+ γ

dγ

dr
= ωγ − u0(r)

D

(C.8)

where ω =
√
s/D was defined. The solution of this system is given by

ū(r) = e−ωr

∫ r

0

γ(r′)eωr
′
dr′

γ(r) = eωr
∫ ∞

r

u0(r
′)

D
e−ωr′dr′

(C.9)

which can be finally written as

ū(r) = e−ωr

∫ r

0

dr′e2ωr
′
∫ ∞

r′
dr′′

u0(r
′′)

D
e−ωr′′ (C.10)

Therefore, according to the radial dependence of the function u0, a different solution
for the escaping particle density function is found. The cases of u0(r) = const and
u0(r) ∝ r respectively refer to acceleration spectra ∝ p−4 and p−(4+1/3), as discussed
in the next sections.

C.1 Particle acceleration spectrum ∝ p−4

For an acceleration spectrum as p−4, the confined solution inside of the shocked
region fconf(t, r, p) was found to be independent of r (see Eq. (3.44)). Therefore

f(t = 0, r) = θ(Rs(tesc)− r)fconf = θ(Resc − r)fconf (C.11)

and therefore
u0(r) = θ(Resc − r)rfconf (C.12)

Thus, Eq. (C.10) becomes

ū(r) =
1

D
e−ωr

∫ r

0

dr′e2ωr
′
∫ ∞

r′
dr′′fconf r

′′e−ωr′′θ(Resc − r′′)

=
1

D
e−ωr

∫ M

0

dr′e2ωr
′
∫ Resc

r′
dr′′fconf r

′′e−ωr′′
(C.13)
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where M = min(r, Resc). The physical meaning of this formula is straightforward:
while the inner integral represents a source term, made by particles confined within
Resc(p), the outer integral accounts for their diffusive propagation, smoothed by a
decreasing exponential term. This integral can be solved by parts as

ū(r)

fconf
=
e−ωr

ω2D

∫ M

0

dr′e2ωr
′
[
e−ωr′ (1 + ωr′)− e−ωResc (1 + ωResc)

]
=

=
e−ωr

ω2D

[∫ M

0

dr′eωr
′
(1 + ωr′)− e−ωResc (1 + ωResc)

∫ M

0

dr′e2ωr
′
]
=

=
e−ωr

ω2D

[
MeωM − e−ωResc (1 + ωResc)

1

2ω
(e2ωM − 1)

]
=

=
1

ω2D

[
Meω(M−r) − (1 + ωResc)

2ω

(
eω(2M−Resc−r) − e−ω(Resc+r)

)]
(C.14)

and thus, by writing the complete dependency on the Laplace variable s, one gets

ū(r, s)

fconf
=

1

s

Me
√

s/D(M−r) −

(
1 +Resc

√
s/D

)
2
√
s/D

(
e
√

s/D(2M−Resc−r) − e−
√

s/D(Resc+r)
)

(C.15)
Defining the diffusion length as Rd(t) = 2

√
D(t− tesc(p)), the inverse Laplace trans-

form of this function reads as

u(r, t)

fconf
=M

(
1 + Erf

[
M − r

Rd

])
− 1

2
(r +Resc − 2M)

(
Erf
[
|r +Resc − 2M |

Rd

]
− 1

)
+

− 1

2
(r +Resc − 2M)

(
Resc

|r +Resc − 2M |
Erfc

[
|r +Resc − 2M |

Rd

])
+

− 1

2
(r +Resc − 2M)

(
Rd√
π

1

|r +Rs − 2M |
exp

−
(

r+Resc−2M
Rd

)2
)
+

+
1

2

(
Rd√
π
exp

−
(

r+Resc
Rd

)2

−rErfc
[
r +Resc

Rd

])
(C.16)

This expression can be rearranged into

u(r, t)

fconf
=

Rd

2
√
π

(
exp

−
(

r+Resc
Rd

)2

− exp
−
(

r+Resc−2M
Rd

)2
)
−MErf

[
r −M

Rd

]
+

+
r

2
Erf
[
r +Resc

Rd

]
+
(
M − r

2

)
Erf
[
r +Resc − 2M

Rd

] (C.17)
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or more compactly into Eq. (3.59).

C.2 Particle acceleration spectrum ∝ p−(4+1/3)

When considering an acceleration spectrum as steep as p−(4+1/3), the distribution
function of confined particles grows linearly with the radial position, as shown in
Eq. (3.67). Therefore, starting from Eq. (C.10), with fconf(r) = k(tesc)rθ(Resc − r)

and

k(tesc) =
3ξCRρup

25πc(mpc)4−αΛ

(
ξ0ESN

ρup

)1/5

t−8/5
esc (C.18)

it holds that u0(r) = k(tesc)r
2θ(Resc−r) and therefore the Laplace transform solution

of Eq. (C.5) reads as

ū(s, r, p)

k(tesc)
=

1

D
e−ωr

∫ M

0

dr′e2ωr
′
∫ Resc

r′
dr′′ (r′′)2e−ωr′′ =

=
1

ω3D
e−ωr

∫ M

0

dr′
[
−eω(2r′−Resc)(2 + 2ωResc + ω2R2

esc) +

+ eωr
′
(2 + 2ωr′ + ω2(r′)2)

]
=

=
1

ω3D
e−ωr

[
− 2

ω
+ eωM

(
2

ω
+ ωM2

)
+ e−ωResc

(
1

ω
+
ω

2
R2

esc +Resc

)
+

+eω(2M−Resc)

(
− 1

ω
− ω

2
R2

esc −Resc

)]
(C.19)
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where ω =
√
s/D. By applying the anti-transform Laplace operator, the final solu-

tion is

u(t, r, p)

k(tesc)
= 2M2 − 2Mr +

Rd√
π

[
re

− r2

R2
d + (M − r)e

− (M−r)2

R2
d

]
+

Rd

2
√
π
(Resc − r)e

− (r+Resc)
2

R2
d +

+
Rd√
π
(r − 2M +Resc)e

− (r−2M+Resc)
2

R2
d

[
1

2
− Resc

|r − 2M +Resc|

]
+

+ (r2 +
R2

d

2
)Erf

[
r

Rd

]
+ (2M2 − 2Mr + r2 +

R2
d

2
)Erf

[
M − r

Rd

]
+

+
1

2
(r2 +

R2
d

2
)Erfc

[
r +Resc

Rd

]
− 1

2(r − 2M +Resc)
·

·
(
4M2 + r2 + 2rResc +R2

esc − 4M(r +Resc) +
R2

d

2

)
·

·
(
|2M − r −Resc| − (2M − r −Resc)Erf

[
2M − r −Resc

Rd

])
+

+RescErfc
[
|r − 2M +Resc|

Rd

]
(r − 2M +Resc)

(
1− Resc

2

1

|r − 2M +Resc|

)
(C.20)

From this expression, the non-confined particle distribution function can simply be
compactly written as in Eq. (3.69).

C.3 The shock precursor contribution

In order to account for particles escaping from the precursor, one should compute the
Laplace transform of the precursor density function, by adopting the same approach
described in Eq. (C.10). As already mentioned in Sec. 3.3.3, in order to simplify
the computation, the particles contained in the precursor are schematically left free
to expand from the escape radius (see Eq. (3.61)), without accounting for the exact
radial shape of the precursor itself. Within such an approximation, it holds that

up,0(r) = f0(p, t)
Dp(p)

vs(tesc)
δ(r −Rs)r (C.21)
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where Dp(p) is the diffusion coefficient at the shock transition region, and therefore
the precursor Laplace transform reads as

ūp(r) =
Dp(p)

D(p)

1

vs(tesc)
e−ωr

∫ r

0

dr′e2ωr
′
∫ ∞

r′
dr′′f0(p, tesc) r

′′e−ωr′′δ(r′′ −Resc) (C.22)

where instead D(p) is the Kolmogorov-like diffusion coefficient in the ISM (which is
also included in ω). The solution of this integral is

ūp(r) =
Dp(p)

D(p)

f0(p, tesc)

vs(tesc)
e−ωr

∫ M

0

dr′e2ωr
′
Resce

−ωResc

= f0(p, tesc)
Dp(p)

D(p)

Resc

vs(tesc)

1

2ω
e−ω(r+Resc)(e2ωM − 1)

(C.23)

and finally, computing the inverse Laplace transform of such a function, one gets

up(r, t) =
f0(p, tesc)√

π

Resc

Rd

Dp(p)

vs(tesc)

[
e
−( r+Resc−2M

Rd
)2Sign(r +Resc − 2M)− e

−( r+Resc
Rd

)2
]

(C.24)
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